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Abstract—A new theory is presented for calculating the avalanche multiplication factor M(x) in
semiconductors. The integral equation, which determines M(x), takes into account that a particle has to
gain a critical energy U, (threshold energy) from the electric field E(x) in order to be able to ionize lattice
and impurity atoms. Therefore, our theory is also applicable to narrow junctions. The input to our theory
are the mean free paths and the threshold energies of electrons (L,, Ut) and holes (L,, U%), respectively.

Approximations to the integral equation for M(x) lead to ionization rates a,(E), a,(E) for electrons
and holes, respectively. The dependence of these ionization rates on the electric field is determined
analytically and a correction to Chynoweth’s law is found. In this paper we merely want to show that
the field dependence of the ionization rates given by Chynoweth’s law (x¢=afexp(— bS/E) with
s ={n, p}) is, in general, a crude approximation within our more general theory.

Rather we shall derive an approximation of the following form:
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z(x) +E(x)exp< E(x))+E(x)exP< E(x)
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We want to stress that the purpose of our paper is not to determine the physical parameters a,, b, from
multiplication factor measurements. Rather we want to convince the reader that our expression of the
ionization rate is both a simple and, for narrow junctions, a necessary correction to Chynoweth’s law.
Considering abrupt p-n junctions with different doping concentrations it is shown that our dependence
of ionization rate on electric field E(x) is valid in a range 2 x 10° < E < 6 x 10° V/cm. In contrast to the
results by Van Overstraeten and De Man, no splitting of the constants a,, b, in a high field and a low
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field range is required in order to obtain a correct multiplication factor.

The arguments used are self contained.

1. INTRODUCTION

The determination of ionization rates is of great
importance in device physics[1-5]. In particular, im-
pact ionization and subsequent avalanche multipli-
cation are the leading mechanisms which limit the
blocking capabilities of diodes or thyristors[6,7].

Computer simulation is often a very useful tool for
getting more insight into what is going on within a
device. Of course, these computer programs can only
solve the device equations numerically for one[8] or
two[9-12] dimensions. The form of the device
equations was first presented by Van Roosbroeck[13].
However, the parameters entering the device
equations (e.g. mobility, lifetime, avalanche gener-
ation rates, etc.) have been a topic of permanent
discussions.

In order to get explicit expressions for these prop-
erties (e.g. dependence of the mobility on the electric
field) one has to start from a more rigorous theory
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such as Boltzmann’s equation[14-16] or even more
sophisticated equations and try to derive the device
equations. In doing this, one can express the physical
parameters (or transport coefficients) in terms of
integrals over time correlation functions{16-18] or as
solutions of rather involved integral equations{14,15].
An alternate approach consists in developing plaus-
ible models directly for the transport coefficients{19].
The starting point in this approach is a model which
as a result only gives the transport coefficients and
not the phenomenological equations (device
equation) themselves. In this paper we shall proceed
the latter way.

The field dependence of the ionization rates a,(E)
and a,(E) for electrons and holes, respectively has
been a subject of numerous investigations leading to
non unique results[20-26]. The most accepted form
for the ionization rates is Chynoweth’s law{20]
(o = acexp( — bS/E) with fit parameters a,, b,,s =
{n, p} to be determined by experiments). We want to
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stress that ionization rates can only be extracted from
multiplication factor measurements (OBIC[27],
EBIC[28]) and are not quantities which can be
measured as terminal properties.

In their rigorous treatment Van Overstraeten and
De Man[21] use narrow p-n junctions for multipli-
cation factor measurements. They assume the validity
of Chynoweth’s law. With the field dependence given
in Chynoweth’s law they are able to determine the
coefficients a¢, b¢ by multiplication factor measure-
ments. In this context Chynoweth’s law can be viewed
as an excellent physical guess for the field dependence
of ionization rates in order to fit experimental data of
multiplication factors. However, the measurements of
Van Overstraecten and De Man also show, that the
original assumption of the simple exponential law
does not cover the entire E-field range and has to be
sacrificed in order to fit experiments well. Constants
ag, b; different in the low field (E <4 x 10° V/cm),
and high field (E > 4 x 10° V/cm) region respectively
were found for holes. We strongly believe, that it is
very difficult to decide experimentally whether
Chynoweth’s law is true or not, since measurable
quantities (avalanche multiplication factor) involve
integrals over ionization rates only. Therefore we
decided to develop a simple theory which, as an
approximative result, yields the field correction to
Chynoweth’s law.

The paper is organized as follows. In Section 2 we
derive an integral equation for the multiplication
factor M(x) [see eqns (3, 4a, b)]. Within the reduced
description space and within the theory of Markov
chains[29-31] we claim that our integral equation is
exact. In Section 3 we assume a certain ionization
probability [eqns (12a, b)] in order to derive a simple
equation for M(x). A numerical solution for this
equation [eqn (15)] is termed exact, since no approxi-
mation has been made to derive it from eqns (4a, b).
We only assumed a particular ionization probability.
With certain constraints on the electric field E(x) [see
eqns (16a, b)] and on the space dependence of M(x)
[see eqns (18a, b)] we derive our field correction to
Chynoweth’s law [see eqns (20a—)]. Section 4 only
serves as a check for the validity of the approximations
made in Section 3. In particular, for an abrupt p—n
junction and ‘realistic’ parameters (mean free paths
and ionization energies) we calculate the space and
voltage dependent avalanche multiplication factor
M(x, V). For a wide range of doping concentrations
we find an excellent agreement between the exact
solution [eqn (15)] and our field approximation [eqn
(20a—)]. However, the simple form of Chynoweth’s
law shows rather large deviations from our exact
equation. This deviation increases with increasing
donor concentration. In order to compare Chyno-
weth’s law with our field approximation no reference
is made to experiments or other theories. In this sense
we call our paper self-contained.

Remark. 1t is not our intention to determine the
mean free path constants L, U: from multiplication

factor measurements. Rather we want to point out
that the field dependence of Chynoweth’s law is
incorrect. The objective of this paper is to predict a
field-dependence of the ionization rates which covers
the entire range of interest (2 x 10°< E <6 x 10°
V/cm).

The four constants L, U; with {s = n, p}, however,
remain undetermined within this theory. Nevertheless,
we have chosen a particular parameter set in order to
get a feeling of the impact this new theory has on both,
ionization rates and on the multiplication factor. The
mean free paths L, L, were taken from phonon-scat-
tering, and the threshold energies UZ, U? were set
equal to the ionization energy in silicon.

Comparing our theory with data from Van Over-
straeten and De Man already shows a surprisingly
good agreement for a wide range of doping concen-
trations chosen for an abrupt p-n junction. If, how-
ever, Chynoweth’s law is used, the above constants
give rise to completely wrong results. It should be
noted, that the particular parameter set chosen in this
paper differs considerably from the experimentally
obtained parameter set by Van Overstraeten and De
Man.

The reason for this discrepancy is simple. Van
Overstraecten and De Man based the evaluation
of their multiplication factor measurements on the
validity of Chynoweth’s law. In order to get agree-
ment with experiments, however, they had to
switch the constants for holes at a field value of
E =4 x 10°V/cm.

In contrast to Chynoweth’s law, the special form of
our field correction allows a unique determination of
the four physical parameters L,, L,, U; and U? over
the entire range of field values.

This remark should emphasize, that it is worth-
while to measure the mean free path constants and
the threshold energies from multiplication factor
measurements. We also view our paper as a suggestion
for performing this kind of experiment.

2. MEAN FREE PATH THEORY

In this section we want to present a new theory for
calculating the avalanche multiplication factor M (x).
Let us consider an electron—hole pair created at x, and
moving under the influence of the electric field E(x)
[see Figs 1(a—c)]. We want to know the total number
M(x) of electron-hole pairs in the interval [0, L}
which are generated due to collisions and subsequent
ionizations with lattice and impurity atoms. We
introduce the following definitions.

M(x)-:- Mean number of electron-hole pairs (in-
cluding the original pair) generated in
[0, L] given an initial electron—hole pair at
x. In counting M(x) we consider the
stationary case.

Mean number of electron-hole pairs gen-
erated in [0, L] due to initially 1 hole at
position x.

M,,(x) ...
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Fig. 1. Details of a collision process: (a) no collision takes

place, (b) at least one collision takes place, (c) the electric
field.

M,(x) - - - Mean number of electron-hole pairs gen-
erated in [0, L] due to initially 1 electron
at position x.

L,(x)--- Mean free path for electrons.

L,(x)--- Mean free path for holes.

G,(x,, x;) - - - Ionization probability for electrons,
i.e. probability that an electron, which
started at x, (with energy ¢ =0) and
travelled without collision up to x,
then ionizes its collision partner (thus
generating secondary electron—hole
pairs).

G,(x,, x,) - - - Ionization probability for holes.

1
y.(x)dx = i3 dx -+ Collision probability for
n(x) electrons.
1
7p(x)dx =——dx --- Collision probability for
Ly(x) holes.

W,(x,, x,) - - - Probability for an electron not to
collide in [x,, x,].

W,(x,, x,) - - - Probability for a hole not to collide in
[xhle'

Now that we have introduced some definitions we can

describe our model in detail.

Let us assume an electron-hole pair at position
x [see Figs 1(a){(c)]. Due to the influence of the
electric field (E(x)=0 in [0,L]) the electron is
moving to the left and the hole to the right.
Both electrons and holes can collide with lattice

and impurity atoms thus generating secondary
electron-hole pairs. We assume, that after each
collision, the electrons and holes respectively have
lost their energy thus starting after each collision
with energy ¢ =0. This assumption becomes
questionable for high electric fields, see Section 4.
Furthermore we make use of a simple Markov
model, which roughly states that the combined prob-
ability for subsequent collision events is simply
a product of the probabilities for the respective
collision events.

With the aid of the ionization probabilities G, and
G, we explicitly formulate, that a particle has to gain
energy from the electric field and has to travel a
distance (x; — x,) #0 in order to ionize its collision
partner.

For deriving an equation for M (x) we first need an
explicit expression for the probability W,(x,, x,),
that a particle undergoes no collison in the interval
[x Is xZ]'

Using our Markov assumption we can write

W, (xy, X, + dx;) = W, (x;, x;)[1 —7,(x) dx,] (1)

which merely states that the probability for a particle
not to collide between [x,, x, + dx,] is the product of
the probabilities not to collide between [x,, x,] times
the probability not to collide in [x,, x; + dx,]. Ex-
panding eqn (1) in a Taylor series and using the
obvious initial condition W,(x,x)=1 one obtains
the well known expression[29}

Wn(x,,xz)=exp{— J xzvn(x)dx} @

x

The analogous expression is valid for holes.
Next we split up to M(x) according to

Mx)=1+4+M,(x)+ M,(x) €)]

where M,(x) is the number of secondary elec-
tron-hole pairs created (directly or indirectly) by the
original electron. The respective definition holds for
M,(x). In order to derive an equation for M,(x) in
terms of M (x) we assume, that starting at position x,
a hole has a collision at x, [see Figs 1(a) and (b)).
We separate two events:

(i) There is no collision between x and x,.

(ii) There is at least one collision between x and

X;.

It should be noted that (i) and (ii) are mutually
exclusive events and cover all possible events.

A collision at x, will lead to an ionization if the
hole has gained the threshold energy. The starting
point for calculating the ionization probability
G,(x,, x,) is for case (i) x, = x and for case (ii) x, = x,
[see Figs 1(a) and (b)]. The hole has created an
electron-hole pair at x,. By definition, this electron—
hole pair gives rise to M (x,) secondary electron—hole
pairs in [0, L].
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From the above arguments the following equation
can be deduced

L
Mp(x) =f Wp(x7 xz))’p(xz) deGp(x’ x)M(x,)

L L
+ j vp(xl) dxl J‘ Wp(xl9 x2)yp(x2)

x dx, G, (x;, X )M (x;) (4a)

where an integration with respect to the collision
points x; and x, has been performed already. Similar
to eqn (4a) one obtains for an electron (which in our
model is moving to the left)

M(x) = f W, (30 X7 05) A, Gy, %)M (3)
0

+f yn(xl)dle‘ l W, (x5 X1 )7.(X2)
0 0

X dx, G, (xy, X, )M (x;) (4b)
(Note: here and in the sequel we use the convention
that any integral has to be put to zero if its lower
bound exceeds the upper bound.)

Once that both, the collision probabilities y, and 7,
(or equivalently the mean free paths L, and L,) and
the ionization probabilities G, and G, are given, eqns
(4a, b) together with eqn (3) form a closed integral
equation for the determination of the space-depen-
dent avalanche multiplication factor M (x). This inte-
gral equation is a central result of our paper, and it
will serve as a starting point for subsequent approxi-
mations.

3. IONIZATION PROBABILITY MODELS

For solving the integral equation [eqn (3)] for M (x)
we have to know the ionization probabilities G, and
G, respectively. In what follows we shall propose two
models, the local ionization probability (IP) and the
non-local IP model. As we shall see below, the local
IP model uses ionization rates a,,(E) as input quan-
tities.

In contrast, the non-local IP model yields ioniz-
ation rates a,,(E). They are determined by the model
itself, and a significant improvement over
Chynoweth’s law is obtained.

(A) Local IP model

It is assumed, that the probability for a particle to
ionize its collision partner depends only on the pos-
ition of the collision partner (x,) and not on the
particle’s starting position (x,)

Gi(x), x;) =g,(x;) with s={np} (5

Equation (5) violates our previously made assump-
tion, namely, that electrons and holes have to gain
energy from the electric field E(x) in order to ionize

their collision partners. In other words, eqn (5)
violates the following equation

G, (x;,x)=0 with 5s={n,p} 6)

Nevertheless we may look at the consequences of eqn
(5) in connection with eqn (4a, b). Differentiating eqn
(4a, b) we immediately find

dM, .
T2 = ~% (M) with M,(L)=0 (7a)

;Z"=+an(x)M(x) with M,(L)=0 (7b)

We introduced the ionization rates a, and «, respect-
ively by the relation

a,(x) = 7,(x)g,(x) ®

However, these ionization rates remain undetermined
within the local IP model. They have to be given in
order to be able to solve the following integral
equation for M(x), which is obtained by integrating
eqns (7a, b) and substituting back into eqn (3).

X

Mx)=1 +J o, (x; )M (x;) dx;,

[

L
+J o, (x )M (x;)dx;  (9)

The above integral equation and its solution are
well established in literature[32]. Both, theoretical
and experimental investigations suggests ionization
rates of the following form (Chynoweth’s law[20])

b
o (x) = a, exp — {—‘E(;)l}

where E(x) is the electric field and a,, b, with
s ={n,p} are parameters to be fitted to the exper-
iment. We want to stress at this point, that the
ionization rates, entering eqn (9) are consistent with
those determining the avalanche generation in device
equations[26]. Any improvement over Chynoweth’s
law {eqn (10)] should be based on the form of the
integral equation for M(x) given in eqn (9), in order
to be consistent with avalanche generation in device
equations.

(10)

(B) Non-local IP model

Here we drop the rather crude assumption of eqn
(5). Rather we postulate, that electrons and holes can
ionize lattice and impurity atoms once that they have
reached a critical energy U, (threshold energy). Let us
consider a hole starting at position x with energy
¢ =0 and moving in the electric field E(x) (see
Fig. 1c). In order to get the critical energy U? the hole
has to fly a critical distance f,(x) — x, which is given
by the following equation

fy () v
f E(xl)dx,-—;f:O (11a)

x

where ¢ is the elementary charge.
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For electrons, which are moving to the left, one has
x U:
E(xl)dx)——'=0 (llb)
Jalx) q
With the aid of the step function @(x) we can write
for the ionization probability for holes

G, (x, x,) = Ox; — f,(x)]
and for electrons
G,(x, %)) = @[ f,(x)— x] (12b)

The hole starts with energy ¢ =0 at position x and
has to travel up to the point f,(x) in order to acquire
the critical energy UZ. If it travels a distance
x, > f,(x) its probability to ionize the collision part-
ner is one, for distances x, <f,(x) this probability is
zero.

In view of eqn (12a, b) we can simplify our general
expressions for M,(x) and M,(x) respectively [see
eqn (4a, b)]. Differentiating eqn (4a) and using eqn (6)
yields

(12a)

(_id% = :h,,(x, xl)%Gp(X, x)dx;,  (13a)

with
hy(x, x,) = W, (x, x,),(x;)M(x,)  (13b)

and
M,[f; (L) =0 (13¢)

Equation (13c) merely states, that a hole, starting
within the interval [ f, (L), L] does not gain enough
energy to ionize its collision partner.

Evaluating the differentiation of the step function
in eqn (13a) (or integrating by parts) immediately
leads to

dM,

df,
_d7 == E;hp[x:f;;(x)] (143)
With the initial condition eqn (13c) one finds
L
M,(x) =J BLf x), x1dx,  (14b)
fp(x)

where f;‘(x) is the inverse function of f,. No
difficulty arises when performing the same steps for
electrons which, in the case of holes, led to eqn (14b).
We finally end up with the following integral
equation

M(x)=1
fn (%) it (x1)
+ f exp{ - f 7a(x") dx/}?n(xl MM (x,)dx,

0 xy

L x)
+J. exp{— J. Yp('xl) dx’}yp(xl)M(xl)dxl
Jplx) S5V xy)
(15)

In general, a solution of the above integral equation
has to be done numerically, by first determining f,
and f, via eqn (11a, b) and then solving eqn (15) (we

assume that the electric field E(x), the mean free
paths L,(x) and L,(x), and the critical energies U?
and U} are given).

In order to get local ionization rates «,(E) and
a,(E) respectively we make the following approxi-
mations.

(i) We assume a rather weak variation of the
electric field E(x) within [x,f,(x)] and [f,(x), x]
respectively

'fp (1)
f E(x,)dx, ~ E(X)[f,(x) — x] = E(x)d,(x)

x

(16a)

f " E(r)dn x EG)x (0] = EG)dy(x)

a2
(16b)

From eqns (11a, b) the distances d, and d, are deter-
mined by

/4 ur
—— and d,(x)=—2 17
pro) O =Fm 17
(ii)) We assume a weak variation of M(x) with
respect to x

dy(x) =

M(f) = M(x + d,) ~ M(x) + d, dﬂgf‘) (18a)
M(f,) = M(x —d,) ~ M(x)— d, d}‘:ix) (18b)

For constant mean free paths L, and L, respectively
the derivative of eqns (15) is given by

dM(x) 4,
) exp(— MU T
d
ren(—dpmMEI T s

Inserting eqns (16) and (17) into eqn (19a) leads to
dM
[1 + dn?n exp( - dnyn) + dp)’p eXP( - dp}’p)] Fx—

~ b’n exp( - dn'yn) ~7% exp( - dep)]M(x) (19b)

If we now compare eqn (19b) with the derivative of
eqn (9) we find for the ionization rates the following
expressions

as bs : =
a=- exp( - -Em) with s ={n,p} (202)

and
_ b, b, b, b,
z(x)=1+ —E(x) exp( E(x)) + Eeo) exp( — E(x))
(20b)
and
a,=y,=i and b,=y—;& (20c)
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Abrupt p-n junction
a)

Ng Na
+ n-region p-region —
T T » X
Xp 0 xp
b)
|——— Space charge zone —»|
E (x) Ni>>NP
Ixp)<<ixp)
» X
Xn 0 xp
fe Lv) »|

Fig. 2. The abrupt step p—n junction: (a) doping, (b) electric
field. The donor concentration N is assumed to be small
compared to the acceptor concentration N .

We want to stress that we have derived the
field dependence of the ionization coefficient [sec
eqns (20a—c)] as an approximation to eqn (15).
Besides the field correction in the denominator
our expression is identical to Chynoweth’s law. Note
that the constants appearing in eqns (20a, b) were
introduced a priori as physical constants and not as
fit parameters.

In Figs 3(a) and (b) we compare the ionization
rates (ionization coeflicients) for different constants
a,, b,. We basically use two sets of constants, namely:

(a) Van Overstraeten and De Man constants
(which are used in device simulators[10])

a,=0.703 x 10°cm~!; b,=1.231 x 10 V/cm

(2la)

a,=1.582 x 10°cm=" &, =2.036 x 10° V/cm
(21b)

These constants are used in curves 2a and 3a of
Figs 3(a) and (b). The above constants are valid only
in the range 1.75 x 10° < E <4 x 10° V/cm. In Figs
3(a) and (b), however, we used the above constants
for the entire E-field range. In Figs 3(c) and (d),
which were taken from Ref. [2], modified constants
were used in the range 4 x 10° < E <6 x 10° V/om.
For details concerning these constants see Ref. [21].

(b) Mean free path constants (the constants for
the mean free paths L, and L, and the ionization
energy U, were chosen from Ref. {4])

L,=0.55x10"%cm

5

L,=0.76 x 10‘°cm% =1.12V  (22a)

with these constants we get using eqn (20c)

a,=1316 x 106¢cm~!; b,=1.474 x 10°V/cm

(22b)

a,=1818 x 10°cm™'; b,=2.036 x 10°V/cm
(22c)

These constants were used in curves 2b and 3b of
Figs 3(a) and (b).

In labelling the curves of Figs 3-5 we used the
following notation: 1—exact model [eqn (26)]); 2—
Chynoweth model [eqn (9) and eqn (20a,c) with
z = 1}; 3—field correction to Chynoweth model [eqns
(9) and (20a-c)]; a—Van Overstraeten and De Man
constants [eqn (21a, b)]; (b)—mean free path con-
stants [eqns (22a—)]. For example, ‘curve 2b’ refers
to Chynoweth model with mean free path constants.

For calculating curves 2a and 2b respectively we
simply used eqn (20a) with z = 1, which is basically
Chynoweth’s law. Furthermore, curves 3a and 3b
respectively contain the corresponding field correc-
tions of curves 2a and 2b respectively, which are given
in eqns (20a—).

We want to point out once more that it is not our
objective to determine the parameters of eqns (20a—c)
from experimental data. Rather we want to show the
impact our field correction [eqn (20b)] has on the
ionization rate, comparing it with Chynoweth’s law
[eqns (20a) with z = 1]. For the two parameters sets
chosen one observes a reduction of the ionization
rates in the high field range £ >4 x 10° V/cm and a
good agreement with Chynoweth’s law in the low
field range E <4 x 10° V/cm.

In the next section, however, the accuracy of our
field approximation is examined by comparing it with
the exact results for an abrupt p—» junction.

4. THE ABRUPT p-n JUNCTION

We consider an abrupt p—n junction where the
p-region (Ny) is highly doped compared to the
n-region (N{) (see Figs 2a and b). Assuming that
the space charge zone is free of mobile carriers n(x)
and p(x) respectively, we get a linear increase in the
electric field E(x)

gNg

E(x)=ax with a= (23a)

where ¢ = ¢,¢, is the permittivity of silicon (¢, = 11.7,
and €, ~ 8.854 x 10712 As/V/m).

The length of the space charge zone can be ex-
pressed in terms of the voltage V' by[3]

L=\/2a\/V

(23b)



Avalanche multiplication 39

(a)
T fonization rate for electrons (1/cm)

108
2a
2b
1081
3b 3a
1041
2a,3a 2b,3b
1034
102
. 2...Chynoweth’s law
107 3...Field correction
a..Van Overstrasten-De Man
b...Mean free path constants
100
105 108
Electric field (V/cm) —»

{c)

Tlonization rate for electrons (1/cm)

108
T = 300K
Theoretical —>-~
105 y
Van
104 Overstrasten
et.al.
103+
1024
10! -{ Okuto & Crowell
100
105 108

Electric fisld (V/cm) —»

(b)
lonization rate for holes (1/cm)
108
2a
105+
10‘J
1034
2b,3b—f—28,3a
102
2...Chynoweth's law
3...Field correction
10'4 a...Van Overstrasten
De Man
b...Mean free path
constants
100
108 108
Electric field (V/em) ——+
(d)
lonization rate for holes (1/cm)
T 108
T = 300K
105 .
104
103 van
Overstraeten
et.al.
1
107 /—Theoretical
!
101 Okuto & Croweli
10°
108 108

Electric field (V/cm) ——»

Fig. 3. The impact of the field correction [see eqns (20a—c)] on the ionization rates for electrons (a, ¢) and
holes (b, d) respectively. For comparison, (c, d) were taken from Ref. [2].

Assuming equal threshold energies for electrons and
holes (U7 = U2 = U,) we find for f, and f, respectively
[see eqns (11a, b)]

fi= /=), f,=(x*+d?)

with
d =./2U./qa (24a)
Furthermore, one has
fr &)y =£x) (24b)

which immediately follows from eqns (11a, b) when
putting Ul = U2 =U,.

For computational reasons, it is advantageous to
perform the following scaling

y=x/d (25a)

M(x)=M*(x/d)= M*(y) (25b)
I(V)=L{d=./q/U.JV (25¢)
B.=dy,=d|L, with s={np} (25d)

Substituting the above equations into eqn (15) yields
the following integral equation for M*(y)

M*(y)=1

N
+ﬂnf expl — B,/(n + /¥i+ DIM*(y) dy

0

KV)
+ B, J expl — B,/(y, + /¥i— DIM*(y) dy,
N
(26)
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Fig. 4. (a) Space dependent multiplication factor in the

direction of the space charge zone (Nj=10%cm3,

V =247.5V). (b) Voltage dependent multiplication factor

directly at the p-n junction. Curves “1b-3b” are in good
agreement.

In what follows any numerical solution of eqn (26)
will be termed ‘“exact”.

Let us first have a glance at eqn (26). It is an
integral-equation, with non-constant boundaries, for
the multiplication factor M (y). We still assume the
convention following eqn (4b). Given the mean free
paths L, and L, respectively, the threshold energy U,
and the donor concentration N3 one can solve eqn
(26) for a given voltage V [respectively space charge
zone I(V)]. This space dependent solution will be
denoted by M(y, V). Furthermore, for different val-
ues of the potential ¥ one can determine the space
dependent maximum of the multiplication factor,
which in our case of an abrupt p—n junction is given
by M[I(V), V]. In Figs (4-6) these solutions are
denoted by “1b” [see the notation following eqn
(220)].

For obtaining an approximation to the rather
involved integral equation [eqn (26)] one can solve the
more simple eqn (9), but still using the same par-
ameter set [parameter set *‘b” of eqns (22a—)]. We
shall consider two approximations, namely
Chynoweth’s law [eqn (9) and egn (20a) with z = 1]
which is denoted by “2b” and our field correction to
Chynowth’s law [eqns (9) and (20a—)] which is
denoted by *“3b”. Either of the approximations made
has to be compared with our exact result in order to

a)
Miy,V)
18.0
V = 50.9 Volt
1704 N =10%"%cm-3
d =0384:-10"4
150 0~ %cm
13.0
11.0 4
9.0 1
2b
7.0
2a
5.0 sb
30 T T T T 1 ? T
0.0 1.0 20 30 40 5.0 6.0
b) y—*
M, V)
130
1..Exact mode!
11.01 2..Chynoweth's law 2b
3...Field correction
9.0 a...Van OverstraetenDe Man constants 2a
1 b...Mean free path constants
7.0 1
501
3.0
1b,3b
1.0 T T T L T
20.0 25.0 30.0 35.0 40.0 45.0 50.0

Voltage —»

Fig. 5. (a) Space dependent multiplication factor in the

direction of the space charge zone (N} =10"%cm™3,

V =50.9 V). (b) Voltage dependent multiplication factor

directly at the p—n junction. Chynoweth’s law starts to
deviate from the exact resuit.

check its accuracy. The starting point of both, the
exact eqn (26) and the commonly used eqn (9) are
eqns (3) and (4). Therefore, one can view both
Chynoweth’s law and our field correction as different
approximations to an exact integral-equation [eqn
(26)] which can be solved numerically only. Regard-
less of the specific parameter set chosen one thus can
check the validity (or accuracy) of the field depen-
dence given in Chynoweth’s law and compare it with
our field correction. For both, the space dependent
multiplication factor M(y, V) and the voltage depen-
dent multiplication factor M(/(V), ¥) this is done
throughout Figs (4-6).

For a donor concentration N3, = 10"*cm ™ we find
from Figs 4(a) and (b) that both Chynoweth’s law
(curve “2b’*) and our field correction (curve “3b”’) are
close to the exact result (curve “1b”). However, with
increasing donor concentration N Chynoweth’s law
deviates from the exact result significantly. Our field
correction, however, remains close to the exact result
(see Figs 5 and 6).

There are some quantities which facilitate the
understanding of Figs 4-6, namely:

—the critical distance d, = f; !(0) for an electron
at the left end of the space charge zone. An
electron, starting at position x < d, will not be
able to ionize its collision partner;
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Fig. 6. (a) Space dependent multiplication factor in the

direction of the space charge zone (N{ =107cm™3,

¥V =12.2V). (b) Voltage dependent multiplication factor

directly at the p-n junction. Chynoweth’s law deviates

significantly. Field correction is still in good agreement with
exact result.

—the critical distance d, =L —f,'(L) for a
hole at the right end of the space charge
zone. A hole, starting at position x > L —d,
cannot ionize its collision partner. The hole
has to fly at least a distance d, in order to
gain enough energy to ionize its collision
partner, since the maximum of the electric
field is on the r.h.s. of the space charge zone
(see Fig. 2);
—the maximum field E_,, = aL.
In particular we obtain the following values (see Figs
4-6).
Figures 4(a) and (b)

E... =276 x10°V/cm, Nf=10"cm™>
d=121x100n, d =404x10"2y (27a)
Figures 5(2) and (b)
E,., =507 x10°V/cm, N3 =10%cm?
d=384x10"p, d =284x10"2p (27b)
Figures 6(a) and (b)
E,.,=6.09x10°V/cm, Nj=10"7cm™}
d=121x10""p, d.=188x10"2x (27c)

As already anticipated in the Introduction, electrons
and holes should, on average, travel at least a few
mean free paths before ionizing their collision part-
ners. Otherwise, electrons and holes can acquire high
energies (compared to the ionization energy) before
each collision. Therefore, our assumption, that after
each collision the particle starts with energy ¢ =0 can
easily become unphysical. In our case the distances
d. are always at least a few distances larger
than the mean free paths (L,=7.6x 1073y,
L,=5.5x 107% u). Notice the discontinuous change
in the slope of curve “1b” in Fig. 6! It shows most
clearly the region where holes cannot gain enough
energy to create secondary electron-hole pairs, thus
demonstrating the non-local nature of our theory.
However, the commonly used eqn (9) cannot account
for this effect (see curves “2b” and “3b” respectively).
Remark. In curves “2a” of Figs 46 the Van
Overstraeten and De Man constants together with
Chynoweth’s law are used. These figures are only
shown for completeness, since this parameter set is
commonly used in device simulators(8, 10].

S. CONCLUSION

In this paper we presented a new theory for
determining avalanche multiplication in semiconduc-
tors. We suggested a non-local ionization probability
model which, under certain approximations, leads to
a field correction and a simple improvement over
Chynoweth’s law.

The “physical need” for introducing a non-local
concept has been already pointed ouy by Y. Okuta
and C. R. Crowell[26]. Since their treatment is con-
ceptionally different from ours (their starting point is
not an equation for the avalanche multiplication
factor) they don’t arrive at a simple, solely field
dependent, improvement over Chynoweth’s law.

A conceptionally different approach has been pre-
sented by G. A. Baraff[24] and P. A. Wolff[23]. Their
starting point is the time dependent Boltzmann-
equation in position and momentum space. A certain
average of the distribution function leads to ioniz-
ation rates depending on the electric field. Although
the Boltzmann-equation is a more rigorous starting
point than our eqns (3) and (4a,b), the works of
Baraff and Wolff lack the correct treatment of bound-
ary conditions in position space. The formulation of
boundary conditions is a general difficulty when using
the Boltzmann-equation and can lead to problems
e.g. for narrow p-n junctions.

We did not yet compare our theory with exper-
imental data. Rather we suggest to repeat step by step
the work of R. Van Overstraecten and De Man but
replacing Chynoweth’s law with our field correction.
A glance at Figs 3(a) and (b) gives a first idea of the
impact our correction will have on the ionization
rates calculated from multiplication factor measure-
ments. Finally we want to stress that any determi-
nation of our coefficients [eqn (20c)] should take into
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account the possible concentration dependence of the
mean free paths.

Acknowledgements—The author is very grateful to R. Stengl
for many fruitful and stimulating discussions on this
and related topics. He would like to thank R. Stengl for
permanently encouraging the author to continue this work.
Furthermore, the author would like to acknowledge
F. Pfirsch for critically commenting this paper, and
H. Mitlehner for supporting an environment and providing
an atmosphere which advances this kind of work. Finally,
the author would like to thank O. J. Eder (Austrian
Research Center Seibersdorf) for numerous discussions
concerning concepts of collision models.

REFERENCES

1. A. Anselm, Introduction to Semiconductor Theory.
Prentice-Hall, Englewood Cliffs, NJ (1981).
. S. Selberherr, Analysis and Simulation of Semiconductor
Devices. Springer, Wien (1984).
. E. Spenke, P-N Uebergaenge. Springer, Berlin (1979).
S. M. Sze, Physics of Semiconductor Devices. Wiley,
New York (1969).
. W. Gerlach, Thyristoren. Springer, Berlin (1981).
. A. Herlet, Solid-St. Electron. 8, 655 (1965).
W. Moench, Physical Status Solidi 36, 9 (1969).
. W. L. Engl, R. Laur and K. Dirks, JEEE CAD-1, 85
(1982).
9. J. W. Slotboom, IEEE ED-20, 669 (1973).
10. R. E. Bank, W. M. Coughran, W. Fichtner, E. H.
Grosse, D. J. Rose and R. K. Smith, JEEE ED-32, 1992
(1985).

Pw N

Lo RN V)

11. S. E. Laux and B. M. Grossman, /JEEE ED-32, 2076
(1985).

12. A. Franz and G. A. Franz, IEEE CAD-4, 178 (1985).

13. W. Van Roosbroeck, Bell Syst. tech. J. 29, 560 (1950).

14, 8. Chapman and T. G. Cowling, Mathematical Theory
of Non-Uniform Gases. Cambridge University Press,
London (1939).

15. J. H. Ferziger and H. G. Kaper, Mathematical Theory of
Transport Processes in Gases. North-Holland, Amster-
dam (1972).

16. J. P. Hansen and 1. R. McDonaid, Theory of Simple
Liquid. Academic, London (1976).

17. R. Kubo, J. Phys. Soc. Jap. 12, 570 (1957).

18. N. S. Green, J. chem. Phys. 22, 398 (1954).

19. O. J. Eder and T. Lackner, J. chem. Phys. 74, 3065
(1981).

20. A. G. Chynoweth, Phys. Rev. 109, 1537 (1958).

21. R. Van Overstracten and H. De Man, Solid-St.
Electron. 13, 553 (1969).

22. K. G. McKay and K. B. McAfee, Phys. Rev. 91, 1097
(1953).

23. P. A. Wolff, Phys. Rev. 95, 1415 (1954).

24. G. A. Baraff, Phys. Rev. 128, 2507 (1962).

25. W. Shockley, Solid-St. Electron. 2, 35 (1961).

26. Y. Okuta and C. R. Crowell, Phys. Rev. B10, 4284
(1974).

27. R. Stengl, IEEE ED-34, 911 (1987), see also his thesis
Physikalische Untersuchungen au Hochsperrenden
Planaren p-n Uebergaengen, Erlangen (1986).

28. J. Sandoe and J. Hughes, Acta electron. 28, 201 (1983).

29. N. G. Van Kampen, Stochastic Processes in Physics and
Chemistry. North-Holland, Amsterdam (1981).

30. O.J. Eder and T. Lackner, Phys. Rev. A28, 952 (1983).

31. T. Lackner and S. Yip, Phys. Rev. A31, 451 (1985).

32. R. J. McIntyre, IEEE ED-13, 164 (1966).



