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This book is an intermediate-level text on electromagnetic fields and waves. It represents
a revision of the first two editions of the text, which in turn built upon an earlier volume
by two of the authors.* It assumes an introductory course in field concepts, which can
be the lower-division physics course in many colleges or universities, and a background
in calculus. Material on vectors, differential equations, Fourier analysis, and complex
notation for sinusoids is included in a form suitable for review or a first introduction.
We have given such introductions wherever the material is to be used and have related
them to real problems in fields and waves. Throughout the book, the derivations and
analyses are done in the most direct way possible. Emphasis is placed on physical
understanding, enhanced by numerous examples in the early chapters.

The fundamentals of electromagnetics, based on Maxwell’s brilliant theories, have
not changed since the first version of the text, but emphases have changed and new
applications continue to appear. The field of coherent optics for communications and
information processing continues to grow. New materials of importance to electronic
devices (for example, superconductors) have been developed. Integrated circuit ap-
proaches to guides, resonators, and antennas have grown in importance. All these ev-
olutions are reflected in expanded text and problem material in this edition. Perhaps the
most important change for persons who need to solve field problems is the growing
power of computers. At the simplest level, computers greatly speed numerical evalua-
tion of analytic expressions, easily giving answers over a wide range of parameters.
But there is also a growing library of wholly numerical techniques for finding solutions
to field and wave problems in which complex boundary shapes preclude analytic so-
lutions. We can only give an introduction to this important subject but excellent texts
and reviews are available to carry the interested student farther. It still remains important
to understand the basic laws and to develop strong physical pictures and computer
simulations can substantially add insight, especially in dynamic problems.

The basic order remains that of the second edition. The purpose of beginning with
static fields is not only to develop familiarity with vector field concepts but also to
recognize the fact that a large number of practical time-varying problems (especially
with small devices) can be treated by static techniques (i.e., are quasistatic). The dy-
namic treatment of Maxwell, with wave examples, follows immediately so that even in
a first term, the student will meet a mix of static, quasistatic, and wave problems. Once
the reader has covered the material of the first three chapters, he or she will find con-

* S. Ramo and J. R. Whinnery, Fields and Waves in Modern Radio, John Wiley & Sons (first
edition 1944; second edition, 1953). The first edition was prepared with the assistance of
the General Electric Company when the authors were employed in its laborafories.

vii
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siderable flexibility in using the text. Material on the ele¢tromagnetics of circuits (Chap-
ter 4) or on special waveguides (Chapter 9) may be delayed or even omitted and the
later chapters on microwave circuits, materials, and optics can be used in various orders.
Selections from among the more advanced sections wu;hm a chapter are also possible
without disrupting the basic flow.

The authors wish to thank the following reviewers for their helpful comments: Pro-
fessor Dennis Nyquist, Michigan State University; Prqfessor Fred Fontaine, Cooper
Union; Professor Von R. Eshlemann, Stanford University; Professor Paul Weaver, Uni-
versity of Hawaii; Professor Charles Smith, University of Mississippi; Professor Murray
Black, George Mason University; Professor Donald Dudley, University of Arizona;
Professor B. J. Rickett, University of California at San Dlego and Professor Emily Van
Deventer, University of Toronto. |

The authors gratefully acknowledge the helpful suggestions of students and col-
leagues at Berkeley and users in other universities and in industry. We particularly
thank D. J. Angelakos, C. K. Birdsall, K. K. Mei, J. Fleischman, M. Khalaf, B. Peters,
and Guochun Liang for their important contributions. We also express appreciation to
Doris Simpson, Ruth Dye, Lisa Lloyd-Maffei and Patricia Chen for their careful work
in the preparation of the manuscript. |
August 1993 ; Simon Ramo

' John Whinnery
Theodore Van Duzer
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Stationary
Electric
Fields

1.7 INTRODUCTION

Electric fields have their sources in electric charges—electrons and ions. Nearly all real
electric fields vary to some extent with time, but for many problems the time variation
is slow and the field may be considered stationary in time (static) over the interval of
interest. For still other important cases (called quasistatic) the spatial distribution is
nearly the same as for static fields even though the actual fields may vary rapidly with
time. Because of the number of important cases in each of these classes, and because
static field concepts are simple and thus good for reviewing the vector operations needed
to describe fields quantitatively, we start with static electric fields in this chapter and
static magnetic fields in the next. The student approaching the problem in this way
must remember that these are special cases, and that the interactions between time-
varying fields can give rise to other phenomena, most notably the wave phenomena to
be studied later in the text.

Before beginning the quantitative development of this chapter, let us comment briefly
on a few applications to illustrate the kinds of problems that arise in electrostatics or
quasistatics. Electron and ion guns are good examples of electrostatic problems where
the distribution of fields is of great importance in the design. Electrode shapes are
designed to accelerate particles from a source and focus them into a beam of desired
size and velocity. Electron guns are used in cathode-ray oscilloscopes, in television
tubes, in the microwave traveling wave tubes of radar and satellite communication
systems, in electron microscopes, and for electron-beam lithography used for precision
definition of integrated-circuit device features.

Many electronic circuit elements may have quite rapidly varying currents and volt-
ages and yet at any instant have fields that are well represented by those calculated
from static field equations. This is generally true when the elements are small in com-
parison with wavelength. The passive capacitive, inductive, and resistive elements are
thus commonly analyzed by such quasistatic laws, up to very high frequencies; so also
are the semiconductor diodes and transistors which constitute the active elements of
electronic circuits.



2 Chapter 1 Stationary Electric Fields

Transmission lines, including the strip line used in microwave and millimeter-wave
integrated circuits even for frequencies well above 10 GHz, have properties that can be
calculated using the laws for static fields. This is far from being a static problem, but
we will see later in the text that for systems having no structural variations along one
axis (along the transmission line), the fields in the transverse plane satisfy, exactly or
nearly exactly, static field laws.

There are many other examples of application of knowledge of static field laws. The
electrostatic precipitators used to remove dust and other solid particles from air,
xerography, and power switches and transmission systems (which must be designed to
avoid dielectric breakdown) all use static field concepts. Electric fields generated by
the human body are especially interesting examples. Thus the fields that are detected
by electroencephalography (fields of the brain) and electrocardiography (fields of the
heart) are of sufficiently low frequency to be distributed!in the body in the same way
that static fields would be.

In all the examples mentioned, the general problem is that of finding the distribution
of fields produced by given sources in a specified medium with defined boundaries on
the region of interest. Our approach will be to start with a simple experimental law
(Coulomb’s law) and then transform it into other forms which may be more general or
more useful for certain classes of problems. I

Most readers will have met this material before in physics courses or introductory
electromagnetics courses, so the approach will be that of review with the purposes of
deepening physical understanding and improving familfarity with the needed vector
algebra before turning to the more difficult time-varying problems.

i

Basic Laws and Concepts of Electrostatics
1
1.2 FORCE BETWEEN ELECTRIC CHARGES: THE COli\ICEPT OF ELECTRIC FIELD
It was known from ancient times that electrified bodies e)fcert forces upon one another.
The effect was quantified by Charles A. Coulomb through brilliant experiments using
a torsion balance.! His experiments showed that like charges repel one another whereas
opposite charges attract; that force is proportional to the product of charge magnitudes;
' An excellent description of Coulomb’s experiments and|the groundwork of earlier re-
searchers is given In R. S. Ellioft, Electromagnetics, McGraw-Hill, New York, 1966. For a
detailed account of the history of this and other aspects|of electromagnetics, see E. T.
Whitfaker, A History of the Theories of Aether and Electricity, Am. inst. Physics, New York,

1987. or P. F. Mottelay, Biographical History of Electricity cnd Magnetism, Ayer Co. Pub-
lishers, Salem, NH, 1975.




1.2 Force Between Electric Charges: The Concept of Electric Field 3

that force is inversely proportional to the square of the distance between charges; and
that force acts along the line joining charges. Coulomb’s experiments were done in air,
but later generalizations show that force also depends upon the medium in which
charges are placed. Thus force magnitude may be written

9192
2
ers

f=K 1
where g, and g, are charge strengths, r is the distance between charges, € is a constant
representing the effect of the medium, and K is a constant depending upon units. Di-
rection information is included by writing force as a vector f (denoted here as boldface)

and defining a vector f of unit length pointing from one charge directly away from the
other:

f=gN; )
er-

Various systems of units have been used, but that to be used in this text is the
International System (SI for the equivalent in French) introduced by Giorgi in 1901.
This is a meter—kilogram—second (mks) system, but the great advantage is that electric
quantities are in the units actually measured: coulombs, volts, amperes, etc. Conversion
factors to the classical systems still used in many references are given in Appendix 1.
Thus in the SI system, force in (2) is in newtons (kg-m/s?), g in coulombs, r in meters,
and ¢ in farads/meter. The constant K is chosen as 1/4 7 and the value of & for vacuum
found from experiment is

5y = 8.854 X 1012 ~ —— x 10-9 % 3
0 ) 36 m
For other materials,
g = &8 4

where €, is the relative permittivity or dielectric constant of the material and is the
value usually tabulated in handbooks. Here we are considering materials for which &
is a scalar independent of strength and direction of the force and of position. More
general media are discussed in Sec. 1.3 and considered in more detail in Chapter 13.
Thus in SI units Coulomb’s law is written

9192

F= dmer? f ®

Generalizing from the example of two charges, we deduce that a charge placed in
the vicinity of a system of charges will also experience a force. This might be found
by adding vectorially the component forces from the individual charges of the system,
but it is convenient at this time to introduce the concept of an electric field as the force
per unit charge for each point of the region influenced by charges. We may define this
by introducing a test charge Ag at the point of definition small enough not to disturb



4 Chapter 1 Stationary Electric Fields

the charge distribution to be studied. Electric field E is {then
¢ |
- — | 6
Ag | 6)

where f is the force acting on the infinitesimal test charge Ag.
The electric field arising from a point charge g in a homogeneous dielectric is then
given by the force law (5):

|
=L | %)

= f
4mrer?
Since f is the unit vector directed from the point in a direction away from the charge,
the electric field vector is seen to point away from positive charges and toward negative

charges as seen in the lower half of Fig. 1.2a. The units of electric field magnitude in
the SI system are in volts per meter, as may be found by substituting units in (7):

coulombs meter _ volts (V)

~ farads (meter? metér (m)

We can see from the form of (7) that the total electric field for a system of point
charges may be found by adding vectorially the fields from the individual charges, as
is illustrated at point P of Fig. 1.2a for the charges g and |- g. In this manner the electric
field vector could be found for any point in the vicinity of the two charges. An electric

T |

Fic. 1.2a Electric fields around two opposite charges. Lowet half of figure shows the separate
fields E, and E_ of the two charges. Upper half shows the vector sum of E, and E_. Con-
struction of E is shown at one point P. [
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field line is defined as a line drawn tangent to the electric field vector at each point in
space. If the vector is constructed for enough points of the region, the electric field lines
can be drawn in roughly by following the direction of the vectors as illustrated in the
top half of Fig. 1.2a4. Easier methods of constructing the electric field will be studied
in later sections, but the present method, although laborious, demonstrates clearly the
meaning of the electric field lines.

For fields produced by continuous distributions of charges, the superposition is by
integration of field contributions from the differential elements of charge. For volume
distributions, the elemental charge dg is p dV where p is charge per unit volume (C/m?)
and 4V is the element of volume. For surface distributions, a surface density p, (C/m?)
is used with elemental surface 4S. For filamentary distributions, a linear density p,
(C/m) is used with elemental length dl. An example of a centinuous distribution
follows.

Example 1.2
FIELD OF A RING OF CHARGE

Let us calculate the electric field at points on the z axis for a ring of positive charge of
radius a located in free space concentric with and perpendicular to the z axis, as shown
in Fig. 1.2b. The charge p, along the ring is specified in units of coulombs per meter
so the charge in a differential length is p, dl. The electric field of p; d! is designated by
dE in Fig. 1.2b and is given by (7) with r> = a* + z. The component along the z
axis is dE cos 0 where cos 8 = z/(a® + z2)'/2. Note that, by symmetry, the component
perpendicular to the axis is canceled by that of the charge element on the opposite side
of the ring. The total field at points on the axis is thus directed along the axis and is
the integral of the differential axial components. Taking dl = a d¢ we have

_ sz paz de paz

E - 5
o dme(@® + 2Y? T 2e(@® + PP ®
pidl
do \|? ~—

~ - dEcosé

>z \&‘
0 dE

Fic. 1.2b Electric field of a ring of charge.
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1.3 THE CONCEPT OF ELECTRIC FLUX AND FLUX|DENSITY: GAUSS’S LAW

It is convenient in handling electric field problems to introduce another vector more
directly related to charges than is electric field E. If we define

D = ¢E o)
we notice from Eq. 1.2(7) that D about a point charge is radial and independent of the
material. Moreover, if we multiply the radial component D, by the area of a sphere of
radius r, we obtain |
4wrD, =g | )
We thus have a quantity exactly equal to the charge (in coulombs) so that it may be
thought of as the flux arising from that charge. D may then be thought of as the electric
flux density (C/m?). For historical reasons it is also known as the displacement vector
or electric induction.

It is easy to show (Prob. 1.3b) that for an arbitrarily shaped closed surface as in Fig.
1.3a, the normal component of D integrated over the surface surrounding a point charge
also gives g. The analogy is that of fluid flow in which|the fluid passing surface S of
Fig. 1.3b in a given time is the same as that passing plane S, perpendicular to the flow.
So fluid flow rate out of a region does not depend upon the shape of the surface used
to monitor it, so long as all surfaces enclose the same source. By superposition, the
result can be extended to a system of point charges or a continuous distribution of
charges, leading to the conclusion |

electric flux flowing out of a closed surface L charge enclosed 3)

This is Gauss’s law and, although argued here from Coulomb s law for simple media,
is found to apply to more general media. It is thus a most general and important law.
Before illustrating its usefulness, let us look more carefully at the role of the medium.

A simplified picture showing why the force between charges depends upon the pres-
ence of matter is illustrated in Fig. 1.3¢. The electron clouds and the nuclei of the atoms
experience oppositely directed forces as a result of the presence of the isolated charges.

Fic. 1.3a Charge g and arbitrary surrounding surface.
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)

S,

Vo L Vo v
Fie. 1.3b Flow of a fluid through surfaces S and S, .

N

Thus the atoms are distorted or polarized. There is a shift of the center of symmetry of
the electron cloud with respect to the nucleus in each atom as indicated schematically
in Fig. 1.3c. Similar distortions can occur in molecules, and an equivalent situation
arises in some materials where naturally polarized molecules have a tendency to be
aligned in the presence of free charges. The directions of the polarization are such for
most materials that the equivalent charge pairs in the atoms or molecules tend to coun-
teract the forces between the two isolated charges. The magnitude and the direction of
the polarization depend upon the nature of the material.

The above qualitative picture of polarization introduced by a dielectric may be quan-
tified by giving a more fundamental definition than (1) between D and E:

D=¢cE+P @)

©
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Fie. 1.3¢ Polarization of the atoms of a dielectric by a pair of equal positive charges.



8 Chapter 1 Stationary Electric Fields

The first term gives the contribution that would exist if! the electric field at that point
were in free space and the second measures the effect of the polarization of the material
(as in Fig. 1.3¢) and is called the electric polarization.

The polarization produced by the electric field in a material depends upon material
properties. If the properties do not depend upon position, the material is said to be
homogeneous. Most field problems are solved assuming homogeneity; inhomogeneous
media, exemplified by the earth’s atmosphere, are more difficult to analyze. If the
response of the material is the same for all directions of the electric field vector, it is
called isotropic. Special techniques are required for handling a field problem in an
anisotropic medium such as an ionized gas with an applied steady magnetic field. A
material is called linear if the ratio of the response P to the field E is independent of
amplitude. Nonlinearities are generally not present except for high-amplitude fields. It
is also possible that the character of a material may be time variable, imposed, for
example, by passing a sound wave through it. Throughout most of this text, the media
will be considered to be homogeneous, isotropic, linear, and time invariant. Exceptions
will be studied in the final chapters. I

For isotropic, linear material the polarization is proportional to the field intensity and
we can write the linear relation |

P = gox.E ®)

where the constant ), is called the electric susceptibility. Then (4) becomes the same
as (1),
D =gyl + X )E = €E ©)

and the relative permittivity, defined in Eq. 1.24) is e, = ¢/eq = 1 + X,

Although we will describe a dielectric material largely by its permittivity, the con-
cepts of polarization and susceptibility are in a sense more fundamental and are con-
sidered in more detail in Chapter 13.

1.4 EXAMPLES OF THE USE OF GAUSS'S LAW

The simple but important examples to be discussed in this section show that Gauss’s
law can be used to find field strength in a very easy way for problems with certain
kinds of symmetry and given charges. The symmetry gives the direction of the electric
field directly and ensures that the flux is uniformly distributed. Knowledge of the charge
gives the total flux. Symmetry is then used to get flux density D and hence E = D/e.

Example 1.4a
FIELD IN A PLANAR SEMICONDUCTOR DEPLETION LAYER

For the first example, we consider a one-dimensional situation where a metal is in
intimate (atomic) contact with a semiconductor. We assume that some of the typically
valence 4 (e.g., silicon) atoms have been replaced by ‘‘dopant’’ atoms of valence 5
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Metal + Semiconductor

Charge-free
region

Depletion
layer
Fic. 1.4a Model of a metal-semiconductor contact. The region to which Gauss’s law is applied
is the region between parallel planes shown dashed.

(e.g., phosphorus). The one extra electron in each atom is not needed for atomic bonding
and becomes free to move about in the semiconductor. Upon making the metal contact,
it is found that the free electrons are forced away from the surface for a distance d. The
region 0 = x = d is called a depletion region because it is depleted of the free electrons.
Since the dopant atoms were neutral before losing their extra electrons, they are posi-
tively charged when the region is depleted. This can be modeled as in Fig. 1.4a. In the
region x > d the donors are assumed to be completely compensated by free electrons
and it is therefore charge-free. (The abrupt change from compensated to uncompensated
behavior at x = d is a commonly used idealization.) By symmetry, the flux is
- x-directed only. The surface used in application of Gauss’s law consists of two infinite
parallel planes, one at x < d and one at x = 4. This approximation is made because
the transverse dimensions of the contact are assumed to be much larger than 4. With
no applied fields, there is no average movement of the electrons in the compensated
region x = 4 so E must be zero there. Thus D is also zero in that region and all the
flux from the charged dopant atoms must terminate on negative charges at the metal
contact. Therefore, Gauss’s law gives, for a unit area,

=D (x) = Npe(d — x) ey
where N, and e are the volume density of donor ions and the charge per donor (mag-
nitude of electronic charge), respectively. Then the x component of the electric field is

g =D Nper = d) @

& &

It should be clear that the simplicity of solution depended upon the symmetry of the
system; that is, that there were no variations in y and z.
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Example 1.4b ‘
FIELD ABOUT A LINE CHARGE OR BETWEEN COAXIAL CYLINDERS

We introduced the line charge in ring form in Ex. 121 Let us now find the field E
produced by a straight, infinitely long line of uniformly} distributed charge. The radius
of the line is negligibly small and can be thought of as the two-dimensional equivalent
of a point charge. Practically, a long thin charged wire|is a good approximation. The
symmetry of this problem reveals that the force on a tesx{ charge, and hence the electric
field, can only be radial. Moreover, this electric field will not vary with angle about the
line charge, nor with distance along it. If the strength of the radial electric field is desired
at distance r from the line charge, Gauss’s law may be applied to an imaginary cylin-
drical surface of radius r and any length /. Since the electric field (and hence the electric
flux density D) is radial, there is no normal component at the ends of the cylinder and
hence no flux flow through them. However, D is exactly normal to the cylindrical part
of the surface, and does not vary with either angle or distance along the axis, so that
the flux out is the surface area 2#r/ multiplied by the electric flux density D,. The
charge enclosed is the length / multiplied by the charge|per unit length g,. By Gauss’s
law, flux out equals the charge enclosed:

27riD, = lg,
If the dielectric surrounding the wire has constant &,
D

E === @)
€ 2mer

Hence, the electric field about the line charge has been obtained by the use of Gauss’s
law and the special symmetry of the problem. '

The same symmetry applies to the coaxial transmission line formed of two coaxial
conducting cylinders of radii @ and b with dielectric & between them (Fig. 1.4b). Hence
the result (3) applies for radius » between a and 5. We use this result to find the
capacitance in Sec. 1.9. ‘

Fic. 1.4b Coaxial line.
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Fi6. 1.4c Spherical electrodes separated by two layers of dielectric materials.

Example 1.4c
FIELD BETWEEN CONCENTRIC SPHERICAL ELECTRODES WITH TWO DIELECTRICS

Figure 1.4c shows a structure formed of two conducting spheres of radii a and ¢, with
one dielectric €, extending from » = a to r = b, in spherical coordinates,? and a
second, &,, from r = b tor = c. This problem has spherical symmetry about the center,
which implies that the electric field will be radial, and independent of the angular
direction about the sphere. If the charge on the inner sphere is Q and that on the outer
sphere is — 0, the charge enclosed by an imaginary spherical surface of radius r selected
anywhere between the two conductors is only that charge O on the inner sphere. The
flux passing through it is the surface 477> multiplied by the radial component of the
flux density D,.. Hence, using Gauss’s law,

0

D =
T 4a?

C)

The equation for the flux density is the same for either dielectric, since the flux passes
from the positive charge on the center conductor continuously to the negative charge
on the outer conductor. The electric field has a different value in the two regions,
however, since in each dielectric, D and E are related by the corresponding permittivity:

Y%

E = s a<r<b 5)
1
E, = 477577‘2 b<r<c 6)

2 Note that r is used both for radius from the axis in the circular cylindrical coordinate

system and for radius from the origin in the spherical coordinate system. p is frequently
used for the former but may be confused with charge density, andR is used for the latter,
but is here reserved for distance between source and field points.
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The radial flux density is continuous at the dielectric discontinuity at » = b, but the
radial electric field is discontinuous there. |

Example 1.4d ,
FIELDS OF A SPHERICAL REGION OF UNIFORM CHARGE DENSITY

Consider a region of uniform charge density p extending from » = O to r = a. As in
the preceding example, Gauss’s law can be written as (4) where, in this case, Q = 47r3p
forr < a and Q = $ma’p for r = a. Then the flux dens;ities for the two regions are

D,,=§p r<a D
3
a

Dr=377P rza ®)

1.5 SURFACE AND VOLUME INTEGRALS: GAUSS'? LAW IN VECTOR FORM

Gauss’s law, given in words by Eq. 1.3(3), may be writ%en

£D0056d5=q | (1)
The symbol §; denotes the integral over a surface and of course cannot be performed
until the actual surface is specified. It is in general a double integral. The circle on the
integral sign is used if the surface is closed. r
The surface integral can also be written in a still more compact form if vector notation
is employed. Define the unit vector normal to the surface under consideration, for any
given point on the surface, as fi. Then replace D .cos 8 by D - . This particular product
of the two vectors D and fi denoted by .the dot between the two is known as the dot
product of two vectors, or the scalar product, since it results by definition in a scalar
quantity equal to the product of the two vector magnitudes and the cosirie of the angle
between-them. Also, the combination i dS is frequently abbreviated further by writing
it dS. Thus the elemental vector dS, representing the element of surface in magnitude
and orientation, has a magnitude equal to the magnitude of the element dS under con-
sideration and the direction of the outward normal to the surface at that point. The
surface integral in (1) may then be written in any of the equivalent forms:

ngCOSOdS=ng'ﬁdS=3£D-dS 2)
s s s

All of these say that the normal component of the vectof D is to be integrated over the
general closed surface S. ‘ (
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If the charge inside the region is given as a density of charge per unit volume in
coulombs per cubic meter for each point of the region, the total charge inside the region
must be obtained by integrating this density over the volume of the region. This is
analogous to the process of finding the total mass inside a region when the variable
mass density is given for each point of a region. This process may also be denoted by
a general integral. The symbol [}, is used to denote this, and, as with the surface integral,
the particular volume and the variation of density over that volume must be specified
before the integration can be performed. In the general case, it is performed as a triple
integral.

Gauss’s law may then be written in this notation:

iD-dS=JVpdV 3)

Although the above may at first appear cryptic, familiarity with the notation will im-
mediately reveal that the left side is the net electric flux out of the region and the right
side is the charge within the region.

Example 1.5
ROUND BEAM OF UNIFORM CHARGE DENSITY

Consider the circular cylinder of uniform charge density p and infinite length shown in
Fig. 1.5. A region of integration is taken in the form of a prism of square cross section.
We will demonstrate the validity of (3), utilizing the fact that D has only a radial
component. The right side of (3) is

I b2 b/2
f pdV = fdzf dyj pdx = Ib%p €]
v Y /2

—-b

Fic. 1.5 Square cylindrical region of integration in a circular cylinder of free charge.
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At any radius, D, can be found as in Sec. 1.4 to be |

@ _ 1o
2ar 2 ; ©)

To do the surface integration on the left side of (3), welnote that D - dS = D, dx dz
cos 6, that cos @ = b/2r, and that the four sides make equal contributions to the integral.
Thus :

D =

r

b/2
fﬁ ds=4fdzf Dcos@,dx~lb2 (6)
b/2

and from (6) and (4) we see that (3) is satisfied. Problem 1.5b contains a similar situ-
ation, but is somewhat complicated by having the charge density dependent upon radius.

[

1.6 TUBES OF FLUX: PLOTTING OF FIELD LINES

For isotropic media, the electric field E is in the same direction as flux density D. A
charge-free region bounded by E or D lines must then have the same flux flowing
through it for all selected cross sections, since no flux can flow through the sides parallel
with D, and Gauss’s law will show the conservation of flux for this source-free region.
Such a region, called a flux tube, is illustrated in Fig, 1.6a. Surface S; follows the
direction of D, so there is no flow through S;. That flowing in S; must then come out
S, if there are no internal charges. These tubes are analogous to the flow tubes in the
fluid analogy used in Sec. 1.3.

The concept of flux tubes is especially useful in maklng maps of the fields, and will
be utilized later (Sec. 1.19) in a useful graphical field-mapping technique. We show in
the following example how it may be used to obtain field lines in the vicinity of parallel
line charges.

Examplie 1.6
FLUX TUBES AND FIELD LINES ABOUT PARALLEL LINES OF OPPOSITE CHARGE

To show how field lines may be found by constracting ﬁu!x tubes, we use, as an example,
two infinitely long, parallel lines of opposite charge. It is obvious from symmetry that
the plane in which the two charge lines lie will contajfn D lines and hence can be a
boundary of a flux tube. We introduce the flux functionj

1

1//=LD-dS | 1)
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S3

A

Fic. 1.6a Tube of flux.

which measures the flux crossing some chosen surface. For example, suppose S is the
cross-hatched surface in Fig. 1.6b. First, let the angles o, and a, shrink to zero so §
also vanishes. Then the flux function will be zero along the plane of the lines of charge.
(The surface S also could be chosen in some other way, making the flux function
different from zero on that plane. The resulting additive constant is arbitrary, so we
take it to be zero.) We get other flux tube boundaries by taking nonzero values of the
angles «; and a,. First we derive an expression for the flux passing between the i =
0 plane and line L in Fig. 1.6b. Then paths will be formed along which L may be moved
while keeping the same flux between it and the iy = 0 surface. Moving L along such
a path therefore generates a surface which is the boundary of a flux tube of infinite
length parallel to L. The flux may be divided into the part from the positive line charge
and the part from the negative line charge, since the effects are superposable. The flux
from the positive line goes out radially so that the amount (per unit length) crossing S
is g,(et;/27). The flux passing radially inward toward the negative line charge through
S adds directly to that of the positive line charge and has the magnitude g,(a,/2%). The
total flux per unit length crossing S is

q

U= o (ay + ) (2)

Fic. 1.6b Construction of flux tubes about line charges.
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FiG. 1.6¢c Tubes of flux between Ime charges.

The surface generated by moving L in such a way as to keep ¢ constant is a circular
cylinder that passes through the charge lines with its axis in the plane normal to the
¢y = 0 line midway between the line charges. Figure 1.6c shows several flux tubes,
with the values of s indicating the amount of flux between the iy = O surface and the
one being considered, as o, is increased from zero to 24r. Note that as a path is taken
around one of the lines, the flux function goes from 0 to g,; the total flux per unit length
coming from a line charge is g,. It is clear from this example that the flux function ¢
is not single-valued since it continues to increase as a; or «, increases; more flux lines
are crossed as motion about the line charge continues. We must therefore limit @, and
a, to the range 0 to 27r to ensure unique values for ¢. ‘

Since the boundaries of the flux tubes lie along D vectors and D = ¢E, they also lie
along E vectors. Thus, by plotting flux tubes, we find the directions of the electric field
vectors surrounding the charges. There is a given amount of flux in each tube so the
flux density D, and therefore also E, become large wher:e the cross section of the tube
becomes small.

1.7 ENERGY CONSIDERATIONS: CONSERVATIVE PROPERTY
OF ELECTROSTATIC FIELDS

Since a charge placed in the vicinity of other charges experiences a force, movement
of the charge represents energy exchange. Calculation (of this requires integration of
force components over the path (line integrals). It will lbe found that the electrostatic
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system is conservative in that no net energy is exchanged if a test charge is moved
about a closed path, returning to its initial position.

Consider the force on a small positive charge Ag moved from infinity to a point P
in the vicinity of a system of positive charges: g, at Q,, ¢, at O,, g5 at O, and so on
(Fig. 1.7a). The force at any point along its path would cause the particle to accelerate
and move out of the region if unconstrained. A force equal to the negative of that from
surrounding charges must then be applied to bring Ag from infinity to its final position.
The differential work done on Ag from ¢, in the system is the negative of the force
component in the direction of the path, multiplied by differential path length:

au, = —F,;-dl
Or, using the definition of the scalar product, the angle 8 as defined in Fig. 1.7a, and
the force as stated above, we write the line integral for total work related to g, as
Pe: Aggq, cos 6 dl
w 4rer?

POy
v= - Foa=- M

where r is the distance from g, to the differential path element dl at each point in the
integration. Since dl cos 6 is dr, the integral is simply

v - _IPQI Agq, dr
b o 4arer?

and similarly for contributions from other charges, so that the total work integral is

U= — f O Aggy f " Mg, f " Agas
w 4mer? w Amer? w 4dmer?

Note that there is no component of the work arising from the test charge acting upon
itself. Integrating,

Agq, + Aqq, + Aqq,

= 2
4mePQ, 4mePQ, 4mePQ, @
E,
) P
dl
/
/
/
/r
/ eqg
/ %
da, &
@

FiG. 1.7a Integration path for force on test charge.
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Equation (2) shows that the work done is a function only of final positions and not
of the path of the charge. This conclusion leads to another: if a charge is taken around
any closed path, no net work is done. Mathematically this is written as the closed line
integral !

'

ng-dlzo , 3)

This general integral signifies that the component of electric field in the direction of
the path is to be multiplied by the element of distance along the path and the sum taken
by integration as one moves about the path. The circle through the integral sign signifies
that a closed path is to be considered. As with the designation for a general surface or
volume integral, the actual line integration cannot be performed until there is a speci-
fication of a particular path and the variation of E about that path.

In the study of magnetic fields and time-varying electric fields, we shall find corre-
sponding line integrals which are not zero. ;

Example 1.7 ‘
DEMONSTRATION OF CONSERVATIVE PROPERTY

To illustrate the conservative property and the use of line integrals, let us take the line
integral (3) around the somewhat arbitrary path through a uniform sphere of charge
density p shown in Fig. 1.7b. The path is chosen, for simplicity, to lie in the x = 0

Fic. 1.7b  Path of integration (broken line) through electric field of sphere of uniform charge
to show conservative property.



1.8 Electrostatic Potential: Equipotentials 19

plane. The integrand E - dI involves electric field components E, and E.. The radial
electric field £, = pr/3g, is found from Eq. 1.4(7). The components are E, = E,(y/r)
and E. = E,(z/r)so E, = py/3g; and E, = pz/3e,. The integral (3) becomes

1

cy 2 cy
3EE-d1=f E.dz + E),dy-i-j E.dz +
cy by [ b

2 by
Pz
= —— — = O
380{2 bv}
The general conservative property of electrostatic fields is thus illustrated in this
example.

by

i E, dy
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1.8 ELECTROSTATIC POTENTIAL: EQUIPOTENTIALS

The energy considerations of the preceding section lead directly to an extremely useful
concept for electrostatics—that of potential. The electrostatic potential function is de-
fined as the work done per unit charge. Here we start generally and define a potential
difference between points 1 and 2 as the work done on a unit test charge in moving

from P, to P,.
P

®p, — Dp = — E-dl 4]
2 P
The conclusion of the preceding section that the work in moving around any closed
path is zero shows that this potential function is single-valued; that is, corresponding
to each point of the field there is only one value of potential.

Only a difference of potential has been defined. The potential of any point can be
arbitrarily fixed, and then the potentials of all other points in the field can be found by
application of the definition to give potential differences between all points and the
reference. This reference is quite arbitrary. For example, in certain cases it may be
convenient to define the potential at infinity as zero and then find the corresponding
potentials of all points in the field; for determination of the field between two conduc-
tors, it is more convenient to select the potential of one of these as zero.

If the potential at infinity is taken as zero, it is evident that the potential at the point
P in the system of charges is given by U of Eq. 1.7(2) divided by Ag, so

q, 92 93
= + + + 2
4mePQ,  4mwePQ, 4mePQ; @
This may be written in a more versatile form as
dr) = > —H_ 3)

i=1 4’)T8RI-

where R, is the distance of the ith charge at r; from the point of observation at r, as
seen in Fig. 1.8a.
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Fic. 1.8a Potential of ¢, ¢, g3, - . ., g; is found at point P.
Rio=lr—ril = [ = x)* + & = y)* + (2 = 2172 @)

Here x, y, and z are the rectangular coordinates of the point of observation and
x!, v}, and z/ are the rectangular coordinates of the ith charge.® Generalizing to the case
of continuously varying charge density,

o) = J p(r') dv'

v 4meR )

The p(r') is charge density at point (x, y', z'), and the integral signifies that a summation
should be made similar to that of (2) but continuous oves all space. If the reference for
potential zero is not at infinity, a constant must be added of such value that potential
is zero at the desired reference position.

p(r’) dv’

|
..|..
47eR ¢ ©

D(r) = J’

v

It should be kept in mind that (2)—(6) were derived assuming that the charges are located

in an infinite, homogeneous, isotropic medium. If conductors or dielectric discontinu-

ities are present, differential equations for the potential (to be given shortly) are used

for each region.

We will see in Sec. 1.10 how the electric field E can be found simply from ®(r). It

is usually easier to find the potential by the scalar operations in (3) and (5) and, from

it, the field E than to do the vector summations discussed Im Sec. 1.2. Such convenience
in electrostatic calculations is one reason for introducing this potential.

In any electrostatic field, there exist surfaces on which the potential is a constant, so-

called equipotential surfaces. Since the potential is singlervalued, surfaces for different

3 Throughout the text we use primed coordinates fo designdfe the location of sources and
unprimed coordinates for the point at which their fields are to be calculated,
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values of potential do not intersect. The pictorial representation of more than one such
surface in a three-dimensional field distribution is quite difficult. For fields that have
no variation in one dimension and are therefore called two-dimensional fields, the third
dimension can be used to represent the potential. Figure 1.8 shows such a representa-
tion for the potential around a pair of infinitely long, parallel wires at potentials ®, and
—®,. The height of the surface at any point is the value of the potential. Note that
lines of constant height or constant potential can be drawn. These equipotentials can
be projected onto the x—y plane as in Fig. 1.8c. In such a representation, the equipo-
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(c)

Fic. 1.8 () Plot of a two-dimensional potential distribution using the third dimension to show
the potential. (¢) Equipotentials for the same potential system as in (b) plotted onto the x—y plane.
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tentials look like the contour lines of a topographic map and, in fact, measure potential
energy of a unit charge relative to a selected zero-potential point just as contours meas-
ure potential energy relative to some reference altitude, (often sea level. It should be
kept in mind that these lines are actually traces in the x—y plane of three-dimensional
cylindrical equipotential surfaces.

We will discuss the boundary conditions on conductors in some detail in Sec. 1.14.
At this point it is sufficient to say that the electric fields inside of a metallic conductor
can be considered to be zero in electrostatic systems. Therefore, (1) shows that the
conductor is an equipotential region.

Example 1.8a
POTENTIALS AROUND A LINE CHARGE AND BETWEEN COAXIAL CYLINDERS

As an example of the relations between potential and electric field, consider first the
problem of the line charge used as an example in Sec. 1.4, with electric field given by
Eq. 1.4(3). By (1) we integrate this from some radius ry chosen as the reference of zero

potential to radius r: |
’ " g dr | :
_ J’ Er dr = — J’ @ ar = — i In I N
"o ro 27TET 2wme  \ry

0

Or this expression for potential about a line charge may be written
®=-—Lmr+c | ®)
21T

Note that it is not desirable to select infinity as the reference of zero potential for the
line charge, for then by (7) the potential at any finite poin‘t would be infinite. As in (6)
the constant is added to shift the position of the zero potential.

In a similar manner, the potential difference between the coaxial cylinders of Fig. 1.4b

may be found: |
“ g dr q , (b
P, - P, = — f — =——In|~-
“ b b 2mer  2me (a) ©)

{
Example 1.8b
POTENTIAL OUTSIDE A SPHERICALLY SYMMEFRIC CHARGE

We saw in Eq. 1.4(4) that the flux density outside a spherically symmetric charge Q is
D, = Q/4mr? Using E = D/e, and taking the reference potential to be zero at in-
finity, we see that the potential outside the charge Q is the negative of the integral of
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fE, f dr from infinity to radius r:

" 0 d"[ _ 0

- =
w dmegry  4meyr

(I)(’) = —

(10)

Example 1.8¢c
POTENTIAL OF A UNIFORM DISTRIBUTION OF CHARGE
HAVING SPHERICAL SYMMETRY

Consider a volume of charge density p that extends from » = 0 to r = a. Taking
® = 0 at » = o, the potential outside a is given by (10) with Q = %med’p, so

3
o) = 4L =4 (11)
3gyr
In particular, at r = a
]
®@) = £ (12)
3gg

Then to get the potential at a point where r = a we must add to (12) the integral of the
electric field from a to r. The electric field is given as E, = pr/3gq (Ex. 1.7) and the
integral is

p

®() — Dl@) = — f S =L@ - a3)
a 0 0

So the potential at a radius r inside the charge region is

®) =L G2 -1 r=a (14)
6g,

Example 1.8d
ELECTRIC DIPOLE

A particularly important set of charges is that of two closely spaced point charges of
opposite sign, called an electric dipole.

Assume two charges, having opposite signs to be spaced by a distance 26 as shown
in Fig. 1.84. The potential at some point a distance r from the origin displaced by an
angle 0 from the line passing from the negative to positive charge can be written as the
sum of the potentials of the individual charges:

1
o = i<—1~ - —) (15)
4me\r, r_
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Fic. 1.9 (a) Parallel-plane capacitor with fringing fields. (b) Idealization.

the surface charge density p, on each plate. Since the field E = D/¢ is assumed uniform,
the potential difference ®, — ®, is, by Eq. 1.8(1),

d
®, — @, = 2 @

The total charge on each plate of area A is p,A so (1) and (2) give the familiar expression

C = eA F I
== @ ©)
In practice, (3) is modified by the fringing fields, which!are increasingly important as
the ratio of plate spacing to area is increased. |

Next consider a capacitor made of coaxial, circular cylindrical electrodes. We assume
that fields are only radial and neglect any fringing at the ends if it is of finite length.
The charge on each conductor is distributed uniformly in this idealization, as required
by symmetry, with the total charge per unit length being g,. The potential difference
found from the field produced by this charge is given b'y Eq. 1.8(9). The capacitance
per unit length is thus

_ 2me
In(b/a)
where b and a are the radii of larger and smaller conductors, respectively.

Finally, consider two concentric spherical conductors of radii g and b, with b > q,
separated by a dielectric . Using symmetry, Gauss’s law| and E = D/g, it is clear that
at any radius '
Q {

4qrer?

F/m “

E. =

r

®

where Q is the charge on the inner conductor (equal in magnitude and opposite in sign
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to the charge on the inside of the outer sphere). Integration of (5) between spheres gives
@, — ®, and this, substituted into (1), yields

c = 4qrg _ 4qreab
C (1/a) - (/) b - a

The flux tubes in these three highly symmetric structures are very simple, being
bounded by parallel surfaces in the first example and by cylindrically or spherically
radial surfaces in the last two. In Sec. 1.21 we will see a way of finding capacitance
graphically for two-dimensional structures of arbitrary shape in which the flux tubes
have more complex shapes.

Capacitance of an isolated electrode is sometimes calculated; in that case, the flux
from the charge on the electrode terminates at infinity and the potential on the electrode
is taken with respect to an assumed zero at infinity. More extensive considerations of
capacitance are found in Sec. 4.9.

(©)

Differential Forms of Electrostatic Laws

1.10 GRADIENT

We have looked at several laws of electrostatics in macroscopic forms. It is also useful
to have their equivalents in differential forms. Let us start with the relation between
electric field and potential. If the definition of potential difference is applied to two
points a distance dl apart,

dd = —E-dl €]
where dl may be written in terms of its components and the defined unit vectors:
dl = Xdx + $dy + 2dz )
We expand the dot product:
dd = —(E,dx + E,dy + E, dz)
Since ® is a function of x, y, and z, the total differential may also be written
dd = a—?d.\‘ + Q(Edy + Q-(I—)dz
0x ay 0z
From a comparison of the two expressions,

3 k1) o
L= — E = — —, E = - — 3
E ax ¥ dy : 9z ®
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S0 1
. 00 ad | 9D
E—~<xax+yay+zaz> (C))
or
E= —grad ® ®

where grad @, an abbreviation of the gradient of @, is a vector showing the direction
and magnitude of the maximum spatial variation of the scalar function @, at a pomt in
space.

Substituting back in (1), we have

= (grad @) - dl 6)

Thus the change in @ is given by the scalar product of the gradient and the vector dl,
so that, for a given element of length dl, the maximum value of d® is obtained when
that element is oriented to coincide with the direction of| the gradient vector. From (6)
it is also clear that grad @ is perpendicular to the equipotentials because d® = 0 for
dl along an equipotential.

The analogy between electrostatic potential and grav1tat10nal potential energy dis-
cussed in Sec. 1.8 is useful for understanding the gradient. It is easy to see in Fig. 1.8b
that the direction of maximum rate of change of potential is perpendicular to the
equipotentials (which are at constant heights on the poteﬁtial hill).

If we define a vector operator V (pronounced del)

] 3 X
VAoszl vy +a— @
ox ay a9z

then grad ® may be written as V@ if the operation is int%zrpreted as

o} @
R @®
ox ay 0z
and !

E= —grad®2 -V®d ©)

The gradient operator in circular cylindrical and spherical coordinates is given on the
inside front cover.

Example 1.10 i
ELECTRIC FIELD OF A DIPOLE

|
As an example of the use of the gradient operator, we will find an expression for the
field around an electric dipole. The potential for a dipole is given in Sec. 1.8 in spherical
coordinates so the spherical form of the gradient operator is selected from the inside
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front cover.

Vsl s glln. 0 O
or r d@  rsin 8 3¢

Substituting Eq. 1.8(16) and noting the independence of ¢, we get

_f_ﬁqcost?_é'dqsinﬁ

Wk = wer? 2aer?
Then from (9) the electric field is
3 . Si
E-—L (f- cos B + = 9) (10)
mer 2

1.11  THE DIVERGENCE OF AN ELECTROSTATIC FIELD

The second differential form we shall consider is that of Gauss's law. Equation 1.5(3)
may be divided by the volume element AV and the limit taken:
o ¢, D-dS _ Jypdv

51 lim

1
av—o AV av—o AV )

The right side is, by inspection, merely p. The left side is the outward electric flux

per unit volume. This will be defined as the divergence of flux density, abbreviated div
D. Then

divD = p (2)

This is a good place to comment on the size scale implicit in our treatment of fields
and their sources; the comments also apply to the central set of relations, Maxwell’s
equations, toward which we are building. In reality, charge is not infinitely divisible—
the smallest unit is the electron. Thus, the limit of AV in (1) must actually be some
small volume which is still large enough to contain many electrons to average out the
granularity. For our relations to be useful, the limit volume must also be much smaller
than important dimensions in the system. For example, to neglect charge granularity,
the thickness of the depletion layer in the semiconductor in Ex. 1.4a should be much
greater than the linear dimensions of the limit volume, which, in turn, should be much
greater than the average spacing of the dopant atoms. Similarly the permittivity & is an
average representation of atomic or molecular polarization effects such as that shown
in Fig. 1.3c. Therefore, when we refer to the field at a point, we mean that the field is
an average over a volume small compared with the system being analyzed but large
enough to contain many atoms. Analyses can also be made of the fields on a smaller
scale, such as inside an atom, but in that case an average permittivity cannot be used.
In this book, we concentrate on situations where p, ., and other quantities.are averages
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over small volumes. There are thin films of current practical interest which are only a
few atoms thick and semiconductor devices such as that of Ex. 1.4a where these con-
ditions are not well satisfied, so that results from calculations using p and & as defined
must be used with caution.

Now let us return to seeking an understanding of (2). Consider the infinitesimal
volume as a rectangular parallelepiped of dimensions Ax, Ay, Az as shown in Fig.
1.11a. To compute the amount of flux leaving such a volume element as compared with
that entering it, note that the flux passing through any face of the parallelepiped can
differ from that which passes through the opposite face only if the flux density perpen-
dicular to those faces varies from one face to the other. If the distance between the two
faces is small, then to a first approximation the difference in any vector function on the
two faces will simply be the rate of change of the function with distance times the
distance between faces. According to the basis of calculus, this is exactly correct when
we pass to the limit, since the higher-order differentials are then zero.

If the vector D at the center x, y, z has a component D, (x), then

Ax aD(x)
2 ox

Ax\ _ Ax 3D, (x)
Dx<x ) ) = D (x) 2 ax

In this functional notation, the arguments in parentheses show the points for evaluating
the function D,. When not included, the point (x, y, z) |will be understood. The flux
flowing out the right face is Ay Az D.(x + Ax/2), and that flowing in the left face is
Ay Az D.(x — Ax/2), leaving a net flow out of Ax Ay Az(dD,/dx), and similarly for
the y and z directions. Thus the net flux flow out of the paralielepiped is

Ax
D_r(x + —2") =D.(x) +
3

aD,

aD oD |
* 4 AxAyAzTX-l— Ax Ay Az —
y |

ox

Ax Ay Az
oz

Dix = 45)—f= To
Ayl (x, ¥, 2) I

z

Fic. 1.11a Volume element used in div D derivation.
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By Gauss’s law, this must equal p Ax Ay Az. So, in the limit,

aD-" + 91_)2 + @ — (4)
x  ay e P

An expression for div D in rectangular coordinates is obtained by comparing (2) and (4):

aD. 9D, 4D,
divD = =+ 2 4+ =

5
ax dy 0z ©)

If we make use of the vector operator V defined by Eq. 1.10(7) in (4), then (5) indicates
that div D can conveniently be written as V - D. It should be remembered that V is not
a true vector but rather a vector operator. It has meaning only when it is operating on
another quantity in a defined manner. Summarizing,
V-DédivD=@+%+a—Dz=p 6)
ox dy 0z
The divergence is made up of spatial derivatives of the field, so (6) is a partial
differential equation expressing Gauss’s law for a region of infinitesimal size. The
physical significance of the divergence must be clear. It is, as defined, a description of
the manner in which a field varies at a point. It is the amount of flux per unit volume
emerging from an infinitesimal volume at a point. With this picture in mind, (6) seems
a logical extension of Gauss’s law. In fact (6) can be converted back to the large-scale
form of Gauss’s law through the divergence theorem, which states that the volume
integral of the divergence of any vector F throughout a volume is equal to the surface
integral of that vector flowing out of the surrounding surface,

V-FdV=§F-dS @)
14 s

Although not a proof, this is made plausible by considering Fig. 1.11b. The divergence
muitiplied by volume element for each elemental cell is the net surface integral out of

N
™
\\

NG 2

\\
\\F

Fic. 1.11b Solid divided into subvolumes to illustrate the divergence theorem.
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that cell. When summed by integration, all internal contributions cancel since flow out
of one cell goes into another, and only the external surface contribution remains.
Applications of (7) to (6) with F = D gives

in-ds:fvvmdv:flvpdv 8)

which is the original Gauss’s law.

It will be useful to have expressions for the d1vergence and other operations involving
V in other coordinate systems for simpler treatment of problems having corresponding
symmetries. Let us, as an example, develop here the ;divergence of D in spherical
coordinates.* We use the left side of (1) as the definition of div D and apply it to the
differential volume shown in Fig. 1.11c. We will find first the net radial outward flux
from the volume. Both the radial component D, and the element of area r% d6 sin 6 d¢
change as we move from r to r + dr. Thus the net flux flow out the top over that in at
the bottom is

aD
Ay, = (r + dr)* sin 0 d6 do <Dr + = r) — 2 sin 0 d6 d¢D,

To first-order differentials, this leaves

I

dy, = r? smGde(f) rdl + 2rdrsin 0d6deé D,

= sin 6 dr d6 d¢ 5)- (r*D,)

Similarty for the 6 and ¢ directions,

4 9
dy, = do 76 Dgrsin 8de dr) = rdrdfdd 70 (sin 6 D)

d 6D¢
d1p¢ = dgb;b (D¢ rdédr) = rdrdf dcj)Ta—g

The divergence is then the total di divided by the elemént of volume
ag, + diy + dy,

V:D=——
r? sin 0 dr d6 d¢ , €))
19 1 1 aD
V.Dz.____ -2 +—_ ¢'
25 #“D,) 030 (sin 6D5) + in 6 50

For the corresponding expression in circular cylindricah coordinates, see inside front
cover and Prob. 1.11c.

4 Nofe that here, as with other curvilinear coordinate systems, it is not the scalar product
of the gradient operator and the vector in spherical coordinates, but must be obtained
from the basic definition given by (1) and (2).
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Fie. 1.11¢ Element of volume in spherical coordinates.

Example 1.11
UNIFORM SPHERE OF CHARGE

We will show an example of the application of (6) using a sphere of charge of uniform
density p having a radius a with divergence written in spherical coordinates. Since the
spherical symmetry of the charge region leads to Dy = D, = 0, the last two terms of
(9) vanish. We use the value of D, = rp/3 from Eq. 1.4(7) for the region inside the

charge sphere and obtain
19 g
VD=5 [(r%(ﬂﬂ = (10)
r=or 3

For the region outside the sphere we use D, (r) = a® p/3r? from Eq. 1.4(8) to show
P

that
_la (@) _
vVD=5= [(1 )(31_2)] =0 an

This example shows that divergence is zero outside the charge region but equal to
charge density within it. The same result is obtained if one uses divergence expressed
in rectangular coordinates or other coordinates not so natural to the symmetry (Prob.
1.11d).

1.12 LAPLACE’S AND POISSON’S EQUATIONS

The differential relations of the two preceding sections allow us to derive an important
differential equation for potential. Differential equations can be applied to problems
more general than those solved by symmetry in the first part of the chapter and it is
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often convenient to work with potential as the dependent variable. This is because
potential is a scalar and because the specified boundary conditions are often given in
terms of potentials.

If the permittivity € is constant throughout the region, the substitution of E from
Eq. 1.10(5) in Eq. 1.11(6) with D = ¢E yields
div(grad ®) = V - V@ = —g
But, from the equations for gradient and divergence in rectangular coordinates [Egs.
1.10(7) and 1.11(6)], |

PP P | PO

V. -Vo + — + 1
ax> ayz 07> O
so that
D .

This is a differential equation relating potential variation at any point to the charge
density at that point and is known as Poisson’s equation. It is often written

ve = -2 3)

€ I
where V2® (del squared of @) is known as the Laplacién of ®.
V2d 2 V- VO = div(grad @) @)
In the special case of a charge-free region, Poisson’s equation reduces to
PO D PO

Tt 0

or
V20 = 0 )

t

which is known as Laplace’ s equation. Although illustrated in its rectangular coordinate
form, V2 can be expressed in cylindrical or spherical coordinates through the relations
given on the inside front cover.

Any number of possible configurations of potential surfaces will satisfy the require-
ments of (3) and (5). All are called solutions to these eqdations. It is necessary to know
the conditions existing around the boundary of the region to select the particular solution
which applies to a given problem. We will see in Sec. 1.17 a proof of the uniqueness
of a function that satisfies both the differential equation and the boundary conditions.

Quantities other than potential can also be shown to satisfy Laplace’s and Poisson’s
equations, both in other branches of physics and in other parts of electromagnetic field
theory. For example, the magnitudes of the rectangular components of E and the com-
ponent E, in cylindrical coordinates also satisfy Laplace’s equation.



1.13 Static Fields Arising from Steady Currents 35

A number of methods exist for solution of two- and three-dimensional problems with
Laplace’s or Poisson’s equation. The separation of variables technique is a very general
method for solving two- and three-dimensional problems for a large variety of partial
differential equations including the two of interest here. Conformal transformations of
complex variables yield many useful two-dimensional solutions of Laplace’s equation.
Increasingly important are numerical methods using digital computers. All these meth-
ods are elaborated in Chapter 7. Examples for this chapter, after discussion of boundary
conditions, will be limited to one-dimensional examples for which the differential equa-
tions may be directly integrated. These show clearly the role of boundary and continuity
conditions in the solutions.

1.13 STATIC FIELDS ARISING FROM STEADY CURRENTS

Stationary currents arising from dc potentials applied to conductors are not static be-
cause the charges producing the currents are in motion, but the resulting steady-state
fields are independent of time. Quite apart from the question of designation, there is a
close relationship to laws and techniques for the fields arising from purely static charges.

We consider ohmic conductors for which current density is proportional to electric
field E through conductivity’ o siemens per meter (S/m):

J = oFE (1)

Such a relationship comes from internal “collisons” and is discussed more in Chapter
13. Since the electric field is independent of time, it is derivable from a scalar potential
as in Sec. 1.10, so

J = —oVd 2)

For a stationary current, continuity requires that the net flow out of any closed region
be zero since there cannot be a buildup or decay of charge within the region in the
steady state,

3€ J-dS =0 3
s
or in differential form,
V-J=0 ©)
Substitution of (2) in (4), with o taken as constant, yields
V-Vd 2 v =0 ®)

Thus potential satisfies Laplace’s equation as in other static field problems (Sec. 1.12).
In addition to the boundary condition corresponding to the applied potentials, there is

5 The Sl unit for conductivity is siemens per meter (5/m), but older literature sometimes uses

mho as the conductivity unif.
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a constraint at the boundaries between conductors and insulators since there can be no
current flow across such boundaries. Referring to (2), this requires that for such
boundaries, on the conductor side, !

—=0 | ©)

where n denotes the normal to such boundaries. Continuity relations between different

conductors are considered in the following section.
\

1.14 BOUNDARY CONDITIONS IN ELECTROSTATICS

Most practical field problems involve systems'contaim’flg more than one kind of ma-
terial. We have seen some examples of boundaries between various regions in the
examples of earlier sections, but now we need to develof) these systematically to utilize
the differential equations of the preceding sections.

Let us consider the relations between normal flux density components across an
arbitrary boundary by using the integral form of Gauss’s law. Consider an imaginary
pillbox bisected as shown in Fig. 1.14a by the interface between regions 1 and 2. The
thickness of the pillbox is considered to be small enough that the net flux out the sides
vanishes in comparison with that out the flat faces. If we assume the existence of net
surface charge p, on the boundary, the total flux out of|the box must equal p; AS. By
Gauss’s law,

D, AS — D, AS = p, AS

nl

Fic. 1.14a Boundary between two different media.
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or
Dnl - Dn?_ = Ps N

where AS is small enough to consider D, and p, to be uniform.

A second relation may be found by taking a line integral about a closed path of length
Al on one side of the boundary and returning on the other side as indicated in Fig.
1.14a. The sides normal to the boundary are considered to be small enough that their
net contributions to the integral vanish in comparison with those of the sides parallel
to the surface. By Eq. 1.7(3) any closed line integral of electrostatic field must be zero:

fﬁE‘dl =E,Al — E,Al =0
or
Erl = Er2 (2)

The subscript ¢ denotes components tangential to the surface. The length of the tangen-
tial sides of the loop is small enough to take E, as a constant over the length. Since the
integral of E across the boundary is negligibly small,

P, = &, 3

across the boundary. Equations (1) and (2), or (1) and (3), form a complete set of
boundary conditions for the solution of electrostatic field problems.

Consider an interface between two dielectrics with no charge on the surface. From
(1) and Eq. 1.3(1).

&y Enl = &y EnZ (4)

1t is clear that the normal component of E changes across the boundary, whereas the
tangential component, according to (2), is unmodified. Therefore the direction of the
resultant E must change across such a boundary except where either E, or E, are zero.
Suppose that at some point at a boundary between two dielectrics the electric field in
region 1 makes an angle #, with the normal to the boundary. Thus, as seen in Fig.
1.14b,

31
01 En1

Erp

E;
02

L)
Eng E2

Fic. 1.14b Vector relations among electric field components at a point on a boundary between
dielectrics (g, > &,).
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E
6, = tan~! =2 5
1 an E, 5
and
E
6, = tan~! =2 6
) an E, | 6)
Then using (2) and (4) we see that
- &) ‘
6, = tan~! (—= tan 91) )
€

Let us now consider the boundary properties of conductors, as exemplified by a piece
of semiconductor with metallic contacts. The currents flowing in both the semiconductor
and the metallic contacts are related to the fields by the respective conductivities so
potential drops occur in them, as developed in Sec. 1.13.

At the interface of two contiguous conductors, the normal component of current
density is continuous across the boundary, because otherwise there would be a continual
buildup of charges there. The normal component of electric field is therefore discontin-
uous and given by

E

nl

=2g, | ®)
oy |

The argument used in dielectric problems for tangential components of electric field

also applies in the case of a discontinuity of conductlvn:y so that tangential electric field

is continuous across the boundary.

In problems with metallic electrodes on a less conductive material such as a semi-
conductor, one normally assumes that the conductivitjl of the metallic electrode is so
high compared with that of the other material that negligible potential drops occur in
the metal. The electrodes are assumed to be perfect conductors with equipotential sur-
faces. In this text we normally assume for dc problems that the electrodes in either
electrostatic or dc conduction problems are eqmpotentlals and therefore the tangential
electric fields at their surfaces are zero.

Example 1.14
BOUNDARY CONDITIONS IN A DC CONDUCTION PROBLEM

The structure in Fig. 1.14c illustrates some of the points we have made about boundary
conditions. We assume that a potential difference is provided between the two metallic
electrodes by an outside source. The electrodes are considered to be perfect conductors
and, therefore, equipotentials. The space directly between them is filled with a layer of
conductive material having conductivity o and permittivity . The space surrounding
the conductive system is filled with a dielectric having permittivity ¢, and o = 0.
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Fic. 1.14c Structure involving both dc conduction and static fields in a dielectric to illustrate
boundary conditions.

The normal component of the current density at the conductor—dielectric interface
must be zero since the current in the dielectric is zero. This follows formally from (8)
using zero conductivity for the dielectric. Therefore, since the electric field is J/o the
normal component of electric field inside the conductor must be zero. Then the electric
fields inside the conductor at the boundaries with the dielectric are wholly tangential.
Since the electrodes are assumed to be equipotentials, the tangential field there is zero
and the field lines are perpendicular to the electrode surfaces.

It is clear that since there is an electric field in the conductive medium and it has a
permittivity, there is also a flux density following the same paths as the current density.
The flux must terminate on charges so there will be charges on the electrode-
to-conductor boundary.

The electric field in the dielectric region terminates on charges both on the perfectly
conducting electrodes and on the sides of the other conductive medium. On the bound-
ary of the imperfect conductor there is a tangential component and also surface charges,
so the field makes an oblique angle with the conductor surface.
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1.15 DIRECT INTEGRATION OF LAPLACE'S EQUATION:
FIELD BETWEEN COAXIAL CYLINDERS WITH TWO DIELECTRICS

The first simple example of Laplace’s equation we will take is that of finding the
potential distribution between two coaxial conducting cylinders of radii a and ¢ (Fig.
1.15), with a dielectric of constant g, filling the region between a and b, and a second
“dielectric of constant &, filling the region between b and c. The inner conductor is at
potential zero, and the outer at potential V;,. Because of the symmetry of the problem,
the solution could be readily obtained by using Gauss’s law as in Example 1.4b, but
the primary purpose here is to demonstrate several processes in the solution by
differential equations.

The geometrical form suggests that the Laplacian V?® be expressed in cylindrical
coordinates (see inside front cover), giving for Laplacels equation

19 ([ a® 1 3°d %P
VO =-—|r—|+5-5+—>5=
ror ar r< a¢ dz~

It will be assumed that there is no variation in the axial (z) direction, and the cylindrical
symmetry eliminates variations with angle ¢. Equation (1) then reduces to

l i r @ — 0 (2)
r dr ar) ‘

0 1)

Note that in (2) the derivative is written as a total derivative, since there is now only
one independent variable in the problem. Equation (2) may be integrated directly:

ad
— =C |
a 1 | 3)
Integrating again, we have
O =Chnr+¢C, @

Fie. 1.15 Coaxial cylinders with two dielectrics.
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This has been labeled ®, because we will consider that the result of (4) is applicable
to the first dielectric region (a < r < b). The same differential equation with the same
symmetry applies to the second dielectric region, so the same form of solution applies
there also, but the arbitrary constants may be different. So, for the potential in region
2 (b <r <c),let us write

¢, =Cilnr +C, 5)
The boundary conditions at the two conductors are:

(a) &, =0atr =a
b) &, = Vyatr = ¢
In addition, there are continuity conditions at the boundary between the two dielectric

media. The potential and the normal component of electric flux density must be
continuous across this charge-free boundary (Sec. 1.14):

(C) (Dl = (D?_at)' =b
(d) D, = D,,atr = b, or g, (dD,/dr) = &, (dD,/dr) there.

The application of condition (a) to (4) yields

C,=-C/lna 6)
The application of (b) to (5) yields
C,=Vy—Cslnec )
Condition (c) applied to (4) and (5) gives
Cilnb+Cy,=Cy;Inb + C, ®)
And condition (d) applied to (4) and (5) gives
g C, = &g Cy ©)

Any one of the constants, as C;, may be obtained by eliminating between the four
equations, (6) to (9):

Yo
C =
' In(b/a) — (g,/5,) In(b/c)
The remaining constants, C,, C5, and C,, may be obtained from (6), (9), and (7),

respectively. The results are substituted in (4) and (5) to give the potential distribution
in the two dielectric regions:
Vo In(r/a)

= - 11
® = el + ey e TSP (1

(10)

= V0|:1 (g1/€5) In(c/r)

— In(b/a) + (g,/8,) ln(c/b)] b<r<c (12)
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It can be checked that these distributions do satisfy Laplace’s equation and the boundary
and continuity conditions of the problem. Only in such simple problems as this will it
be possible to obtain solutions of the differential equation by direct integration, but the
method of applying boundary and continuity conditions to the solutions, however ob-
tained, is well demonstrated by the example.

1.16  DIRECT INTEGRATION OF POISSON’S EQUATION:
THE PN SEMICONDUCTOR JUNCTION

The pn semiconductor junction is an important practical example in which properties
can be found by direct integration of Poisson’s equation. Figure 1.16a shows a simpli-
fied pn junction. The basic semiconductor is typically a valence 4 material such as
silicon (or a compound semiconductor such as gallium jarsenide that behaves much the
same). The n region of the figure has been ‘‘doped’’ with valence 5 impurity atoms
such as phosphorus (donors), which although electrically neutral in themselves, have
more electrons than needed for bonding with adjacent silicon atoms and so contribute
electrons which can move relatively freely about the material. The p region of the figure
has valence 3 impurities such as boron (acceptors) which have fewer electrons than
needed for bonding with adjacent silicon atoms. These too are electrically neutral in
themselves, but leave holes that move from atom to atom with electric fields or other
forces much like small positive charges. Aithcugh the transition between p and 7 regions
must be over some finite region, we assume an idealized model in which it is abrupt—
a step discontinuity. ‘

When the junction is formed, the excess electrons in the n-type region at first diffuse
into the p-type side. The holes diffuse to the n-type side. The electrons flowing into the
p-type side fill the vacancies in the acceptor bonds, causing them to become negatively
charged. (Remember that they were originally electrically neutral). Likewise, the holes
moving into the n-type side are filled by the excess electrons there. The result is a zone
near the junction in which there is a net negative charge density in a region on the
p-type side and a net positive charge density on the n-type side called a depletion region,
as in the metal—semiconductor junction of Sec. 1.4. The density on the n-type side is
eNp, since each of the donor atoms has been stripped of one electron. The density on
the p-type side is —eN, since each acceptor atom has one additional electron. The
widths of the zones stabilize when the potential arising in the charge regions is sufficient
to prevent further diffusion. Outside the charged regions, the semiconductors are neu-
tral. No fields exist there in the equilibrium situation that we shall examine; if a field
did exist it would cause motion of the charges and violate the assumption of equilibrium.
The regions of charge are shown (not to scale) in Fig. 1.16b.

One can deduce the form of the gradient of potential d®/dx = —E, = —D,/s
from Gauss’s law as was done in Ex. 1.4a for the metal-semiconductor contact. We
have just argued that E, is zero outside the charge regions (x < —d, and x > d,). All
the flux from the positive charges in 0 < x < d,, must therefore end on the negative
charges in —d, < x < 0. This determines the relation between d, and d, in terms of
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Fic. 1.16 (a) pn diode showing regions of uncompensated charge. (b) Charge density in the
diode. (c) Potential gradient. (d) Potential.

the given values of N, and Nj. The flux density D, is negative and its magnitude
increases linearly from x = —d, to x = 0 since the charge density is taken to be
constant. It then falls linearly to zero between x = 0 and x = d,,. The gradient therefore
takes the form shown in Fig. 1.16¢. The potential is the integral of the linearly varying
gradient so it has the square-law form in Fig. 1.16d.

Now let us directly integrate Poisson’s equation to get the complete analytic forms.
The boundary conditions on the integration are that the gradient is zero atx = —d,
and at d,. The potential may be taken arbitrarily to have its zero at x = —d,. Spe-
cializing Poisson’s equation 1.12(3) to one dimension and substituting for charge
density the value —eN, for the region —-dp < x < 0, we have

) eNy
d> &

(6]
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The permittivity £ is not appreciably affected by the doﬁ)ant, at least for low-frequency

considerations. Integrating (1) from x = —d,, to an arbitrary x = 0 making use of the
zero boundary condition on the gradient at x = —d,, gives
do eN,
—| =—(@, + 2
&= e Gt @

Integrating a second time taking ®(—d,) = O gives the potential for —d, =x =<0 as

eN,
D) = 20+ 4) ©)
The gradient and potential evaluated at x = O are

{

dd eNy 3
e A @

eN,

0 =~ d; ®)

These constitute the boundary conditions for the integration in the region 0 = x = 4,,.
Poisson’s equation for this region differs from (1) in the choice of charge density:

d*® eNp
A2 & ©
Integrating (6) with the boundary condition (4) gives
P N N,
ar| _ _&Dp x + e_A)dp (7
dx |, g

Then using the condition that the total positive charge must equal the total negative
charge and therefore that Ny = Nx(d,/d,), (7) can be put in the form

ad eNad, I
de|. (1 B d) ®

n

X

which is seen to be zero at x = d,,, as expected from Gauss’s law as discussed above.

Integrating (8) with the boundary condition (5), we find

eNAd2 X x2
d(x) = Pl1+25> - —
® = ( Tt T da, ©)
The maximum value of the potential is reached at x =i d,:
N[ N
AD = ®d,) = —F (1 +2
@) = — ( ND) (10)

Note that distance d, in (10) is not immediately known. Since the potential barrier arises
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to stop the diffusion of the charge carriers, it is expected that diffusion must also be
considered. Diffusion theory reveals that the height of the potential barrier (10) is

kT [N
AD = LIH[A—ND} (11)

e n?

where kg is Boltzmann’s constant, N, and N, are acceptor and donor doping densities,
respectively, and 7, is the electron density of intrinsic (undoped) silicon, which is about
1.5 X 10" electrons/cm® at T = 300 K. Once A® is calculated, d, can be found from
(10) and all quantities in the field and potential expressions are then known.

1.17  UNIQUENESS OF SOLUTIONS

It can be shown that the potentials governed either by the Laplace or Poisson equation
in regions with given potentials on the boundaries are unique. With normal derivatives
of potential (or, equivalently, charges) specified on the boundaries, the potential is
unique to within an additive constant. Here we will prove the theorem for a charge-
free region with potential specified on the boundary. The proofs of the other parts of
the theorem are left as problems.

The usual way to demonstrate uniqueness of a quantity is first to assume the contrary
and then show this assumption to be false. Imagine two possible solutions, @, and ®,.
Since they must both reduce to the given potential along the boundary,

® - @ =0 6
along the boundary surface. Since they are both solutions to Laplace’s equation,
V2®, = 0 and V2@, = 0
or
Vi@, - @,) =0 @)

throughout the entire region.
In the divergence theorem, Eq. 1.11(7), F may be any continuous vector quantity. In
particular, let it be the quantity

(q)l - CD_’Z)V(q)l - q’z)
Then

va (@) = DHV(@, ~ D,)]dV = i (P, — ©,HV(®, — B,)] - dS

From the vector identity

div(yA) = ¢ div A + A - grad ¢
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the equation may be expanded to |

f (@, - @2)V2(@1 - q)z) av + j [V(®, - ‘I)z)]z av

v v

= £ (®, — ©,)V(@®, ~ ®,)-dS

The first integral must be zero by (2); the last integral must be zero, since (1) holds
over the boundary surface. There remains

fv V@, - @)FdV =0 3)

The gradient of a real scalar is real. Thus its square can only be positive or zero. If its
integral is to be zero, the gradient itself must be zero:

V@, - @) =0 | )
or ‘
(®, — ®,) = constant 5)

f
This constant must apply even to the boundary, where we know that (1) is true. The
constant is then zero, and ®, — ®, is everywhere zero, which means that ®; and ®,
are identical potential distributions. Hence the proof of;r uniqueness: Laplace’s equation
can have only one solution which satisfies the boundary conditions of the given region.
If by any method we find a solution to a field problem that fits all boundary conditions
and satisfies Laplace’s equation, we may be sure it is the only one.

Special Techniques for Electro§tatic Problems
1.18 THE USE OF IMAGES

The so-called method of images is a way of finding the fields produced by charges in
the presence of dielectric® or conducting boundaries with certain symmetries. Here we
concentrate on the more common situations, those with conducting boundaries. (But
see Prob. 1.18d.) |

¢ W. R Smythe, Static and Dynamic Electricity, Hemispfjwere Publishing Co., Washington,
DC, 1989.
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Fte. 1.18a Image of a point charge in a conducting plane. The field lines shown are for the
charge ¢ with the conductor.

Example 1.18a
POINT IMAGE IN A PLANE

The simplest case is that of a point charge near a grounded’ conducting plane (Fig.
1.18a). Boundary conditions require that the potential along the plane be zero. The
requirement is met if in place of the conducting plane an equal and opposite image

charge is placed at x = —d. Potential at any point P is then given by
1
o»=— 21— —‘77)
4me \r r )
q

=——{[(x —dP +y* + 2172 = [(x + d)* + y* + A7/?)
4qre

7 Use of the term grounded implies a source for the charge that builds up on the plane.
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This reduces to the required zero potential along the plane x = 0, so that (1) gives the
potential for any point to the right of the plane. The explression of course does not apply
for x < 0, for inside the conductor the potential must Qe everywhere zero.

If the plane is at a potential other than zero, the value of this constant potential is
simply added to (1) to give the expression for potential at any point for x > 0.

The charge density on the surface of the conducting plane must equal the normal

flux density at that point. This is easily found by usingI

9D
p, =D, = ¢E, = —&— 2)
BxJ =0
Substituting (1) in (2) and performing the indicated differentiation gives
d
po= —ao (@ ¥+ AT )
T

|

Analysis of (3) shows that the surface charge density h’as its peak valueaty = z = 0,
with circular contours of equal charge density centered about that point. The density
decreases monotonically to zero as y and/or z go to infinity. One application of the
image method is in studying the extraction of electrons from a metallic surface as in

the metal—semiconductor surface shown in Fig. 1.4a.
l

Example 1.18b
IMAGE OF A LINE CHARGE IN A PLANE
|
If there is a line charge of strength g, C/m parallel to a conducting plane and distance
d from it, we proceed as above, placing an image line charge of strength —g, at x =
—d. The potential at any point x > 0 is then

o (r) o 4 |Gty
® = 2me m(r') 4are lIl[(x = dy? + y? “)

i
t
!

Example 1.18¢
IMAGE OF A LINE CHARGE IN A| CYLINDER
|

For a line charge of strength g, parallel to the axis of a conducting circular cylinder,
and at radius r,, from the axis, the image line charge of strength — g, is placed at radius
r = a?/ Tgs where a is the radius of the cylinder (Fig. 1.18b). The combination of the
two line charges can be shown to produce a constant potential along the given cylinder
of radius a. Potential outside the cylinder may be computed from the original line charge
and its image. (Add g, on axis if cylinder is uncharged.) If the original line charge is
within a hollow cylinder a, the rule for finding the image is the same, and potential
inside may be computed from the line charges.
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Fic. 1.18b Image of line charge g, in a parallel conducting cylinder.

Example 1.18d
IMAGE OF A POINT CHARGE IN A SPHERE

For a point charge g placed distance r from the center of a conducting sphere of radius
a, the image is a point charge of value (—qga/ 1) placed at a distance (a*/ 1,) from the
center (Fig. 1.18¢). This combination is found to give zero potential along the spherical
surface of radius a, and may be used to compute potential at any point P outside of
radius a. (Or, if the original charge is inside, the image is outside, and the pair may be
used to compute potential inside.)

Example 1.18e
MULTIPLE IMAGINGS

For a charge in the vicinity of the intersection of two conducting planes, such as g in
the region of AOB of Fig. 1.184, there might be a temptation to use only one image in
each plane, as 1 and 2 of Fig. 1.184. Although +g at Q and —g¢ at 1 alone would give
constant potential as required along OA, and +¢g at Q and —g¢ at 2 alone would give
constant potential along OB, the three charges together would give constant potential

Q

\

I,

"o

Fic. 1.18¢c Image of a point charge in a sphere.
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Fic. 1.18d Multiple images of a point or line charge!between intersecting planes.
along neither OA nor OB. It is necessary to image these images in turn, repeating until
further images coincide or until all further images are too far distant from the region to
influence the potential. It is possible to satisfy exactly the required conditions with a

finite number of images only if the angle AOB is an exact submultiple of 180 degrees,
as in the 45-degree case illustrated by Fig. 1.184.

1.19 PROPERTIES OF TWO-DIMENSIONAL FIELDS: GRAPHICAL FIELD MAPPING

Many important electrostatic problems may be considered as two-dimensional, as in
the pair of parallel wires of Fig. 1.8 or the coaxial system of Fig. 1.15. In these the
field distribution is the same in all cross-sectional planes, and although real systems are
never infinitely long, the idealization is often a useful one. In the examples cited above,
the field distributions could be found analytically, but for cylindrical systems with more
complicated boundaries, numerical techniques may be called for and will be introduced
in the next section. We wish to give first some properties of two-dimensional fields that
can be used to judge the correctness of field maps and can even be used to make useful
pictures of the fields and to obtain approximate values of such things as capacitance,
conductance, and breakdown voltage. Perhaps the greatest value in making a few such
maps is the feel they give for field behavior.

It has already been established that equipotentials and electric field lines intersect at
right angles, as in the coaxial system of Fig. 1.19a, where field lines are radial and
equipotentials are circles in any given cross-sectional plane. It has also been shown that
the region between two field lines may be considered a flux tube, and if the amount of
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Fic. 1.19 (a) Map of field between coaxial conducting cylinders. (b) Curvilinear rectangle for
graphical field mapping.

flux is properly chosen, the map is made up of small curvilinear figures with equal side
ratios, that is, ‘‘curvilinear squares.’’ This also is illustrated in Fig. 1.19a. To show this
more generally, consider one of the curvilinear rectangles from a general plot, as in
Fig. 1.19b. If An is the distance between two adjacent equipotentials, and As the distance
between two adjacent field lines, the magnitude of electric field, assuming a small
square, is approximately A®/An. The electric flux flowing along a flux tube bounded
by the two adjacent field lines for a unit length perpendicular to the page is then

A(//=DAs=eEAs=M
An
or
As Ay
An e AD M

So, if the flux per tube Ay, the potential difference per division A®, and the permittivity
& are constant throughout the plot, the side ratio As/An must also be constant, as stated
above.

We saw in Sec. 1.14 that conducting surfaces are equipotentials in an electrostatic
field. Thus, the electric field lines meet the electrodes at right angles.

In applying the principles to the sketching of fields, some schedule such as the
following will be helpful.

1. Plan on making a number of rough sketches, taking only a minute or so apiece,
before starting any plot to be made with care. The use of transparent paper over
the basic boundary will speed up this preliminary sketching.

2. Divide the known potential difference between electrodes into an equal number
of divisions, say four or eight to begin with.

3. Begin the sketch of equipotentials in the region where the field is known best, as

for example in some region where it approaches a uniform field. Extend the equi-
potentials according to your best guess throughout the plot. Note that they should
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Fic. 1.19¢ Map of fields between a plane and stepped conductor.

tend to hug acute angles of the conducting boundary, and be spread out in the
vicinity of obtuse angles of the boundary.

. Draw in the orthogonal set of field lines. As these are started, they should form

curvilinear squares, but as they are extended, the condition of orthogonality should
be kept paramount, even though this will result in some rectangles with ratios
other than unity. |

. Look at the regions with poor side ratios and try to see what was wrong with the

first guess of equipotentials. Correct them and repeat the procedure until reason-
able curvilinear squares exist throughout the plot. !

. In regions of low field intensity, there will be large figures, often of five or six

sides. To judge the correctness of the plot in this region, these large units should
be subdivided. The subdivisions should be started back away from the region
needing subdivision, and each time a flux tube is divided in half, the potential
divisions in this region must be divided by the same factor. As an example, Fig.
1.19¢ shows a map made to describe the field between a plane conductor at
potential zero and a stepped plane at potential V,, with a step ratio of 3.

1.20 NUMERICAL SOLUTION OF THE LAPLACE AND POISSON EQUATIONS

Numerical methods are becoming increasingly atiractive as digital computer speed and
memory capacity continue to increase. Among the powerful methods are those using
finite differences,? finite elements,® Fourier transformations,” or method of moments
(Sec. 7.3). Still others will undoubtedly be developed as computing capabilities continue
to increase. Here we illustrate the idea through the elemental difference equation ap-
proach and some of its extensions.

8

L. Collatz, The Numerical Treatment of Differential Equo‘rlons Springer-Verlag, New York,
1966. D. Potter, Computational Physics, Wiley, New York, 1973. L. J. Segerlind, Applied

Finite Element Analysis, 2nd ed., Wiley, New York, 1984. R. Sorrentino (Ed.), Numerical
Methods for Passive Microwave and Milimeter Wave S’rrucTures IEEE Press, New York,

1989.
R. W. Hockney and J. W. Eastwood, Compu‘rerSImu\ohon Using Particles, Am. Inst. Physics,

New York, 1988.
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We consider first the Poisson equation with potential specified on the boundary. For
simplicity we take a two-dimensional problem (no variations in z). The internal region
is divided by a grid of mutually orthogonal lines with potential eventually to be deter-
mined at each of the grid points. Rectangular coordinates are used and potential at a
point (x, y) is expanded in a Taylor series:

aD(x, y) + E 3*D(x, y)

D + h,y) = D, y) + / > 1
x + hy) &, y) + h P T a2 1)

ad(x, 2 3*®(x,
B — hy) ~ D, y) — h oD L IO ) ®

ox 2 ox

By adding (1) and (2) and rearranging, we have the approximation
PO, y) Pl + hy) — 28, y) + Plx — h, y) 3)

axr K

The second partial derivative with respect to y can be obtained in the same way. Then
Poisson’s equation in two dimensions

PP P p

ax? ay? &
can be expressed in the approximate form

Dx + hy) + O — h,y) + O,y + h)

2
+ O,y — h) — 4D(x, y) = il C))
where the distance increment  is taken, for simplicity, to be equal in the two directions.
It is of interest to note that, if space charge is zero, the potential at a given point is the
average of the potentials at the surrounding points.

Note that potential is known on boundary points so that a straightforward approach
is to solve a set of equations such as (4) for the unknown potentials at the grid points
in terms of the known values on boundary points. This is sometimes done by a matrix
inversion technique, but if memory capacity is a problem, it may be better to use a
method for direct iterative adjustment of grid potentials. This starts from an initial guess
and corrects by bringing in the given values on the boundary through successive passes
through the grid. We illustrate this first by a simple averaging technique.

Exampie 1.20
NUMERICAL SOLUTION OF LAPLACE EQUATION BY SIMPLE AVERAGING

As an illustration of iteration with simple averaging, let us find the potentials for the
grid of points in the structure in Fig. 1.20a. This is an infinite cylinder of square cross
section with the potentials specified on the entire boundary. The space charge will be
assumed to be zero so we will be solving Laplace’s equation. The broken lines represent



54 Chapter 1 Stationary Electric Fields

100 i
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FiG. 1.20a Cylinder of square cross section and grid for difference equation solution.

the grid to be used to approximate the region for the finite-difference solution. The
coarse grid was chosen to simplify the example; a finer grid would be used in most
practical problems. The four unknown potentials designated @, to ®, are assumed
initially to be the average of the boundary potentials, 65 V. The first calculation is to
find @, as the average of the four surrounding potentials (80, 100, ®, = 65, ®; =
65). Therefore, in the column labeled Step 1 in Table 1.20, ®, is given the value 77.50.
Then ®, is found as the average of 100, 20, 77.50, and 65, and this value is put in the
table in Step 1. The procedure is repeated for ®; and ®,. The Step 2 proceeds in the
same way. It is seen that after several steps the potentials converge to definite values.
Since (4) is approximate, the potentials have converged to approximate answers. They
would differ less from the correct solution if the grid were made finer. The correct
potentials for the four points are also listed in the table.

Mesh Relaxation The above method, in which succéssive averaging of the poten-
tials leads to a final result not far from the correct potentials, is convenient for small
problems and, in many cases, has a satisfactory rate of convergence. A more generally
useful method of calculation is based on a defined residual for each grid point that
measures the amount by which the potential there differs from the value dictated by

Table 1.20
Iterative Calculation for Example 1.20
Step Correct
1 2 3 4 5 Potentials
@, 77.50 79.07 77.89 77.60 77.51 75.2
o, 65.63 63.28 62.70 62.55 62.51 60.5
D, 70.63 68.28 67.70 67.52 | 67.52 65.4

®, 54.06 52.89 52.60 52.51 52.51 50.7
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the potentials on the neighboring grid points. The residual for the kth pass through the
grid is defined by

R® = &9,y + h) + ®Dx,y — h) + ®@D(x + h, y)

. Ip S)
+ OD(x — h,y) — 4%y, y) +

where i = kor k — 1 since, at any grid point, the potentials at some of the neighboring
points will generally have already been adjusted on that pass through the grid, as was
seen in the above illustration. On each pass (corresponding to Steps 1-5 in Table 1.20)
and at each grid intersection, one calculates the residual R® and then the new potential
according to

R®
ON = P-4 0—4— 6)

where () is called the relaxation factor because it determines the rate at which the
potentials relax toward the correct solution. It is taken in the range 1 =< {) < 2. Selection
of Q = 1, called simple relaxation, corresponds to the method of averaging illustrated
above. When () > 1, the procedure is called the method of successive overrelaxation
(SOR). If ) is fixed, it is usually taken near 2 for problems with many mesh points,
but this can cause an initial increase in error, so it is often better to start with ) = 1
and increase it gradually with each iteration step. One procedure that is found useful
for large grids is the cyclic Chebyshev method in which the following program of
varying () is used:

Qb =1 @)
1
0P = —— ®)
1 - %’ni:
where
2
1 ™ m
W = — + cos— 9
e 4<cosn cosm) )]
for a grid with n mesh points in one direction and m points in the other.
1
QF+ D = ———— (10)
- ?1i77it‘Q’(L)
Q= =0 = 2 (11)
o 1+ V1 -,

When this method is used, the mesh is swept like a checkerboard, with all the red
squares being treated on the first pass with ‘1, all the black squares being treated on
the second pass using 1, the reds on the third with O, and so on. This method
requires an additional memory cell in the computer for each mesh point but the speeded
convergence usually makes it worthwhile. The convergence can be improved appreci-
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ably by having a good initial guess for the potentials, say by using results from a similar
problem.

Boundary Conditions In setting up the boundary conditions on a grid, the easiest
situation occurs when potentials are specified on grid points. A more difficult problem
is where the normal derivatives are specified. The derivatives are usually zero, as would
be the case at an insulating surface in a conduction problem (Ex. 1.14) or along a line
of symmetry used as an artificial boundary to reduce the required grid size. Examples
of such boundaries are shown in Figs. 1.20b and 1.20¢. In one case the structure has
obvious symmetry in the x—y plane so that a solution need be found for only one-fourth
of the structure. In the other example, the boundary may be taken along the axis of a
cylindrically symmetric system. In the latter case, the difference equations can include
the symmetry (Prob. 1.20e). In the former case, to make the normal derivative of po-
tential zero at a boundary, an imaginary grid point is set up outside the boundary and
its potential is kept the same as at the point symmetrically located just inside the bound-
ary. Sometimes the boundary points do not lie on mesh points; in such cases, linear
interpolation is used to set the potentials at mesh points' nearest to the boundary.
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Fie. 1.20b,¢ Examples in rectangular and cylindrical coordinates where symmetry reduces the
required size of the grid for finite-difference solutions.
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1.21 EXAMPLES OF INFORMATION OBTAINED FROM FIELD MAPS

Field maps of the two-dimensional regions, made by either numerical or graphical
techniques, may be used to find field strength within the dielectric region or integral
properties of the systems, such as capacitance per unit length and conductance per unit
length. Field strengths are simply A®/An in the notation of Sec. 1.19, provided the
divisions are fine enough. Danger of breakdown is obviously greatest near acute angles
where spacing of equipotentials is smallest, as in the right-angle corner of Fig. 1.19c.

For capacitance, we need to know electric flux density at the conductors, which
corresponds to surface charge density. Values of potential, and not field, are typically
obtained from numerical solutions, but the approximation to a normal derivative at the
boundary is readily calculated. Equipotentials and field lines may be drawn in and then
calculation of capacitance becomes particularly simple. By Gauss’s law, the charge
induced on a conductor is equal to the flux ending there. This is the number of flux
tubes N, multiplied by the flux per tube. The potential difference between conductors
is the number of potential divisions N, multiplied by the potential difference per
division. So, for a two-conductor system, the capacitance per unit length is

Q0 _ Ny
®, - ®, NAD

The ratio Ay/A® can be obtained from Eq. 1.19(1):

C:

N;f eAs
C=—|— 1
Np< An ) )
And, for a small-square plot with As/An equal to unity,
N,
C=¢— F/m )
N,

For example, in the coaxial line plot of Fig. 1.19a, there are 4 potential divisions and
16 flux tubes, so the capacitance, assuming air dielectric, is

107° 16 ,
X — =353 %X 1072 F/m 3)

C~36m X2

Calculation from Eq. 1.9(4), with b/a = 5.2, gives 33.6 X 10~ ' F/m, indicating that
the map is not perfect.

This same technique can be used to find the conductance between two electrodes
placed in a homogeneous, isotropic, conductive material. The conductivity of the elec-
trode materials must be much greater than that of the surrounding region to ensure that,
when current flows, there is negligible voltage drop in the electrodes and they can be
considered to be equipotential regions. The potential and electric field are related in the
same way as for the case in which there is no conductivity (Sec. 1.13). There is a current
density J = o E, where ¢ is conductivity, and current tubes replace the flux tubes of
the dielectric problem. The current in a tube is
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AD A
AT = JAs = oF As = 2725 4)
An
The conductance per unit length between two electrodes is defined as
I Ny Al
6<%, - Nao 5™ ®)
Using (4) and taking As/An = 1, ‘
N
=g— §
G=o N, /m (6)

From (2) and (6) we see the useful conclusion that the conductance per unit length of
electrodes is related to the capacitance per unit length between the same electrodes by
the ratio o/e. This can be of use, for example, in transmission-line problems in giving
the conductance per umnit length between conductors when the capacitance is known.

Before digital computer methods for solving field problems became so readily avail-
able, the analogy seen above between the field distributions in conducting and dielectric
media formed the basis for an important means of determining fields in dielectric sys-
tems. Electrodes corresponding to those of the dielectric problem are set up in an
electrolytic tank or on conduction paper and equipotentials measured in the conducting
system (see Prob. 1.21c).

Conducting i
region ! ‘

Dielectric o

—

—1

_n s

Fie. 1.21 Field map for a conductive medium partially filling the space between two highly
conductive electrodes. |
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If a part of the boundary of the conducting region is a nonconducting dielectric, as
in Fig. 1.21, current does not flow in the nonconductive region. As pointed out in
Sec. 1.14, the normal component of E inside the conductive region must then vanish
at the boundary with the dielectric region. By use of this condition and the fact that E
is perpendicular to the equipotential electrode surfaces, the field in the conductor can
be mapped. Suppose, for example, the conductive material between the electrodes in
Fig. 1.21 is silicon with the common value of conductivity ¢ = 100 S/m. Then
G = 100 X (8/23) = 35S/m.

Energy in Fields

1.22 ENERGY OF AN ELECTROSTATIC SYSTEM

The aim of this section is to derive an expression for electrostatic energy in terms of
field quantities. The result we will obtain can be shown to be true in general; for
simplicity, however, it is shown here for charges in an unbounded region.

The work required to move a charge in the vicinity of a system of charges was
discussed in Sec. 1.7. The work done must appear as energy stored in the system, and
consequently the potential energy of a system of charges may be computed from the
magnitudes and positions of the charges. To do this, let us consider bringing the charges
from infinity to their positions in space. No force is required to bring the first charge
in since no electric field acts on the charge. When the second charge g, is brought to
a position separated from the location of g, by a distance R,,, an energy

U, = 91492

1
“  4meR, @

is expended, as was shown in Sec. 1.7. When the third charge is brought from infinity,
it experiences the fields of g, and g. and an energy of

9193 + 9293

Uy + Uy =
13 2 4qeR,;  4meRy

@
is expended. The total energy expended to assemble these three charges is the sum of
(1) and (2).
In summing over the three charges, we may write
_1s 2
2

o
iz 147rsR P
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With the factor £, this yields the sum of (1) and (2), since by convention i and j are
summed over all the particles, and each contribution to energy enters twice. In physical
terms, the factor of 2 would result from assuming all dther charges in position when
finding the energy of the ith charge. The term i = j has been excluded since the self-
energy of the point charge (i.e., the electron, ion, etc.) does not affect the energy of the
field. Its contribution to the total system energy does|not depend upon the relative
positions of the charges. For n charges, the direct extension gives

1 n n qj )
Up = = ; 5 j 3
£ 2}; q,gl R, 7 ©)

where the subscript £ indicates energy stored in electric charges and fields. By use of
Eq. 1.8(3) for potential, this becomes

1 n
Ug = ) E 7,9 @
i=1
I
Extending (4) to a system with continuously varying charge density p per unit volume,
we have -

1 |
Ug = 5 fv pddv %)

|
The charge density p may be replaced by the divergence of D by Eq. 1.11(2):

1 f
U :—f (V - D)YDaV |
2 |4 i

Using the vector equivalence of Prob. 1.11a, !

1 1 ‘
UE=-fV-(<I)D)dV——jD\-(V<I’)dV

2Jy 2Jy |

The first volume integral may be replaced by the surface integral of ®D over the closed
surface surrounding the region, by the divergence theorem [Eq. 1.11(7)]. But, if the
region is to contain all fields, the surface should be taken at infinity. Since ® dies off
at least as fast as 1/r at infinity, D dies off at least as fast as 1/r?, and area only
increases as r2, this surface integral approaches zero as the surface approaches infinity.

fV-(II)D)dV= ®D - dS/ =0
v

Seo

Then there remains
1 1 (|
UE=——fD-(V®)W=—fD-EW ©6)
2y 2 Jy

This result seems to say that the energy is actually in the lelectric field, each element of
volume dV appearing to contain the amount of energy
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dU; = 3D - E dv )

The right answer is obtained if this energy density picture is used. Actually, we know
only that the total energy stored in the system will be correctly complited by the total
integral in (6).

The derivation of (6) was based on a system of charges in an unbounded, linear,
homogeneous region. The same result can be shown if there are surface charges on
conductors in the region. With both volume and surface charges present, (5) becomes

1 1
UE:~JpCI>dV+—fpS<I)dS (8)
2Jy 2Js
The proof that this leads to (6) is left to Prob. 1.22e. Note that in this equation, and the
special case of (5), ® is defined with its reference at infinity, since the last term of
(3) is identified as ®. The advantage of (6) is that it is independent of the reference for

potential.

For a nonlinear medium, the incremental energy when fields are changed (Prob.
1.22f) is

dUE=fE-dDdV ©)

Example 1.22
ENERGY STORED IN A CAPACITOR

It is interesting to check these results against a familiar case. Consider a parallel-plate
capacitor of capacitance C and a voltage V between the plates. The energy is known
from circuit theory to be 3CV?, which is commonly obtained by integrating the product
of instantaneous current and instantaneous voltage over the time of charging. The result
may also be obtained by integrating the energy distribution in the field throughout the
volume between plates according to (6). For plates of area A closely spaced so that the
end effects may be neglected, the magnitude of field at every point in the dielectric is
E = V/d (d = distance between plates) and D = &V/d. Stored energy Uy given by
(6) becomes simply

1 1 eV\(V
Ug = 3 (volume)(DE) = 2 (Ad)(;) ( d)
This can be put in terms of capacitance using Eq. 1.9(3):
1

A\ , 1
U =3 (%)V- =cv? (10)
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PROBLEMS
|
1.2a (i) Compute the force between two charges of 1 C each, placed 1 m apart in vacuum.
(ii) The esu unit of charge (statcoulomb) is defined as jone that gives a force of 1 dyne
when placed 1 cm from a like charge in vacuum. Use this fact to check the conversion
between statcoulombs and coulombs given in Appendix 1.

1.2b Calculate the ratio of the electrostatic force of repulsidn between two electrons to the
gravitational force of attraction, assuming that Newton’s law of gravitation holds. The
electron’s charge is 1.602 X 107'9 C, its mass is 9.11 X 10~3! kg, and the
gravitational constant X is 6.67 X 107!! N-m?/kg?

1.2¢ In his experiment performed in 1785, Coulomb suspended a horizontal rod from its
center by a filament with which he could apply a torque to the rod. On one end of the
rod was a charged pith ball. In the plane in which the rod could rotate was placed
another, similarly charged, pith ball at the same radius: By turning the top of the fila-
ment he applied successively larger torques to the rod with the amount of torque pro-
portional to the angle turned at the top. With the angle at the top set to 36 degrees, the
angle between the two pith balls was also 36 degrees. Raising the angle at the top to
144 degrees decreased the angular separation of the pith balls to 18 degrees. A further
increase of the angle at the top to 575.5 degrees decreased the angular separation of
the balls to 8.5 degrees. Determine the maximum difference between his measure-
ments and the inverse-square law. (For more details, see R. S. Elliott.!)

1.2d Construct the electric field vector for several points in the x—y plane for like charges g
at (d/2, 0, 0) and (—d/2, 0, 0), and draw in roughly a ffew electric field lines.

1.2e* Repeat Prob. 1.2d for charges of 2¢ and —q at (d/2, 0} 0) and (—d/2, 0, 0), respec-
tively. Find a point where the field is zero.

1.2f Calculate the electric field at points along the axis perpendicular to the center of a disk
of charge of radius a located in free space. The charge on the disk is a surface charge
p, C/m? uniform over the disk.

1.3a Show by symmetry arguments and the results of Sec. 1.3 that there is no electric field
at any point inside a spherical shell of uniform surface charge.

1.3b Show that the integral of normal flux density over a genera.l closed surface as in
Fig. 1.3a with charge g inside gives q. Hint: Relate surface element to element of
solid angle.

1.3c Calculate that electric flux emanating from a point charge g and passing through a
mathematical plane disk of radius a located a distance d from the charge. The charge
lies on the axis of the disk. Show that in the limit where a/d — =, the flux through
the disk becomes g/2. |

1.4a A coaxial transmission line has an inner conducting cylinder of radius a and an outer
conducting cylinder of radius c. Charge g, per unit length is uniformly distributed over
the inner conductor and — g, over the outer. If dielectric &, extends fromr = ator =
b and dielectric &, from r = bto r = ¢, find the electric field for r < g, fora <r <
b, for b < r < c, and for r > c. Take the conducting cylinders as infinitesimally thin,
Sketch the variation of D and E with radius.

1.4b A long cylindrical beam of electrons of radius a moving with velocity v, =
voll + 8,(r/a)*] has a charge-density radial variation p = py[1 — 8,(r/a)?]. Find the
radial electric field in terms of the axial velocity v, and the total beam current /, and
sketch its variation with radius.
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Problems 63

Derive the expression for the field about a line charge, Eq. 1.4(3), from the field of a
point charge.

A sphere of charge of radius a has uniform density p, except for a spherical cavity
of zero charge with radius b, centered atx = d,y = 0,z = 0, where d < a and

b < a — d. Find electric field along the x axis from — o < x < oo, Hint: Use super-
position.

As in Prob. 1.4d, but now find an expression for electric field for a general point
inside the cavity, showing that the field in the cavity is constant.

A point charge ¢ is located at the origin of coordinates. Express the electric field vec-
tor in its rectangular coordinate components, and evaluate the surface integral for §
chosen as the face perpendicular to the x axis of a cube of side lengths 2a centered on
the charge. Use symmetry to show that Gauss’s law is satisfied.

Perform the integrations in Eq. 1.5(3) for an infinitely long circular cylindrical ion
beam with p = py[1 + (r/a)?] using the square prism shown in Fig. 1.5 and plane
ends at z = 0 and / orthogonal to the axis.

If A, B, and C are vectors, show that
B-A=A"-B
A+B+C=A+3B+0
A-B+C)=A-B+A-C

Vector A makes angles a,, B,, v, with the x, y, and z axes respectively, and B makes
angles a,, 3,, v, with the axes. If 8 is the angle between the vectors, make use of the
scalar product A - B to show that

Il

cos 6 = cos @ cos @, + cos 3; cos 3, + COs y; COS Y,

Show how the flux function may be used to plot the field from point charges g and
— g distance d apart. Hint: Make use of solid angles and relate these to angle 6 from
the axis joining charges.

Plot the field from like charges ¢ distance d apart (Prob. 1.2d) by making use of the
flux function.

Plot the field of charges 2g and — ¢ distance d apart (Prob. 1.2e) by use of flux. Note
that not all flux lines terminate at both ends on charges.

Evaluate § F - dl for vectors F = % zxy + §x*and F = ® y — § x about a rectangu-
lar path from (0, 1) 1o (1, 1) to (1, 2) to (0, 2) and back to (0, 1). Repeat for a triangu-
lar path from (0, 0) to (0, 1) to (1, 1) back to (0, 0). Are either or both nonconser-
vative?

A point charge ¢ is located at the origin of a system of rectangular coordinates. Evalu-
ate [ E - dl in the x—y plane first along the x axis fromx = 1 tox = 2, and next
along a rectangular path as follows: along a straight line from the point (1, 0) on the x
axis to the point (1, 5); along a straight line from (1, $) to (2, $); along a straight line
from (2, 3) to (2, 0).

A circular insulating disk of radius « is charged with a uniform surface density of
charge p, C/m? Find an expression for electrostatic potential & at a point on the axis
distance z from the disk.

A charge of surface density p, is spread uniformly over a spherical surface of radius a.
Find the potential for < a and for »» > a by integrating contributions from the differ-
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ential elements of charge. Check the results by making use of Gauss’s law and the
symmetry of the problem.

1.8¢ Check the result Eq. 1.8(8) for the potential about a line charge by integrating contri-
butions from the differential elements of charge. Note \that the problem is one of
handling properly the infinite limits. |

1.8d A flat layer of charge of density p, lies perpendicular t;o the z axis and is infinitely
broad in the x and y directions. Using Gauss’s law and Eq. 1.8(1), find the dependence
of the potential difference across the layer on its thickness d.

1.8e Consider two parallel sheets of charge having equal surface charge densities but with
opposite sign. The sheets are both of infinite transverse dimension and are spaced by a
distance d. Using Gauss’s law and Eq. 1.8(1), find thelelectric fields between and out-
side the sheets and find the dependence of potential difference between the pair of
sheets on the spacing. (This is called a dipole layer.)

1.8f In a system of infinite transverse dimension, a sheet of charge of p, C/m? lies be-
tween, and parallel to, two conducting electrodes at zero potential spaced by distance
d. Find the distribution of electric field and potential between the electrodes for arbi-
trary location of the charge sheet. Sketch the results for the cases where the sheet is
(i) in the center and (ii) at position d/4.

1.8g Show that all the equipotential surfaces for two parallel line charges of opposite sign
are cylinders whose traces in the perpendicular plane are circles as shown in Fig. 1.8c.

1.8h A linear quadrupole is formed by two pairs of equal and opposite charges located
along a line such that + ¢ lies at + 8, —2q at the origin, and +¢ at — 6. Find an
approximate expression for the potential at large distarces from the origin. Plot an
equipotential line.

1.8i

-

Show that the magnitude of the torque on a dipole in an electric field is the product of
the magnitude of the dipole moment and the magnitude of the field component
perpendicular to the dipole.

1.9 Find the capacitance of the system of two concentric spherical electrodes containing
two different dielectrics used as Ex. 1.4c. |

|

1.10a Find the gradient of the scalar function M = e** cos By cosh az.

1.10b For two point charges g and —q at (d/2, 0, 0) and (— d/2 0, 0), respectively, find the
potential for any point (x, y, z) and from this derive the electric field. Check the result
by adding vectorially the electric field from the individual charges.

1.10¢ Three positive charges of equal magnitude g are located at the corners of an equilateral
triangle. Find the potential at the center of the Mangle and the force on one of the
charges.

1.10d For two line charges g, and — g, at (d/2, 0) and (— d/2 0), respectively, find the po-
tential for any point (x, y) and from this derive the electric field.

1.10e* Find the expression for potential outside the large sphere of Prob. 1.4d. Also find the
electric field for that region as well as for the region outside the small sphere but
inside the large sphere.

1.10f Find E, and E, in the void in the sphere of charge in Prob 1.4d by first finding the
potennal The zeros for the potentials of both large and small spheres should be at
infinity. |

i
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1.11b

1.11c
1.11d

1.11e

Problems &5

Utilize the rectangular coordinate form to prove the vector equivalences
Vyd) = yVd + dVy
V-YA)y = ¢yV-A + A-Vy§
where ¢ and @ are any scalar functions and A is any vector function of space.

Show that the vector identity V - YA = A - V¢ + ¢/V A (inside back cover) is
satisfied for ¢y = xyzand F = &x* + jxyz + 2yz2

Derive the expression for divergence in the circular cylindrical coordinate system.

Evaluate the divergence of D in Exs. 1.4a, 1.4b, and 1.4¢c and compare with the known
charge densities. Evaluate V - D for Ex.1.11 using rectangular coordinates.

Given a vector F = %12, evaluate §, F - dS for S taken as the surface of a cube of
sides 2a centered about the origin. Then evaluate the volume integral of V - F for this
cube and show that the two results are equivalent, as they should be by the divergence
theorem.

1.11f The width of the depletion region at a metal-semiconductor contact (Ex. 1.4a) can be

1.12a

1.12b

1.12c

1.12d

1.12e

1.13a

1.13b

calculated using the relation d* = (2e®y/eN), where @y is the barrier potential, e is
electron charge, and N is the density of dopant ions. Calculate 4 for ion densities of
10'6, 108, and 10?° cm ~3 assuming a barrier potential of 0.6 V. Comment on the ap-
plicability in this calculation of the concept of smoothed-out charge as assumed in
using Poisson’s equation.Take e, = 11.7.

Find the gradient and Laplacian of a scalar field varying as 1/r in two dimensions and
in three dimensions. Use the operators in rectangular form and also in a more
appropriate coordinate system in each case.

Find the electric field and charge density as functions of x, y, and z if potential is
expressed as

® = Csin ax sin By e’ where y = Vo + §°

Find the electric field and charge density as functions of x for a space-charge-limited,
parallel-plane diode with potential variation given by ® = V(x/d)*>. Find the
convection current density J = pv and note that it is independent of x.

Argue from Laplace’s equation that relative extrema of the electrostatic potential can-
not exist and hence that a charge placed in an electrostatic field cannot be in stable
equilibrium (Earnshaw’s theorem).

The potential around a perpendicular intersection of the straight edges of two large
perfectly conducting planes, where the line of intersection is taken to be the axis of a
cylindrical coordinate system, can be shown to be expressible as

® =Ar??sin ¢
Show that this function satisfies Laplace’s equation in cylindrical coordinates and sat-

isfies a zero-potential boundary condition on the planes. Find a generalization to an
arbitrary angle « between planes and verify that it satisfies Laplace’s equation.

Which of the following may represent steady currents: J = %x + yyorJ =
(&x + @2 + y*)7'? Sketch the form of the two vector fields.

Conducting coaxial cylinders of radii @ and & have a conducting dielectric with permi-
tivity &, and conductivity o, for the sector 0 < ¢ < a, and loss-free dielectric &, for
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Fie.P1.13b |
|
the remainder of the dielectric regions (Fig. P1.135). Find capacitance and conduct-
ance per unit length. ‘
Sketch the field and current lines for a structure of the form in Fig. 1.14c but with the

dielectric and perfect conductor regions exchanged and a potential difference applied
between the two perfect conductors. Check all continuity conditions at boundaries.

A solution to the problem of Fig. 1.14c can be shown to be

D@, y) = %9 + %‘;{(1 + %)tan"(x——i-yﬂ)&

2\ (x—a/2\ |y [+ - a2y
+<1 a)mn ( y i)Jralniyzﬂh(x+a/2)2ii

where a is the length of the conductive region. Show that this satisfies the boundary
conditions on the surface y = 0 and find induced surface charge density along this
boundary. !

Obtain by means of Laplace’s equation the potential distribution between two concen-
tric spherical conductors separated by a single dielectric. The inner conductor of radius
a is at potential Vj,, and the outer conductor of radius b is at potential zero.

Obtain by means of Laplace’s equation the potential distribution between two concen-
tric spherical conductors with two dielectrics as in Ex! 1.4c.

Two coaxial cylindrical conductors of radii @ and b are at potentials zero and V;, re-
spectively. There are two dielectrics between the conductors, with the plane through
the axis being the dividing surface. That is, dielectric &, extends from ¢ = Oto ¢ =
7, and &, extends from ¢ = 7to ¢ = 2. Obtain the potential distribution from
Laplace’s equation. |

Obtain the electrostatic capacitances for the two conductor systems described in Sec.
1.15 and in Probs. 1.15a, b, and c.

Assume the charge-density profile shown in Fig. 1.16h with N, = 10'©tm ™3 and
Np = 10" cm™3, T = 300K, and &, = 12. Find the height of the potential barrier
and the width of the space-charge region d,, + d,. Deterrmne maximum value

of electric field.

Calculate ®(x) for the metal—-semiconductor junction iii Ex. 1.4a by integrating Pois-
son’s equation Call total barrier height ®; in this case< Find the width of the space-
charge region d, assuming N, constant.

To illustrate the effect of a continuous charge profile 1i1 the pn junction example of
Sec. 1.16, consider a charge density in the depletion region of the form p =
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1.17b
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(eNx/a)exp[ —|x/al). Find the electric field and potential as a function of x, and
sketch p, E, and ® versus x. Find the potential difference between x = —co and
x = o and compare with Eq. 1.16(10), taking N, = Np.

Prove that, if charge density p is given throughout a volume, any solution of Poisson’s
equation 1.12(3) must be the only possible solution provided potential is specified on a
surface surrounding the region.

Show that the potential in a charge-free region is uniquely determined, except for an
arbitrary additive constant, by specification of the normal derivatives of potential on
the bounding surfaces.

Prove that the line charge and its image as described for a conducting cylinder in Ex.
1.18c will give constant potential along a cylindrical surface at radius  in the absence
of the conducting cylinder.

Prove that the point charge and its image as described for the spherical conductor in
Ex. 1.18d gives zero potential along a spherical surface at radius ¢ in the absence of
the conducting sphere.

A circularly cylindrical electron beam of radius a and uniform charge density p passes
near a conducting plane that is parallel to the axis of the beam and distance s from the
axis. Find the electric field acting to disperse the beam for the edge near the plane and
for the edge farthest from the plane.

For a point charge ¢ lying in a dielectric &, distance x = d from the plane boundary
between &, and a second dielectric &,, the given charge plus an image charge

q(e, — &,)/(g, + &,) placed at x = —d with all space filled by a dielectric &, may
be used to compute the potential for any point x > 0. To find the potential for a point
x < 0, a single charge of value 2ge,/(g, + &,) is placed at the position of ¢ with all
space filled by dielectric &,. Show that these images satisfy the required continuity re-
lations at a dielectric boundary.

Find and plot the surface charge density induced on the conducting plane as a function
of y, when a line charge ¢, lying parallel to the z axis is at x = d above the plane.

1.18f Discuss the applicability of the image concept for the case of a line charge parallel to

1.18g

1.19a

1.19b

1.19¢

1.19d

and in the vicinity of the intersection of two conducting planes with an angle
AOB = 270 degrees. (See Fig. 1.184.)

Find the potential at all points outside a conducting sphere of radius a held at potential
®, when a point charge ¢ is located a distance d from the center of the sphere
(a < d).

Map fields between an infinite plane conductor at potential zero and a second conduc-
tor at potential Vj, as in Fig. 1.19c¢, but for step ratios a/b of } and 4.

Map fields between an infinite flat plane and a cylindrical conductor parallel to the
plane. The conductor has diameter d, and its axis is at height & above the plane. Take
d/h =1, %

The outer conductor of a two-conductor transmission line is a rectangular tube of sides
3a and 5a. The inner conductor is a circular cylinder of radius a, with axis coincident
with the central axis of the rectangular cylinder. Sketch equipotentials and field lines
for the region between conductors, assuming a potential difference V, between
conductors.

Two infinite parallel conducting planes defined by y = ¢ and y = —a are at potential
zero. A semi-infinite conducting plane of negligible thickness at y = 0 and extending
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1.20a

1.20b
1.20c
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1.20e
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from x = 0 tox = o is at potential V,. (See Fig. P1.19d.) Sketch a graphical field
map for the region between conductors. '

In Prob.1.12e take A to be 35 and r to be measured in! centimeters and make a plot of
the 100-V equipotential. Construct a graphical field map between the zero and 100-V
equipotentials showing the 25-, 50-, and 75-V equipotentials. Then sketch in the same
equipotentials found from the formula given in Prob. 1.12e to evaluate your field map.
Find the radial distance from the corner where the gradient exceeds the breakdown
field in air, 30 kV/cm. What does this suggest about the shape the corner should have
to avoid breakdown?

Subdivide the region in Fig. 1.19¢ into a mesh of squares of sides a/2. Terminate the
region on the right a distance a from the corner and on the left a distance 3a/2 from
the corner. Take b = 2a and V,; = 100 V. Consider the potentials at the left and right
edges of the above-defined grid to be fixed at the values found in linear variation from
top to bottom. Start with all interior grid points at 50 V. Find the potentials at the
mesh points assuming zero space charge and applyingf the simple averaging method.

Repeat Prob. 1.20a using the cyclic Chebyshev method.

Solve for the potentials at the grid points in the problem in Fig. 1.20a by direct inver-
sion of the set of difference equations expressing Laplace’s equation for all grid
points. Compare the results with those in Table 1.20 and discuss differences. Does di-
rect inversion give the exact values of potentials at the grid points? Explain your
answer.

Set up the difference equation for a three-dimensionél}potential distribution in rectan-
gular coordinates. Consider a cubical box with the following potentials on the various
sides: top, 80 V; right side, 60 V; bottom, 0 V; left side, 100 V; front, 40 V; back, 100
V. Define a grid of the same coarseness as in Fig. 1.20a and assume initial potentials
for all interior grid points to be the average of the boundary potentials. Calculate the
first set of corrected potentials by the three-dimensional equivalent of the simple

scheme used for Table 1.20. i

Derive the difference equation for potential in cyhnd.ncal coordinates with axial
symmetry assumed (8®/d¢ = 0). i
An electron beam accelerated from zero potential passes normally through a pair of
parallel-wire grids. Model the beam as infinitely broad and without transverse varia-
tion. Set up a one-dimensional difference equation for tthe potential between the grids.
Divide the 5-mm space between grids into five segments Take both grid potentials to
be 1000 V and the beam current to be 10* A/m?. Assume 1000 V as a first guess for
all difference-equation grid points. Take three steps of 'potential adjustment with space
charge based on the first guess. Recalculate space charge based on the new potentials

and again iterate the potential three times. Repeat recalculations of space charge and
i
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potentials until the latter differ by no more than 3% between recalculations of space
charge. Use the simple iterative form with ) = 1.

1.21a Assume that Fig. 1.19c¢ is full scale, and that V, is 1000 V. Find the approximate di-
rection of the minimum and maximum electric fields in the figure. Plot a curve of
electric field magnitude along the bottom plane as a function of distance along this

plane, and a curve showing surface charge density induced on this plane as a function
of distance.

1.21b Calculate the capacitance per unit length from your plots for Probs. 1.19b and c.

1.21c Describe the simplest way to use resistance paper to determine the capacitance per
wire between a grid of parallel round wires and an electrode lying parallel to the grid.
(See Fig. P1.21c.) Assume the grid to be infinitely long and wide. Defend all decisions
made in the design of the analog.

—© 0O 0 0 0 6 © O0—

Fic. P1.21¢c

1.22a For a given potential difference V,, between conductors of a coaxial capacitor, evaluate
the stored energy in the electrostatic field per unit length. By equating this to 3CV?,
evaluate the capacitance per unit length.

1.22b The energy required to increase the separation of a parallel-plate capacitor by a dis-
tance dx is equal to the increase of energy stored. Find the force acting between the
plates per unit cross-sectional area assuming constant charge on the plates.

1.22¢ Discuss in more detail the exclusion of the self-energy term in Eq. 1.22(3), and
explain why the problem disappeared in going to continuous distributions, as in
Eq. 1.22(5).

1.22d Show the equality of the energies found using Eqs. 1.22(5) and (6) for a spherical
volume of charge of radius a and charge density p C/m’.

1.22e Consider an arbitrarily shaped, charged finite conductor embedded in a homogeneous-
dielectric region of infinite extent that also contains a volume-charge density distribu-
tion. Starting from Eq. 1.22(8) show that (6) results. Make use of the identity in Prob.
1.11a and consider the dielectric to be bounded by the surface of the conductor and
that at infinity.

1.22f If an incremental charge distribution is brought into a field, the incremental energy
may be written

U, = j PspdV
v

Use this to develop Eq. 1.22(9) for an unbounded region with a medium which may be
nonlinear.
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2.1 INTRODUCTION

Magnetic effects have many similarities to electric effects, but there are also important
differences. Magnetic forces were first observed through the attraction of iron to natu-
rally occurring magnetic materials such as lodestone. The compass, apparently devel-
oped in China, was introduced into Europe around A.D. 1%190, and had a profound effect
upon navigation thereafter. In 1600 William Gilbert, physician to Queen Elizabeth I,
published an important book, De Magnete, presenting a rational and thorough summary
of the magnetic effects known to that date, with discussiions of some of the similarities
to and differences from the electric effects then known. Had discoveries stopped at that
point, we could immediately adapt the development of the preceding chapter to mag-
netic fields, the two kinds of magnetic “charges” being called north and south poles.
The important difference is that magnetic charges have so far been found only in pairs,
not isolated, so that we would be concerned with fields from dipoles, as in Ex. 1.8d.
Discoveries did not stop, hov.ever. In 1820, Hans Christian Oersted, during a class
demonstration of an electric ba:iery, observed that the electric current in a wire caused
a nearby compass neeaie to be deflected, thus establishing clearly the first of several
important relationships between electric and magnetic i« ffects. André-Marie Ampére
very quickly extended the experiments and developed # quantitative law for the phe-
nomenon. Others who contributed both to the understanding and to the practical use of
electromagnets within a very short period were Jean-Baptiste Biot, Felix Savart, Joseph
Henry, and Michael Faraday. The force produced by magnetic fields (either from per-
manent magnets or from electromagnets) on electric currents was also clearly estab-
lished through these many experiments. These relationships between electric currents
and magnetic fields will constitute the starting point for, our development of magnetic
fields in this chapter. The relationships are somewhat more complicated than those of
the preceding chapter, primarily because both the current that acts as the source of field

70
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and the current element acting as a probe to measure it are vectors whose directions
must be introduced into the laws.

As with electric fields, the distributions studied in this chapter, although called
“static,” are applicable to many time-varying phenomena. These “quasistatic” prob-
lems are among the most important uses of the laws and, in some cases, are valid for
extremely rapid rates of change. Still we must remember that other phenomena enter—
and are likely to be important—when the fields change with time. These are studied in
the following chapter.

Before beginning the detailed development, let us look briefly at a few examples of
important static or quasistatic magnetic field problems. There was the prompt appli-
cation of Oersted’s observation to useful electromagnets. One of Henry’s early magnets
supported more than a ton of iron, with the current driven only by a small battery.
Electromagnets are now routinely used in loading or unloading scrap iron and many
other applications. The development of practical superconductors in the 1960s has made
possible magnets with high fields in large volumes with additional advantages of sta-
bility and light weight. Large currents can be made to flow in the magnet winding since
there is no voltage drop and no heating. The need to refrigerate is compensated suffi-
ciently for a number of special applications. Superconductors are used extensively in
high-energy physics, where the need is for large volumes of strong field. Fusion research
depends on massive superconductive magnets for containment of the ionized gases of
a plasma. Motors and generators for special applications such as ship propulsion are
being made lighter and smaller by using superconductors.!

Moving charges constitute currents and magnetic fields produce forces on them as
they travel through a vacuum or a semiconductor. Thus magnetic field coils are used
for deflection and focusing of beams of electrons in television picture tubes and electron
microscopes. The magnetic deflection of flowing charge carriers in a semiconductor is
known as the Hall effect; it is used for measurement of the semiconductor properties
or, with a known semiconductor, may be used as a probe for measurement of magnetic
field.

Coils are used to provide the inductance needed for high-frequency circuits and the
magnetic fields can be found from the currents as in static calculations when the sizes
involved are small compared with wavelength. (However, current distributions are com-
plicated at high frequencies by distributed capacitance in the windings.) Just as we
noted in Sec. 1.1 for electric fields, the distribution of magnetic field in the cross section
of a transmission line is essentially the same as calculated using static field concepts,
even though the fields can actually be varying at billions of times per second.

! More details on superconductors can be found in Sec. 13.4.
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Static Magnetic Field Laws and Concepts

2.2 CONCEPT OF A MAGNETIC FIELD

|
As with the electrostatic fields of the preceding chapter, we use the measurable quantity,
force, to define a magnetic field. We noted in Sec. 2.1 that magnetic forces may arise
either from permanent magnets or from current flow. Since the approach from currents
is more general—and on the whole more important—we start by consideration of the
force between current elements. Permanent magnets may then be included,-at least
conceptually, by considering the effects of these as arising from atomic currents of the

magnetic materials. |
The force arising from the interaction of two current elements depends on the mag-
nitude of the currents, the medium, and the distance between currents analogously to
the force between electric charges. However, current has direction so the force law
between the two currents will be more complicated than that for charges. Consequently,
it is convenient to proceed by first defining the quantity iwe will call the magnetic field
and then, in another section, give the law (Ampere’s) that describes how currents con-
tribute to that magnetic field. A vector field quantity B, usually known as the magnetic
flux density, is defined in terms of the force df produced on a small current element of
length dl carrying current /, such that

df = IdlBsin 6 M

where 0 is the angle between dl and B. The direction relations of the vectors are so
defined that the vector force df is along a perpendicular|to the plane containing dl and
B, and has the sense determined by the advance of a right-hand screw if dl is rotated
into B through the smaller angle (Fig. 2.2). It is convenient to express this information
more compactly through the use of the vector product. The vector product (also called
cross product) of two vectors (denoted by a cross) isi defined as a vector having a
magnitude equal to the product of the magnitudes of the two vectors and the sine of
the angle between them, a direction perpendicular to !the plane containing the two
vectors, and a sense given by the advance of a righi-hand screw if the first is rotated

i

f

S

B

Fie. 2.2 Right-hand screw rule for force on a current element in a magnetic field.
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into the second through the smaller angle. Relation (1) may then be written
df =7dl X B 2)

The quantity known as the magnetic field vector or magnetic field intensity is denoted
H and is related to the vector B defined by the force law (2) through a constant of the
medium known as the permeability,

B = uH 3)

Many technologically important materials such as iron and ferrite are nonlinear and/or
anisotropic, in which case u is not a scalar constant, but to keep this introductory
treatment simple, the medium will first be assumed to be homogeneous, isotropic, and
linear. A somewhat more general form of (3) will be given in Sec. 2.3.

In ST units, force is in newtons (N). Current is in amperes (A), and magnetic flux
density B is in tesla (T), which is a weber per square meter or volt second per square
meter and is 10* times the common cgs unit, gauss. Magnetic field H is in amperes per
meter and u is in henrys (H) per meter. Conversion factors to other cgs units are in
Appendix I. The value of u for free space is

to = 4 X 1077 H/m

2.3 AMPERE'S LAW

Ampére’s law, deduced experimentally from a series of ingenious experiments,? de-
scribes how the magnetic field vector defined in Sec. 2.2 is calculated from a system
of direct currents. Consider an unbounded, homogeneous, isotropic medium with a
small line element of length dl' carrying a current /' located at a point in space defined
by a vector r’ from an arbitrary origin as in Fig. 2.3a. The magnitude of the magnetic

field at some other point P in space defined by the vector r from the origin is
I'(r'y dl' sin ¢

dH(r)y = ——————
® 4mR*

where R = |r — r’|, the distance from the current element to the point of observation.
The angle ¢ is that between the direction of the current defined by dl’ and the vector

2 For a description, see J. C. Maxwell, A Treatise on Electriclty and Magnetism, 3rd ed.,
Part IV, Chap. 2, Oxford Univ. Press, Oxford, 1892. The law is now more frequently named
after Biot and Savart, but the assignment remains somewhat arbitrary. Following Oerst-
ed’s announcement of the effect of currents on permanent magnefs in 1820, Ampére
immediately announced similar forces of currents on each other. Biot and Savart pre-
sented the first quantitative statement for the special case of a straight wire; Ampére
later followed with his formulation for more general current paths. The form given here
Is a derived form borrowing from all that work. For more of the history see E. T. Whittaker,
A History of the Theories of the Aether and Electricity, Am. Inst, Physics, New York, 1987,
or P. F. Mottelay, Bibliographical History of Electricity and Magnetism, Ayer Co. Publishers,
Salem, NH, 1975.
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dH® £

|
Fic. 2.3a Coordinates for calculation of magnetic field from current element.

R = r — r’ from the current element to the point ofi observation. The direction of
dH(r) is perpendicular to the plane containing dl and R, and the sense is determined
by the advance of a right-hand screw if dl is rotated through the smaller angle into the
vector R. Thus, with the current direction shown in Fig.:2.3a, dH at P is outward from
the page. We see then that the cross product can be used to write the vector form of
Ampéere’s law:

I'dydl' X R

dH(r) = 47R3

(D
To obtain the total magnetic field of the current elements along a current path, (1) is

integrated over the path
_(ra)d’ X R
H(r) = f 47rR3 @

It is of interest to examine further the relation between B and H. We see that the
field H is directly related to the currents, without regaré for the nature of the medium
as long as it fills all space homogeneously. The force on a current element was seen in
Sec. 2.2 to depend upon magnetic flux density. The influence of the medium in relating
B and H comes about in the following way. The electronic orbital and spin motions in
the atoms can be thought of as circulating currents on jwhich a force is exerted by B
and which produce a field M (called magretization) that adds to H. This is analogous
to the response of a dielectric medium shown in Fig. 1.3c. Then B is related to H as
though there were only free space but with the added ﬁ?ld of the atomic currents

B = p,H+ M) | 3)

i
Magnetization M may have a permanent contribution (to be considered in Sec. 2.15),
but here we neglect this and assume the material isotropic so that M is parallel to H.
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We can then write

B = uy(l + x)H = pH = ppH

where y,,, is called the magnetic susceptibility, w is the permeability introduced in Sec.
2.2, and p is the relative permeability. Many materials have nonlinear behavior so y,,
and u are, in general, functions of the field strength. For diamagnetic materials y,, <
0, and for paramagnetic, ferromagnetic, and ferrimagnetic materials y,, > 0. Most
materials commonly considered to be dielectrics or metals have either diamagnetic or
paramagnetic behavior and typically |x,,| < 1073 so we treat them as free space, taking
1 = po. Ferromagnetic and ferrimagnetic materials usually have y,, and w/u, much
greater than unity and in some cases are anisotropic, that is, dependent upon direction
of the field. All of these aspects are considered in more detail in Chapter 13.

Example 2.3a
FIELD ON AXIs OF CIRCULAR LOOP

As an example of the application of the law, the magnetic field is computed for a point
on the axis of a circular loop of wire carrying dc current I (Fig. 2.3b). The element dl’
has magnitude a d¢' and is always perpendicular to R. Hence the contribution dH from
an element is

la d¢'

dH = ———-
H 4ar(a® + 2%)

4)

As one integrates about the loop, the direction of R changes, and so the direction of

Fic. 2.3b Magretic field from element of a circular current loop (Ex. 2.3a).
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dH changes, generating a conical surface as ¢ goes thrmflgh 27 radians (rad). The radial
components of the various contributions cancel, an(:i the axial components add.
Using (4)

|
. a dH
dH, = dH sin § = @+ zz)ﬁ

Integrating in ¢ amounts to multiplying by 27; thus

Ia?

B=52+ 27~ %)
Note that for a point at the center of the loop, z = 0,
1
H, = z (6)

Examplie 2.3b 'i

FIELD OF A FINITE STRAIGHT LINE OF CURRENT
Let us find the magnetic field H at a point P a pemendibulm distance r from the center

of a finite length of current /, as shown in Fig. 2.3c. It is easy to see from the right-
hand rule that there is only an H,, component. Its magnitude is given by the integral of

(1) over the length 2a
a I . d i
H, = f Isin ¢ dz |

4mR*
We can see from Fig. 2.3c that sin ¢ = r/R and R = (r? + z2)!/2. Thus,
- I_’ fa _.L — L; €)
? Awl o (2 + 22 2ar [(r/a)* + 1112

which becomes I/27r if |a| — co. This same result is found in Ex. 2.4a by a different
method. |

Fic. 2.3¢ Calculation of magnetic field of straight section of current (Ex. 2.3b).

i
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Fie. 2.3d Tightly wound solenoid of n turns per meter and its representation by a current sheet
of nI A/m (Ex. 2.3c).

Example 2.3¢
FIELD IN AN INFINITE SOLENOID

Let us here model the long, tightly wound solenoid shown in Fig. 2.3d by an equivalent
current sheet to facilitate calculation of the magnetic field inside. We assume that though
the wire makes a small helical angle with a cross-sectional plane, we can adequately
model it with a circumferential current. The current flowing around the solenoid per
meter is n/, where n is the number of turns per meter and / is the current in each turn.
Then, in a differential length of the sheet model, there is a current nldz. We will cal-
culate, for simplicity, the field on the axis. But one can show, by means that will come
later (see Ex. 2.4d) that the field for an infinitely long solenoid is uniform throughout
the inside of the solenoid. We can adapt (4) for the present calculation by taking /
in (4) to be nldz. Then the total field on the axis for the infinitely long solenoid is
given by

nla* dz
H_. — —_— e 8
: f_m 2Aa* + 2)*? ®

In evaluating the integral in (8), one first takes symmetrical finite limits as in (7) and
then lets the limits go to infinity with the result

H. = nl ®)

For a solenoid of finite length, it is easy to modify (8) to obtain on-axis fields (Prob.
2.3c) but difficult to perform the integrals for fields not on the axis.

2.4 THE LINE INTEGRAL OF MAGNETIC FIELD

Although Ampére’s law describes how magnetic field may be computed from a given
system of currents, other derived forms of the law may be more easily applied to certain
types of problems. In this and the following sections, some of these forms are presented,
with examples of their application. The sketch of the derivations of these forms, because
they are more complex than for the corresponding electrostatic forms, will be left to
Appendix 3.
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One of the most useful forms of the magnetic field laws derived from Ampére’s law
is that which states that a line integral of static magnetic field taken about any given
closed path must equal the current enclosed by that path. In the vector notation,

ﬂgH-m:fSJ-ds:J 1)

Equation (1) is often referred to as Ampére’s circuital law. The sign convention for
current on the right side of (1) is taken so that it is positive if it has the sense of advance
of a right-hand screw rotated in the direction of circulation chosen for the line integra-
tion. This is simply a statement of the well-known right-hand rule relating directions
of current and magnetic field.

Equation (1) is rather analogous to Gauss’s law in electrostatics in the sense that it
is an important general relation and is also useful for problem solving if there is suf-
ficient symmetry in the problem. If the product H - dl lis constant along some path, H
can be found simply by dividing / by the path length.

Example 2.4a
MAGNETIC FIELD ABOUT A LINE|CURRENT

An important example is that of a long, straight, round|conductor carrying current /. If
an integration is made about a circular path of radius r centered on the axis of the wire,
the symmetry reveals that magnetic field is circumferential and does not vary with angle
as one moves about the path. Hence the line integral is just the product of circumference
and the value of H 4 This must equal the current enclosed

3€H~d1 =2mH, =1
or
H, = L A/m 2
¢ 2qr @
as was found by a different method in Ex. 2.3b. The sense relations are given in
Fig. 2.4a. ‘

Example 2.4b
MAGNETIC FIELD BETWEEN COAXIAL CYLINDERS

A coaxial line (Fig. 2.4b) carrying current / on the inner conductor and —/ on the outer
(the return current) has the same type of symmetry as the isolated wire, and a circular
path between the two conductors encloses current /, so that the result (1) applies directly
for the region between conductors:
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(a) and (b) Magnetic field about line current and between coaxial cylinders (Exs.

©)

Outside the outer conductor, a circular path encloses both the going and return currents,

or a net current of zero. Hence the magnetic field outside is zero.

Example 2.4¢

MAGNETIC FIELD INSIDE A UNIFORM CURRENT

Let us find the magnetic field inside the round inner conductor in Fig. 2.4b assuming
a uniform distribution of current. We will apply (2) but with I replaced by I(r), the
current enclosed by a circle at radius ». The total current in the wire is I(a) = [ and

the current density is //7a?. The current I(r) is
2

Itr) = (:—Z> I

and using (2),

)

®)
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Fie. 2.4¢ Section through axis of infinite solenoid for Ex. 2.4d showing contributions to H on
axis from two symmetrically spaced elements.

Example 2.4d
MAGNETIC FIELD OF A SOLENOID

[

In Ex. 2.3c we showed that the magnetic field H. on the axis of an infinitely long
solenoid of n turns per meter carrying a current [ A is|nl. Now let us use the integral
relation (1) to show that the field outside is zero and that inside is uniformly /. Figure
2.4c shows the section through the solenoid in a plane containing the axis. Let us
consider the integration paths shown by broken lines to be 1 m long in the z direction
for simplicity of notation. Any radial component of H|produced by a current element
is canceled by that of a symmetrically located element| This is illustrated in Fig. 2.4c
for the fields H, and H, from elements a and b located equal distances from the point
P. Thus, H - dl is zero along the sides BD and AE. |
Taking the line integral around path ABDEA and setting it equal to the enclosed
current gives |
. |
ng-dl=nI+J’DH-dl=nl 6)

since H on the axis is #/. From (6) the integral from D to E is zero. Since the placement
of the outside path DE is arbitrary, external H must be|zero.

The line integral around path ABCFA encloses no current so the integral along the
arbitrarily positioned path CF must be equal in magnitude to, and of opposite sign from,
that along AB. Thus, the internal field is everywhere z—girected and has the value

H, = nl | %)

Note that these symmetry arguments cannot be made for a solenoid of finite length, but
the results given here are reasonably accurate for a solenoid having a length much
greater than its diameter, except near the ends.
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Fi. 2.5a Loop of wire. Cross-hatching shows surface used for calculation of external
inductance.

2.5 INDUCTANCE FROM FLUX LINKAGES: EXTERNAL INDUCTANCE

The important circuit element which describes the effect of magnetic energy storage
for an electric circuit is the inductor. It is of primary concern for dynamic, that is, time-
varying, problems, but the inductance calculated from static concepts is often useful up
to very high frequencies. This is the quasistatic use discussed in the introduction to this
chapter. In a manner similar to the capacitance definition of Sec. 1.9, inductance can
be defined in terms of flux linkage by

1
L=7LB~dS M

where the surface S must be specified. Consider, for example, the loop of wire shown
in Fig. 2.5a. The current / produces magnetic flux in the cross-hatched area S bounded
by the loop. Also, some of the flux produced by the current is inside the wire itself. It
is convenient to separate the inductances related to these two components of flux and
call them, respectively, external inductance and internal inductance. Examples of cal-
culations of external inductance for simple structures are given below and an example
of an internal inductance calculation is presented in Sec. 2.17.

Example 2.5a
EXTERNAL INDUCTANCE OF A PARALLEL-PLANE TRANSMISSION LINE

Here we find the external inductance for a unit length of a parallel-plane structure (Fig.
2.5b) which is wide enough compared with the conductor spacing that the fields between
the conductors are, to a reasonable degree of accuracy, those of infinite parallel planes,
as suggested in Fig. 2.5¢. Note that the flux tubes (bounded by the field lines) spread
out greatly outside the edges of the conductors. Thus, there is a strong reduction of flux
density B and, therefore, also H. The line integral of H around one of the conductors
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e

e

Fi6. 2,5b Surface for calculation of external inductance of a parallel-plane transmission line.

has its predominant contribution from the field H, between the conductors,

1=3gH-dlEH0w1

)

where [ is the total current in one conductor and w is tfile conductor width. This result
applies to any path in the cross-sectional plane (Fig. 2.5¢) between and parallel to the
conductors, so H, can be considered approximately um’;:form.

The external inductance for a unit length is found by applying (1) to the surface
between the conductors which is shown shaded in Fig. 2.5b. Since / is independent of

z and H; is nearly constant through the space between
dicular to the shaded surface, (1) becomes

1 I d
L=~p,0< )d=,u,0;v~ H/m

1 Fo\w

the conductors and is perpen-

©)

This relation is based on the neglect of fringing fields and is most accurate for small

dfw.

Fi6. 2.5¢ Cross-section of parallel-plane transmission line of finite width showing general

character of magnetic field lines. |
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Fic. 2.5d Surface for calculation of external inductance of a coaxial transmission line.

Example 2.50
EXTERNAL INDUCTANCE OF A COAXIAL TRANSMISSION LINE

For a coaxial line as pictured in Fig. 2.5d with axial current / flowing in the inner

conductor and returning in the outer, the magnetic field is circumferential and, for a <
r < b, is (Ex. 2.4b)

Hy=— @)

For a unit length the magnetic flux between radii a and b is, by integration over the
shaded area in Fig. 2.5d,

bl ul b
LB-dS—L,u,(ET—’:>dI _5—7;111; (5)

So, from (1), the inductance per unit length is

b
L="m2 H/m 6)
2w a
For high frequencies, there is not much penetration of fields into conductors as will
be seen in Chapter 3, so this is then the main contribution to inductance. The internal
inductance for low frequencies will be considered in Sec. 2.17.
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Differential Forms for Magnetostatistics
and the Use of Potential

2.6 THE CURL OF A VECTOR FIELD

To write differential equation forms for laws having to do with line integrals, it will be
necessary to make use of the vector operation called curl. This is defined in terms of a
line integral taken around an infinitesimal path, divided by the area enclosed by that
path. It is seen to have some similarities to the operation of divergence of Sec. 1.11,
which was defined as the surface integral taken about an infinitesimal surface divided
by the volume enclosed by that surface. Unlike the divergence, however, the curl op-
eration results in a vector because the orientation of the surface element about which
the integral is taken must be defined. This additional complication seems to be enough
to make curl a more difficult concept for a beginning student. The student should attempt
to obtain as much physical significance as possible from the definitions to be given, but
at the same time should recognize that full appreciation of the operation will come only
with practice in its use.

The curl of a vector field is defined as a vector function whose component at a point
in a particular direction is found by orienting a small area normal to the desired direction
at that point, and finding the limit of the line integral divided by the area:

A .. $F-d
curl ¥]; = lim ———
[ ] ASi—0 AS,‘ 1

M

where i denotes a particular direction, AS; is normal to that direction, and the line
integral is taken in the right-hand sense with respect "to the positive i direction. In
rectangular coordinates, for example, to compute the z component of the curl, the small
area AS = Ax Ay is selected in the x—y plane to be normal to the z direction (Fig.
2.6a). The right-hand sense of integration about the path with respect to the positive z
direction is as shown by the arrows of the figure. The line integral is then

%F- dl = AyF, — AxF,

x+Ax

— AyF,

I
'

+ AxF,

y+Ay x ¥

We find F, at x + Ax and F, aty + Ay by truncated Taylor series expansions

0

aF aF.
F, =F,| +Ay—=%; F, =F,| + Ax—2 )
y-+Ay y ay y x+Ax x ox X

So

oF
3€F-dls<—y——?ﬂ>AxAy
ox ay
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r4

F;

(x, y, 2), £,

Ay

Fy

X

Fic. 2.6a Path for line integral in definition of curl.

Then using the definition (1), we get

oF,  oF.
[curl F], = —2 — == 3)
- ax ay

because the expansions (2) become exact in the limit. Similarly, by taking the elements
of area in the y—z plane and x—z plane, respectively, we find

oF. oF,

fcurl F], = _a? - a—’ )
oF,  oF,

fcurl F]_\, =% Py )

These components may be multiplied by the corresponding unit vectors and added to
form the vector representing the curl:

oF.  OF, 9F,  oF. oF,  oF,
cull F = | — - 2| + 9| = - —=| +3| =2 - = 6)
ady oz 0z ox ox dy

If this form is compared with the form of the cross product and the definition of the
vector operator V, Eq. 1.10(7), the above can logically be written as

X ¥ 1z
d Jd d
carlF=VXF=|— — — )
x dy o0z
F. F, F,

In deriving curl for other coordinate systems, the variation of line elements with co-
ordinates must be considered, just as the variation of surface elements with coordinates



86 Chapter 2 Stationary Magnetic Fields

in spherical coordinates was considered in Sec. 1.11. (See Appendix 2.) Results for
circular cylindrical and spherical coordinates are given on the inside front cover.?

The name curl (or rotation as it is sometimes called) has some physical significance
in the sense that a finite value for the line integral taken in the vicinity of a point is
obtained if the curl is finite. The name should not be associated with the curvature of
the field lines, however, for a field consisting of closed circles may have zero curl nearly
everywhere, and a straight-line field varying in certain ways may have a finite curl. The
following examples illustrate these points.

Example 2.6a
CURL-FREE FIELD WITH CIRCULAR FI.ELD LINES

The magnetic field in the region surrounding a current iin a long straight round wire
was seen in Eq. 2.4(2) to be Hy = [, /27r. If we write this in rectangular coordinates
using sin ¢ = y/r, cos ¢ = x/r, and r* = x* + y?, we get

. I Yy
H, = —Hysin ¢ = TimR + R ®)
I x
Hy—H"’COSd’—Em )
H =0 (10)

as can be seen from Fig. 2.6b. Since there is no z component and no dependence on z,
(6) shows immediately that the x and y components of the curl are zero. Substituting
(8) and (9) into (6) with F = H we obtain

0H, oH,
carlH =3%3— - — | =0 (11)
0x ay

This result is found more naturally and directly for this i)roblem using the expression
for the curl in cylindrical coordinates found inside the front cover:

10H, 0H, «| 0H  oH, 100H,)  10H
VX H=¢=-22_212 it ke 5 = _ 2%k
l-|:r ad 9z :| * d{ 0z ar} * z[r ar r d¢ (12)

Since there is only an H ; and no z dependence, the first two components vanish. The
r and ¢ components are the transverse ones corresponding to x and y components. Since
there is no H, and rH 4 does not depend upon r, we see that V X H = 0 as shown
above.

3 As with the divergence (footnote 4 of Chapter 1), one cannot take the cross product of
V and the vector to obtain the curl in a curvilinear coordinate system, but must use the
basic definition (1).
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A
dHs

Fic. 2.6b Resolution of H of a line current into rectangular components (Ex. 2.6a).

Example 2.6b
FIELD WITH NONVANISHING CURL

The magnetic field inside a uniform current with circular symmetry was seen in Ex. 2.4c
to be Hy(r) = Ir/ 2ma®. As in the preceding example, we see that the symmetries
indicate the presence of only the z component of the curl in (12). Also, the second term
in the z component is zero. Thus

1 o(rH 4,) . I
oo z mTa*

VXH-=1% (13)

N

Example 2.6¢
NONVANISHING CURL IN FIELD OF STRAIGHT PARALLEL VECTORS

A theoretically stable electron flow in a type of microwave electron tube called a planar
magnetron has an electron velocity distribution described by v = Zy and is shown in
Fig. 2.6¢c. We see there a vector function with all vectors straight and paralle]. It is
immediately evident by substitution of v in (6) that

.
e ——
.
b

N e

Fie. 2.6c Electron flow in planar magnetron (Ex. 2.6c).

A
v=2zy
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curl v = %[curl v], = & # 0 (14)

It is instructive to see, by using the line-integral definition of the curl (1) why this result
obtains. All vectors and their spatial variations are in the y—z plane, and (6) shows
there can be only an x component of the curl. Then we can write for a small area
AS = Ay Az |
[y + Ay) — u(y]Az

curl v, = lim ‘
[ ]'\ AS—>0 Ay Az

(15)

We see that the curl is nonzero because the velocity is larger on one side of the loop
than on the other. f

Example 2.6d i
CURL OF THE GRADIENT OF A SCALAR

Here we show the useful fact that the curl of the gradient of a scalar is zero. If we write

] E L a
Poveo g5 ¥
dx ay iaz

and substitute it in (6), we get

62 62 62 62 ‘ a?_ 62
vxF=g[ 28 - FE) g EE e (T8 T
dy dz 9z 9y 0z dx  dx 9z dxdy  dydx

Since the order of the partial derivative operations is arbit:ary V X F = 0. A partic-
ularly important example is the electrostatic field. The fact that V X E = 0 follows
immediately from either E = —V® or § E - dl = 0. We shall see in Chapter 3 that
these properties of E do not apply for time-varying fields.

2.7 CURL OF MAGNETIC FIELD

Now let us use the formulations of the last two sections to derive a new relation for
magnetic field. The line integral of H around an area AS, is substituted in the definition
of the curl, Eq. 2.6(1), to get

. $H-d
curl H]. = lim '
[ ]l ASi—0 AS,

But § H - dl is the current through the area AS; by Eq. 2.4(1) so

curl H|, = lim ————|=
[ ] ASi—0 AS;

J; ey

i
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This relation holds for all three orthogonal components. If these are multiplied by the
corresponding unit vectors and added, we get the vector relation

crlHE2V X H=] @)

This can be thought of as the equivalent of Eq. 2.4(1) for a differential path taken
around a point. Note that the curl H found in Eq. 2.6(13) is the current density, as
required by (2).

Example 2.7
CURRENT DENSITY AT SUPERCONDUCTOR SURFACE

If a sheet of superconductive material* is in a magnetic field H = 2H, parallel to its
surface, there is a penetration of H only a very short distance into the superconductor
as shown in Fig. 2.7. The decay of H_ with distance is given by

H, = Hye /" ©)

where H, is the value at the surface and A, called the penetration depth, is a property
of the material. We can find the corresponding current density using (2) and the

H
Hy
0 — — x
0 A 2\

Fie. 2.7 Penetration of magnetic field into a thick sheet of superconducting material.

4 Superconductors include lead, tin, niobium, and numerous other elements, alloys, and

compounds. They have zero dc resistance and other special properties below their crit-
ical temperatures. See, for example, V. Z. Kresin and S. A. Wolf, Fundamentals of Super-
conductivity, Plenum Press, New York, 1990.
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expansion in Eq. 2.6(6): ‘ !

BH, _Hy,
ox A,

J, = [curl H], = — /s

Thus, the current also is found only near the surface.

2.8 RELATION BETWEEN DIFFERENTIAL AND INTEGRAL FORMS
OF THE FIELD EQUATION§

The differential form relating magnetic field to current density was derived from the
integral form through the definition of curl. One can proceed in reverse by using
Stokes’s theorem, which states that for a vector function F,

?QF~dl=L(cur1F)-dSEL(VXF)-dS 1

This theorem is made plausible by looking at a general surface as in Fig. 2.8a, breaking
it into elemental areas. For each differential area, the contribution (V X F) - dS gives
the line integral about that area by the definition of curl. If contributions from infini-
tesimal areas are summed over the surface, the line integral must disappear for all
internal areas, since a boundary is first traversed in one direction and then later in the
opposite direction in determining the contribution from an adjacent area. The only
places where these contributions do not disappear are along the outer boundary, so that

Fic. 2.8a Subdivision of arbitrary surface for probf of Stokes’s theorem.
i
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the result of the summation is then the line integral of the vector around the boundary
as stated in (1). It is recognized that the process is similar to the transformation from

the differential to the integral form of Gauss’s law through the divergence theorem in
Sec. 1.11. Then writing Stokes’s theorem for magnetic field, we have

3gH-dl=L(VXH)-dS 2)

But, by Eq. 2.7(2), the curl may be replaced by the current density:

3§H-cu=fs1-ds ®

The right side represents the current flow through the surface of which the path for the
line integration on the left is a boundary. Hence (3) is exactly equivalent to Eq. 2.4(1).

Example 2.8a
DEMONSTRATION OF STOKES'S THEOREM

Let us demonstrate Stokes’s theorem for a magnetic field that is part of an electromag-

netic wave in a certain kind of transmission structure. The field at a particular instant
of time is described by

H = A cos % @)

We will apply (2) to the area shown in Fig. 2.8b where the field distribution (4) is
illustrated. The line integral of (4) along the broken path is

\\\\\\\\ AN \\\\\\\ \\\
1

Fic. 2.8b Area for integration of field H to demonstrate the validity of Stokes’s theorem
(Ex. 2.8a).
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a 1 0" 0
3€H-dl=f dex-l-f Hydy+f F:I_tdx+f H, dy

0 0 a 1

=0+Acosm+ 00— Acos0= —24

where the facts that H, = 0 and H, 7 f(y) are used.
The curl of H in rectanguiar coordinates is

0H, T . X
VXH=3—= —3A—sin—
ox a a

The integral of (6) over the surface bounded by the broken line in Fig. 2.8b is

a

a
T . TX m
f—A——sm—dx=Acos——
0 a a ' al,

= 24

L(VXH)-dS

Since (5) and (7) give the same results, Stokes’s theorem (1) is illustrated.
\

|

®)

©

M

Example 2.8b
PROOFTHATV -V X F =0

That V-V X F = 0 can be proved by using the expressilons in rectangular coordinates
as was done for V X Vi in Ex. 2.6d. Here we take a different approach that uses
Stokes’s theorem. Since Stokes’s theorem applies to any surface, we may treat the
surface shown in Fig. 2.8¢ and let the bounding line shrink to zero so the surface
becomes a closed one. Then the line integral on the left side of (2) vanishes and we

have

%(VxF)-dS=O
s

Line bounding
surface S

Fic. 2.8¢ Surface used in Ex. 2.8b.

@®
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We may then apply the divergence theorem (Sec. 1.11) to the vector V X F:
3§(VXF)-dS=JV-VXFa’V ®
s v

Since we saw in (8) that the left side is zero with an arbitrary choice of surface, the
integrand on the right side must vanish,
V-VXF=20 (10)

which was to be shown. This is a useful relation in the study of electromagnetic fields.

2.9 VECTOR MAGNETIC POTENTIAL

We introduce here another potential, which is often used as a conveniently calculated
quantity from which the magnetic field can be found. An integral expression for the

flux density can be obtained from Eq. 2.3(2) by multiplying by w for homogeneous
media:

ul'r’y dI' X R

Bir) = 47R?

1)
It is shown in Appendix 3 that this can be broken into two steps by making use of
certain vector equivalences. The result gives

B(r) = V X A(r) )

where
! 14 dll

The current may be given as a vector density J in current per unit area spread over a
volume V'. Then, since I = J dS, where dS is the differential area element perpendicular
to J, and dl is in the direction of J, dS d/ forms a volume element dV and the equivalent
to (3) is

[ ) av

In both (3) and (4), R is the distance from a current element of the integration to the
point at which A is to be computed. The function A, introduced as an intermediate step,
is computed as an integral over the given currents from (3) or (4) and then differentiated
in the manner defined by (2) to yield the magnetic field. Function A is called the
magnetic vector potential. Note that each element of A has the direction of the current
element producing it. It is analogous to the potential function of electrostatics, which
is found in terms of an integral over charges and then differentiated in a certain way to
yield the electric field. The magnetic potential A is different, however, because it is a
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vector, and does not have the simple physical significance of work done in moving
through the field that electrostatic potential has. Some physical pictures can be formed
but the student should not worry about these until more familiarity with the function
has been developed through certain examples.

Example 2.9a
VECTOR POTENTIAL AND MAGNETIC FIELD OF |A CURRENT ELEMENT

Here we show that the magnetic flux density of a current element found using (3) and
(2), in that order, is the same as the integrand of (1), which expresses Ampere’s law.
The magnetic vector potential A exists thronghout the iregion surrounding the given
current element, as shown in Fig. 2.9a. From (3) we find

ul dz

A=124A =1
z z 4qr

®

since the origin of coordinates is positioned at the current element. As noted earlier dA
is parallel to the current element producing it. It is most convenient to use spherical
coordinates in this example. From the figure we see that!d, = A, cos 6 and Ag= —A,
sin 6. The curl in spherical coordinates (from inside the front cover) reduces to

$[a |04,
B=VXA=-"|—(04y) — —F
r|or Ao a6 ©
since A, = 0 and 8/d¢ = 0, by symmetry. Substituting A, and A , using (5), we find
R dz\ sin 6
B=VxA=¢(’UJZ)Sm2 %)
4a r

Note thatdl’ X R is cf) dz r sin 0, so (7) is equivalent to the integrand in (1).

z

Fie. 2.9a Vector potential in region surrounding a current element.
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__APxy.0
-/
// /s I
— / _x=-a e —
dz v .
e T~ ¢
e AR
dz’ x=a —

I

FIG. 2.9b Parallel-wire transmission line.

Example 2.9b
VECTOR POTENTIAL AND FIELD OF A PARALLEL-WIRE TRANSMISSION LINE

Let us consider a parallel-wire transmission line of infinite length carrying current / in
one conductor and its return in the other distance 2a away. The coordinate system is
set up as in Fig. 2.9b. Since the field quantities do not vary with z, it is convenient to
calculate them in the plane z = 0. The conductors will first be taken as extending from
z = —Ltoz = L to avoid indeterminacies in the integrals. Since current is only in the
z direction, A by (3) will be in the z direction also. The contribution to A, from both
wires is

L wl dz’ L wl dz’
A-’ = 2 2 5 2 2 2
-L 477\/(x —a)y + y* + '* —-L 477\/(x + a) + y* +
_2u [ t Idz' t 1dz" }
da | Jo Vix — a + y* + 22 o V(x + a* + y? + 2

The intcgrals may be evaluated®:

Ip
A ==
: 2

— In[Z" + \/(x + a)® + y* + 2]}k

{In[z' + V(& — a? + y* + %]

Now, as L is allowed to approach infinity, the upper limits of the two terms cancel.
Hence

A=l [w] ®

T 4x x — a)? + y*

5 Most integrals of this text can be found in standard handbooks such as the CRC Hand-
book of Chemistry and Physics (any recent edition); M. R. Spiegel, Mathematical Hand-
book, Schaum'’s Outline Series, McGraw-Hill, 1968; or M. Abramowitz and |. A. Stegun
(Eds.), Handbook of Mathematical Functions, National Bureau of Standards Applied
Mathematics, Dover, New York, 1964. One of the most complete listingsis |. S. Gradshfeyn
and I. M. Ryzhik, Table of Integrals, Series, and Products (A. Jeffrey, Trans.), Academic
Press, San Diego, CA, 1980.
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If (2) is then applied, using the expression for curl in rec

felds

tangular coordinates, we find

_loA, T y _ y

Hx - u ay 2w [(X + 0)2 + y2 x — a)?- + y2] ©®)
104, I x—-—a | x+a

Hy —,LL x 2w I:(x —a) + y2 (x + a)? + y2:| (10

2.10 DISTANT FIELD OF CURRENT LOOP: M

The magnetic field on the axis of a loop of current was
will find the magnetic vector potential and field at locat

AGNETIC DIPOLE

derived in Ex. 2.3a. Here we

ons not restricted to the axis

but distant from the loop. The arrangement to be analyz
any point (r, 6, ¢) at which A is to be found, some curre;

ed is shown in Fig. 2.10. For

nt elements / dl’ are oriented

such that they produce components of A in directions other than the ¢ direction. How-
ever, by the symmetry of the loop, equal and opposite amounts of such components
exist. As a result A is ¢ directed and is independent of the value of ¢ at which it is to

be found. For convenience, we choose to calculate A at the
contribution of a differential element of current is

_ wpldl' cos @'
B 47R

point (r, 6, 0). The ¢-directed

@

Fic. 2.10 Coordinates for calculation of magnetic-dipole fields.
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where R is the distance from the element dl’ to (r, 6, 0). The total is found as the integral
around the loop

A = ﬂsgdl, cos ¢’ &F’Tcos ¢’ do’
¢ 4r R

4 Jo R @

where a is the radius of the loop. The distance R can be expressed in terms of the radius
from the origin to (r, 6, 0) as ’

R> = 1%+ a*> — 2racos ¢ 3)

To get ra cos i we note that » cos i is the projection of r onto the extension of the
radius line to dl'. Therefore

ra cos ¢ = ra sin 6 cos ¢’ C))

Substituting (4) into (3) and assuming r >> a, we find
1/2
a .
R =~ r<1 — 2 —sin 6 cos ¢')
-
or
R™! ~r—‘(1 + Zsin 6 cos qs') )
’

Utilizing this expression in (2), we find

3 ,uJa 2

Ay = J' (cos ¢ + 2 sin 6 cos? qb’) de’'
4qr Jg r

(6

_ ula amsin § _ w(ma*) sin 6
T dqr r B 412

As was noted at the outset the result applies to any value of ¢. The components of B,
found by substituting (6) in Eq. 2.9(2), are

2

B, = 'L;Iq:i cos 6 Q]
ma* .

B, = ";Jm_a sin 6 ®)

B, =0 ©)

The group of terms /7ra® can be given a special significance by comparison of (7)—(9)
with the fields of an electric dipole, Eq. 1.10(10). The identity of the functional form
of the fields has led to defining the magnitude of the magnetic dipole moment as

m = Ima® (10)

The dipole direction is along the # = 0 axis in Fig. 2.10 for the direction of I shown.
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The vector potential can be written in terms of the magnetic dipole moment m as

A=—F0mx V<1> (11)
41 r

where the partial derivatives in the gradient operation are with respect to the point of
observation of A.

2.11 DIVERGENCE OF MAGNETIC FLUX DENSITY
i
As given by Eq. 2.9(2) (derived in Appendix 3), the magnetic flux density B can be
expressed as the curl of another vector A when the sources of B are currents. We have

shown in Ex. 2.8b that the divergence of the curl of any vector is zero. Thus,
|

V-B=0 , {1

A major difference between electric and magnetic fields is now apparent. The mag-
netic field must have zero divergence everywhere. That is, when the magnetic field is
due to currents, there are no sources of magnetic flux which correspond to the electric
charges as sources of electric flux. Fields with zero divefgence such as these are con-
sequently often called source-free fields.

Magnetic field concepts are often developed from an exact parallel with electric fields
by considering the concept of isolated magnetic poles as sources of magnetic flux,
corresponding to the charges of electrostatics. The result of zero divergence then follows
because such poles have so far been found in nature only as equal and opposite pairs.
Physicists continue to search for isolated magnetic poles;f if they are found, a magnetic
charge density p,, will simply be added to the equations giving a finite V - B.

{

2.12 DIFFERENTIAL EQUATION FOR VECTOR MAGNETIC POTENTIAL
The differential equation for magnetic field in terms of chrrent density was developed
in Sec. 2.7:
VXH=]
If the relation for B as the curl of vector potential A is substituted,
VXVXA=u] | ¢))

This may be considered a differential equation relating Al to current density. It is more
common to write it in a different form utilizing the Laplacian of a vector function
defined in rectangular coordinates as the vector sum of the Laplacians of the three scalar
components: |

V2A = &V?A, + §V2A, + 2V24, )

It may then be verified that, for rectangular coordinates |
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VXVXA=-VA+ V(V-A) €))

For other than rectangular coordinate systems, separation in the form (2) cannot be done
so simply and (3) may be taken as the definition of V2 of a vector.
With V- A = 0, as shown in Appendix 3 for statics, (3) and (1) give

A = —pl )

This is a vector equivalent of the Poisson equation first met in Sec. 1.12. It includes
three component scalar equations which are exactly of the Poisson form.

Example 2.12
VECTOR POTENTIAL AND FIELD OF UNIFORM CURRENT DENSITY FLOWING AXIALLY

Let us show that the appropriate form for the vector potential in a uniform flow of
z-directed current in a circularly cylindrical system is

A;=—%%ﬁ+y% ®)
From (4) and (2),
1 1 (84, 8°A.
- = - 2 - = —— = "—_; = J 6
& P M(axz " ay2> 0 ©

From this we see that (5) is the appropriate form for vector potential in a cylindrical
conductor carrying a current of constant density J,. The magnetic field found from
(5) is
1 —J
H==(VXA=—"20 - 7
I 2
In cylindrical coordinates, this is
~ Jor
H=6T ®)

which is the value of Eq. 2.4(5).

2.18 SCALAR MAGNETIC POTENTIAL FOR CURRENT-FREE REGIONS

In many problems concerned with the finding of magnetic fields, at least a part of the
region is current-free. The curl of the magnetic field vector H is then zero for such
current-free regions [Eg. 2.7(2)]. Any vector with zero curl may be represented as the
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gradient of a scalar (see Ex. 2.6d). Thus the magnetic ﬂeld can be expressed for such

points as !

H= -V, | 1

where the minus sign is conventionally taken only to complete the analogy with elec-

trostatic fields. The vector potential applies to both cumrent-carrying and current-free

regions, but it is usually more convenient for the latter to use this scalar potential.
Since the divergence of the magnetic flux density B is everywhere zero,

V. uved, =0 ‘ 2)
Thus, for a homogeneous medium, ®,, satisfies Laplace’s equation
V2P, =0 ' ?3)
It will be observed from (1) that |
2 i
(DmZ - q)ml = —J’ H- dil (4)
1

Thus, if the path of integration encircles a current, ®,, does not have a unique value.
For if 1 and 2 are the same point in space and the path of integration encloses a current
I, two values of ®,,, differing by I, will be assigned to the point. To make the scalar
magnetic potential unique, we must restrict attention to regions which do not entirely
encircle currents. Suitable regions are called ‘‘simply connected’’ because any two
paths connecting a pair of points in the region form a loop which does not enclose any
exterior points. An example of a simply connected region between coaxial conductors
is shown in Fig. 2.13. The restriction to a simply connected region is not a serious
limitation once it is understood.

Fic. 2.13 Simply connected region between coaxial cylinders.
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The importance of the scalar potential for current-free regions is that it satisfies
Laplace’s equation, for which exist numerous methods of solution. The graphical and
numerical methods given in Chapter 1 for electrostatic fields are directly applicable, as
are the more powerful numerical methods, conformal transformations, and method of
separation of variables to be studied in Chapter 7.

2.14 BOUNDARY CONDITIONS FOR STATIC MAGNETIC FIELDS

The boundary conditions at an interface between two regions with different permea-
bilities can be found in the same way as was done for static electric fields in Sec. 1.14.
Consider a volume in the shape of a pillbox enclosing the boundary between the two
media as shown in Fig. 2.14. The surfaces AS of the volume are considered to be
arbitrarily small so that the normal flux density B, does not vary across the surface.
Also, the thickness of the pillbox is vanishingly small so that there is negligible flux
flowing through the side wall. The net outward flux from the box is

B,AS=B,AS o B, =B, (1)

nz

where the sense of B,, is as shown in the figure.
The relation between transverse magnetic fields may be found by integrating the
magnetic field H along a line enclosing the interface plane as shown in Fig. 2.14,

3gH-dI=H,1AI—H,,_Al=JSAZ @)

where J; is a surface current in amperes per meter width flowing in the direction shown.

Fic. 2.14 Magnetic fields at boundary between two different media.
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The lengths Al of the sides are arbitrarily small so H, may be considered uniform. The
other legs of the integration path are effectively reduced to zero length. From (2)
i

Hy, — Hp = J; | €)
There is a discontinuity of the tangential field at the boundary between two regions
equal to any surface current which may exist on the boundary. With direction
information included, where ii is the unit vector normal to the surface,

i x (H, - H) = I, @)

Although the concept of a surface current is an idealization, it is useful when the
depth of current penetration into a conductor is small, as in the skin effect to be studied
later. In problems involving the scalar magnetic potential, continuity of H, where J; =
0 is ensured by taking ®,, to be continuous across the boundary. Where surface currents
exist, (4) leads to !

AxX (VD,, — VO, ) = I, )
as may be seen by combining (3) with the definition of ®,,, Eq. 2.13(1).

2.15 MATERIALS WITH PERMANENT MAGNETIZATION
|
Permanent magnets have a remnant value of magnetization [defined in Eq. 2.3(3)] when
all applied fields are removed. Magnetic materials are discussed in more detail in Chap-
ter 13, but here we consider some examples with permanent magnetization M, and no
true current flow. There are two ways of analyzing such problems: through the scalar
magnetic potential and through the vector potential.

Use of Scalar Magnetic Potential Since current density J is zero, we may derive
H from a scalar potential as in Sec. 2.13:

H= -V, (€))
Now using the definition of magnetization from Eq. 2.3: 3,
B
H=—-M )
Mo

If the divergence of (2) is taken, with V -+ B = 0 utilized, we can write

Ve, = —b» 3)
Mo
where ‘
P = —mV M @

In this formulation we see that we have a Poisson equation for potential ®,,, with an
equivalent magnetic charge density in the region proportional to the divergence of
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magnetization. For a uniform magnetization, the divergence is zero and ®,, satisfies
Laplace’s equation. At the boundaries of the magnet, however, integration of (3) would
show that there is an equivalent magnetic surface charge density p,,, given by

Psm = I“LOﬁ M (5)

The arguments for this are similar to those for surface charge density p; when there is
a discontinuity in D, as explained in Sec. 1.14. We will illustrate this through an example
after giving a formulation using the vector potential.

Use of Vector Magnetic Potential If we write B as curl of vector potential A as
in Eq. 2.9(2) and use the definition of magnetization,

B=pyMH+M)=VXA (6)
we can take the curl of this equation, using V X H = 0 since J = 0, to write
VXV XA=plg, @)
where
Jo =V XM (8)

So by comparison with Eq. 2.12(1), the problem is equivalent to one with internal
currents in free space proportional to the curl of magnetization. Inside a region of
uniform magnetization, the curl is zero and there are no internal currents. At the bound-
ary of the magnetic material, a surface integral of (8) over the area enclosed by the path
used to get Eq. 2.14(2) and application of Stokes’s theorem give

§;M-dl=fJeq-ds
N

In the same way as for Eq. 2.14(4), this gives an equivalent surface current
Js =M X & ©

since M = 0 outside the magnetic material. So in this formulation the magnet is re-
placed by a system of volume and surface currents from which magnetic field may be
found through use of the vector potential, or directly by using Ampére’s law. Example
2.15b illustrates this procedure.

Example 2.15a
UNIFORMLY MAGNETIZED SPHERE

Consider first a sphere of magnetic material with uniform magnetization M, in the z
direction as in Fig. 2.15a using the method with scalar magnetic potential. Since M is
uniform, there is no volume charge by (4), but if space surrounds the sphere, there is
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I
|
i
|
\

-

Fic. 2.18a Sphere of radius @ with uniform magnetization 2M,,. Field lines (H or B) outside
the sphere shown dashed.

a surface magnetic charge density at » = a given by
Psm = I*LOMO cos 8 (10)

Solutions of (3), in spherical coordinates with a variation corresponding to (10) and
p,, = 0, are

Cr :
®,,=—cos b r<a
a

. an

D, = ") cos 0 r>a

as can be verified by substitution in the expression for V2<‘I> = ( in spherical coordinates
on the inside front cover. The surface magnetic charge given by (10) gives a disconti-
nuity in derivative,

acI)mZ acpml _
p,OI: o o l:a = ,LLOA!do cos 6 (12)
from which i
Mga
C = —3— . 13

Thus for r < a, using (1) in spherical coordinates

J
M, ) M
H=-?°[f'cose—0sine]%—z—39 (14)
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which is a uniform field within the sphere. For rr > a,

My A
H = 30‘; [2¢ cos 6 + O sin 6] (15)
.

which are curves (shown dashed in Fig. 2.15a) similar to those outside a magnetic
dipole (Sec. 2.10).

Example 2.15b
ROUND ROD WITH UNIFORM MAGNETIZATION

A circular cylindrical bar magnet of length / having uniform magnetization in the axial
direction is shown in Fig. 2.15b. Using the second formulation given above, we see
from (8) that there are no equivalent volume currents since V. X M = 0, but there is
a surface current at the discontinuous boundary r = a:

J, = M, (16)

We see that this problem is then identical to that of the solenoid of length / with current
per unit length given by (16) insofar as the calculation of A (and hence B) is concerned.
As noted in Ex. 2.3c, it is difficult to calculate field lines for an off-axis point, but B
lines will appear somewhat as shown dashed in Fig. 2.15b. Lines of magnetic field H
will be of the same form outside the magnet, but will be of different form inside through
the vector addition H = B/u, — M.

_ -~
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Fic. 2.15b Cylinder of radius ¢ and length ! with magnetization ZM,. Flux density lines B
shown dashed. (H lines are of the same form outside the magnet.)




166 Chapter 2 Stationary Magnetic Fields

Magnetic Field Energgy

2.16 ENERGY OF A STATIC MAGNETIC FIELD

In considering the energy of a magnetic field, it would appear by analogy with Sec.
1.22 that we should consider the work done in bringing| a group of current elements
together from infinity. This point of view is correct in principle, but not only is it more
difficult to carry out than for charges because of the vector nature of currents, but it
also requires consideration of time-varying effects as shown in references deriving the
relation from this point of view.5 We will consequently set down the result at this point,
waiting for further discussion until we derive a most important general energy rela-
tionship in Chapter 3. The general relation for nonlinear materials, corresponding to
1.22(9) for electric fields, is i

dUH=JH-dBdV ; )
\4

where dUy is the energy added to the system when B|is changed by a differential
amount (possibly different amounts for different positionsjwithin the volume). For linear
materials, H is proportional to B so (1) may be integrated over B to give

Il

1 |
UH=5LB-HdV:J'V—2P—'I:12dV @

The analogy to Eq. 1.22(6) is apparent, and here also |we interpret the energy of a
system of sources as actually stored in the fields produced by those sources. The result
is consistent with the inductive circuit energy term, L%, when circuit concepts hold
and will be utilized in the following section.

Example 2.16a
ENERGY STORAGE IN SUPERCONDUCTING SOLENOID

It has been proposed that energy stored in large superconducting coils be used to meet
peaks in electric power demand. Superconducting coils :are chosen because their zero
dc resistance allows very large currents to be carried with zero power loss (though, of
course, refrigeration power must be supplied). To be useful such a storage system must
be capable of providing about 50 MW for 6 hours, thatiis, storing an energy of about
10° MTJ. Let us assume the coil is a solenoid and that the field is uniform, and we wish
to find the required coil properties and current. The field from Eq. 2.4(7) is H, = nl so

& J. A Stratton, Electromagnetic Theory, pp. 118-124, McGraw-Hill, New York, 1941.



2.16 Energy of a Static Magnetic Field 107

B, = unl. The energy from (2), for volume V, is
Uy = bp(nl?V

For a realistic current of 1000 A and flux density of 15 T, a coil of 27-m diameter and
20-m length with 1.2 X 10* turns/m would give the required energy. The most prom-
ising coil shape is actually a toroid but it would have dimensions and currents of the
same magnitude as calculated in this example.

Example 2.16b
ENERGY DISSIPATION IN HYSTERETIC MATERIALS

We will see here how energy loss in hysteretic materials can be explained in terms of
their nonlinear B—H relations. A typical hysteretic relation is shown in Fig. 2.16. We
will assume an isotropic material so that B - H = BH. The energy required for one
traversal of the loop by varying H from a large negative value to a large positive value
and back again can be found from (1). The differential energy is shown as a shaded
bar on the hysteresis loop in Fig. 2.16. When the field is decreased, a portion of the
energy indicated by the part of the bar outside the loop is returned to the field. The
result of integrating around the loop is that total expended energy per unit volume is
equal to the area of the loop.

dB

Fic. 2.16 Hysteretic, nonlinear B—H relation.
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2.17 INDUCTANCE FROM ENERGY STORAGE] INTERNAL INDUCTANCE

It was shown in Sec. 2.16 that the magnetic energy rjnay be found by integrating an
energy density of 3uH? throughout the volume of significant fields. From a circuit point
of view, this is known to be 3LI?, where I is the instantaneous current flow through the
inductance. Equating these two forms gives |

!
EBmeav, )

11?2 =
2 v 2

The form of (1) is useful as an alternate to the flux linkage method of calculating
inductance given in Sec. 2.5. It is especially convenient for problems that would require
consideration of partial linkages if done by the method of flux linkages. Problems of
calculating internal inductance, defined in Sec. 2.5, are of this nature.

Example 2.17
INTERNAL INDUCTANCE OF CONDUCTORS WI(TH UNIFORM CURRENT
DISTRIBUTION IN A COAXIAL TRANSMISSION LINE

As an example of the use of the energy method of inductance calculation, we will find
the internal inductances for the two conductors of a coaxial transmission line under the
assumption that the current is distributed uniformly in the conductors. The result for
the inner conductor applies more generally to any straight, round wire with a uni-
form current distribution. The magnetic field in the inner conductor of Fig. 2.4b
(Ex. 2.4c) is

Ir
H¢ = 2 ara? r< Cl‘ (2
For a unit length, utilizing (1), |
e = [ 2 Y .
sLlI? = | = -dr = - —
2 02 <2m2> 2mrdr = g ©
or i
L= g—‘; H/m | @
The magnetic field in the outer conductor (Prob. 2.4a) is
H) = —L (21,
27w(c? — V) \r ! )

Substituting (5) in (1) we find

_ p | c*Inc/b N b — 3c2
27 | (c® — B2 4(? - b))

] H/m (6)
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For frequencies low enough to assume uniform current distribution in the conductors,

the total inductance per unit length for the coaxial line is the sum of (4), (6), and
Eq. 2.5(6).

2.2a

2.2b

2.2¢

2.2d*

PROBLEMS

Assuming that each electron constituting the current in a differential length of conduc-
tor is acted on by a force —ev X B, show that the total force is equal to that given by
Eqg. 2.2(1). How is the force on the electrons transferred to the structure of the wire?

The Hall effect uses motion of charges in crossed fields within a semiconductor as
shown in Fig. P2.2b to measure important properties of a semiconductor. Consider a
p-type material so that the charge carriers are holes of charge + e. Electric field £, ap-
plied in the x direction causes a current /, = wdaF, to flow. The magnetic field causes
a buildup of positive charge on the plate at y = 0 and an equal negative charge on the
top plate because of the velocity uyE, of the holes. The field produced by these charges
on the bottom and top plates Ey is exactly of the magnitude to counteract the ev X By
force on the holes so that, in steady state, the flow is only in the x direction. Show how
the Hall mobility ;4 can be determined from measurement of /. and Vy,.

Fic. P2.2b

Show the following:
AXB+CO=AXB+AXC
AX(BXC)=BA-C) —CA-B)
A-BXC)=B-(CxA)=C-(AXB)

Cycloidal motion can occur when a particle of charge g and mass m is placed in crossed
electric and magnetic fields. To demonstrate this, take a uniform electric field Ej; in the
y direction and uniform magnetic flux density By in the x direction. The charge starts at
the coordinate origin at time t = 0 with zero velocity. Show that the trajectory can be
written in the form (z — Rwyt)® + (y — R)? = R?, where R = Ey/wyBg and w, =
gB,/m. Explain the motion.
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2.3a A loop of wire is formed by two semicircles, the inner of radius a and the outer of
radius b, joined by radial line segments at ¢ = 0 and ¢ = w (Fig. P2.34). Find the
magnetic field at the origin.

Fic. P2.3a

i

2.3b Direct current /, flows in a square loop of wire having sides of length 2a. Find the
magnetic field on the axis at a point z from the plane of' the loop.

2.3c Represent a solenoid of finite length L and radius @ having n turns per meter by a con-
tinuous sheet of circumferential current. Find the axial magnetic field at the center of
the solenoid and determine the length for which the field is one-half that of the infinite
solenoid.

2.3d Show that the magnetic field on axis of a long solenoid|at the ends is half the value for
an infinite solenoid.

2.3e An arrangement that can provide a region of relatively uniform fields consists of a pair
of parallel, coaxial loops; the uniform-field region is on the axis midway between the
loops. Show that the axial magnetic field, expressed as a Taylor series expansion along
the axis about the point midway between the coils, will have zero first, second, and
third derivatives if the loop radii a are equal to the spacing 4 of the loops. This is the
so-called Helmholtz configuration.

2.4a For the coaxial line of Fig. 2.4b, find the magnetic field for b < r < ¢, assuming that
current is distributed uniformly over the conductor cross section.

2.4b A certain kind of electron beam of circular cross section contains a current density J. =
Joll — (r/a)*]. Find H 4(r) inside the beam.

2.4c Express the magnetic field about a long line current in rectangular coordinate compo-
nents, taking the wire axis as the z axis, and evaluate § H - dl about a square path in the
x—y plane from (—1, —1)to (1, —1) to (1, 1) to (— lj 1) back to (—1, —1). Also
evaluate the integral about the path from (—1, 1) to (1} 1) to (1, 2) to (—1, 2) back to
(—1, 1). Comment on the two results. ‘

2.4d A long thin wire carries a current /, in the positive z di:rection along the axis of a cylin-
drical coordinate system as shown in Fig. P2.4d. A thip rectangular loop of wire lies in
a plane containing the axis. The loop contains the region0 <z =< b, R — g/2 =r <
R + a/2 and carries a current I, which has the direction of I, on the side nearest the

|
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2.6a
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2.7
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Fie. P2.4d

axis. Find the vector force on each side of the loop and the resulting force on the entire
loop.

Consider a round straight wire carrying a uniform current density J throughout, except
for a round cylindrical void parallel with the wire axis so that the cross section is con-
stant. Call the radius of the wire c, the radius of the hole b, and the distance of the
center of the hole from the center of the wire a. Take b < a <cand b < ¢ ~ a. Use
superposition to find the field H as a function of position along a radial line through the
center of the hole for all values of radius from the center of the wire.

A demonstration can be given that a thin metal tube can be crushed by magnetic forces
by passing current through it. Take the radius of the tube to be 2 cm and the magnetic
field at which failure of the metal occurs as 9 Wb/m?. (i) What is the maximum current
that could flow axially along the tube before it would be crushed by the magnetic forces
arising from this current? (ii) What is the force per unit area on the surface of the tub-
ing under this condition?

For an infinitely long cylindrical hollow pipe of any cross section carrying current along
the pipe, magnetic field within the hollow portion is zero. Show why.

A coaxial transmission line with inner conductor of radius @ and outer conductor of

radius b has a coaxial cylindrical ferrite of permeability w, extending from r = a to
r = d (with d < b), and air from radius 4 to b. Find the external inductance per unit
length.

Find the curl of a vector field F = %x%z2 + §y%2® + 2x%2
By using the rectangular coordinate forms show that

VX WF)=yVXF-FXVy
where F is any vector function and ¢ any scalar function.
Derive the expression for curl in the spherical coordinate system.

For the coaxial line of Fig. 2.4b, express the magnetic field found in Ex. 2.4b and Prob.
2.4a in rectangular coordinates and find the curl in the four regions, r < a,a <r <,
b <r <c¢,r>c. Comment on the results.

Show that V X Vi = 0 by integrating over an arbitrary surface and applying Stokes's
theorem.



112 Chapter 2 Stationary Magnetic Fields

2.9a Check the results Eqgs. 2.9(9) and (10) by adding vectorially the magnetic field from the
individual wires, using the result of Ex. 2.4a.

2.9b* A square loop of thin wire lies in the x—y plane extending from (—a, —a) to (a, —a)
to (a, a) to (—a, a) back to (—a, —a) and carries current / in that sense of circulation.
Find A and H,, for any point (x, y, z).

2.9¢* A circular loop of thin wire carries current /. Find A for:a point distance z from the
plane of the loop, and radius r from the axis, for r/z << 1. Use this to find the expres-
sion for magnetic field on the axis.

2.9d Show that the line integral of vector potential A about a closed path is equal to the

magnetic flux enclosed, .
% A-dl = J B-dS
s

Apply this to find the form of A inside the long solenoid of Ex. 2.4d.

2.9e For an infinite single-wire line of current, show that A, as calculated in Ex. 2.9b is in-
finite. Then show that if vector potential is calculated for a finite length —L <z <L
and B calculated from this before letting L approach infinity, the correct value of B is
obtained. |

2.9f As an exercise in using the vector potential, consider a fvery long thin conducting sheet
having a width b carrying a uniformly distributed direc? current / in the direction of its
length. Show that if the sheet is assumed to lie in the x~z plane with the z axis along its
centerline, the magnetic field about the strip will be given by

b/2 +x . _ b/2—x
Ho= —-L (an1 2222 i W22
1 (/2 + x> + y*| |
H =—n|22"—= "7 |
T Amp [(b/Z - 2% + y?

2.10 Show that the torque on a small loop of current can be|expressed as 7 = m X B.
2.12a Show that VA = 0 for the vector potential around a ﬁair of currents, Eq. 2.9(8).
2.12b Use the rectangular coordinate forms to prove Eq. 2.12;(3).

2.12c A certain current density is said to produce within itself a vector potential having the
form A = #Cr 2 in circular cylindrical coordinates where C is a constant. Find the
divergence of A, current density, and magnetic field, assuming the medium to be free
i
space.

2.12d We saw in Ex. 2.7 that magnetic field in a supercondubtor decays from the surface as
H, = Hye /*

where z is parallel to the plane of the surface and x is i)erpendicular to the surface. Find
the corresponding vector potential A, and from it the current density comparing with
the result of Ex. 2.7.

2.13a Show whether either of the following vector fields can be obtained from a scalar poten-
tial, and give the potential function if applicable: f

F
F

I

%3y%z + §6xyz + 23y
Wy + §2x + 34 |

Il
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Find the form of scalar magnetic potential for the region between conductors as shown
in Fig. 2.13, defined for the region 0 < ¢ < 27; similarly for the region outside the
outer conductor. Current / flows in the inner conductor and the return current in the
outer one.

Consider the boundary between free space and a plane superconductor with nearby par-
allel line current / at x = 4. It is the nature of a superconductor that when placed in a
weak magnetic field, currents flow in such a way as to eliminate flux inside the super-
conductor so that B, at the surface is zero, as is the tangential / inside the supercon-
ductor. Show that fields in the free-space region x > 0 can be found by replacing the
superconductor with an image current at x = —d carrying current —/. Find the mag-
netic field at x = 0+ and from this the surface current density J,.

For the problem of Fig. 2.15b, what magnetic charge distribution would be obtained for
the formulation in terms of equivalent magnetic charges? How would this be modified
if magnetization is inhomogeneous as defined below?

M = M1 + k2)
Show that Eq. 2.16(1) leads to (2) for linear, isotropic materials.

Assume that the material having the B—H relation shown in Fig. 2.16 saturates at B =
1000 G and estimate graphically the energy per unit volume for one complete traversal
of the hysteresis loop.

Find the external inductance per unit length for the arrangement of Prob. 2.5 from en-
ergy considerations.

Find the internal inductance per unit length for the parallel-plane transmission line of
Fig. 2.5¢ if current is assumed of uniform density in each of the conductors.



3.1 INTRODUCTION

The laws of static electric and magnetic fields have been studied in Chapters 1 and 2.
It has been noted that these are useful in predicting effects for many time-varying
problems, but there are important dynamic effects not gilescn'bed by the static relations,
so other time-varying problems require a more complete formulation. One important
dynamic effect is the generation of electric fields by time-varying magnetic fields as
expressed through Faraday’s law. A second is the complementary effect whereby time-
varying electric fields produce magnetic fields. This latter effect is expressed through
the concept of displacement current, introduced by Maxwell.

Faraday’s law is well known to us through its importance in transformers, motors,
generators, induction heaters, and similar devices. The effect can be simply demon-
strated by moving a coil of wire through the field of a strong permanent magnet and
noting the trace on an oscilloscope connected to the coil (Fig. 3.1a). With readily
available magnets and practical numbers of turns in the coil, movement by hand will
generate millivolts, and such voltages are readily observed on the oscilloscope. An
alternative demonstration utilizes an electromagnet with its flux threading a fixed coil.
A switch to turn on and off the current in the electromagnet causes buildup and decay
of the magnetic field and generates the voltage to be observed.

The above-described demonstrations and useful devices utilize induced effects in
conductors. An interesting example showing that changing magnetic fields induce elec-
tric fields in space is that of the betatron. This useful particle accelerator, illustrated in
Fig. 3.1D, accelerates electrons or other charged particles by means of a circumferential
electric field induced by a changing magnetic field between poles N and S of an elec-
tromagnet. The charges are in an evacuated chamber, clearly illustrating that Faraday’s
law applies in space as well as along conductors.

The second dynamic effect, referred to above as a displacement current effect, is
probably best known to us through the concept of a capacitance current. We may,
however, think of this only as current in the conductors to capacitor terminals, supplying
the time rate of change of charge on capacitor plates. We shall see that the changing
electric flux in the dielectric between plates contributes to magnetic fields, just as does
conduction current, and acts to complete the current path. Displacement currents also

114
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Fic. 3.1a Experimental arrangement to demonstrate the induced voltage predicted by Faraday’s
law. Coil can be moved with sufficient speed by hand to display the induced voltage on a simple
oscilloscope.

exist in the vicinity of moving charges, and so are important in vacuum tubes or solid-
state electron devices. For example, time-varying effects in the Schottky barrier of
Ex. 1.4a or the pn junction of Sec. 1.16 produce displacement currents in the respective
depletion regions. Effects of these displacement currents must be understood in the
analysis of devices using such junctions.

There is a far-reaching consequence of the fact that changing magnetic flux density
produces a change in electric field and vice versa: it leads to propagation of electro-

Fic. 3.1b Schematic illustration of a betatron, which is used to accelerate electrons by means
of an electric field induced by a changing magnetic field.
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magnetic waves. In general, wave phenomena result when there are two forms of en-
ergy, and the presence of a time rate of change of oneileads to a change of the other.
In a sound wave, for example, an initial pressure variation in air (potential energy) in
one location causes a motion of the air molecules (kinetic energy) that varies both in
time and in space. This builds up excess pressure at another position, and the effect
continues. Similarly, changing the magnetic field (or flux density) at one position gen-
erates a change of electric field in both time and space, by Faraday’s law. The subse-
quent change of electric field produces a change of magnetic field through the displace-
ment current, and so on. In energy terms, the energy mterchanges between electric and
magnetic types as the wave progresses.

Electromagnetic waves exist in nature in the radiation that takes place when atoms
or molecules change from one energy state to a lower one, with frequencies from the
microwave through visible into x-ray regions of the spectrum. (Still lower frequencies
are generated by lightning and other natural fluctuations.) These natural radiations are
utilized in astronomy and radio astronomy. Telecommunications, navigational guid-
ance, radar, and power transmission depend upon our ability to generate, guide, store,
radiate, receive, and detect electromagnetic waves. This involves many kinds of struc-
tures whose properties the designer must be able to predict. The complete set of laws
for time-varying electromagnetic phenomena is known: as Maxwell’s equations and is
central to such predictions. 1

Large-Scale and Differential Forms of Maxwell's Equations

3.2 VOLTAGES INDUCED BY CHANGING MAGNETIC FIELDS

Faraday discovered experimentally that a voltage is induced in a conducting circuit
when the magnetic field linking that circuit is altered. The voltage is proportional to
the time rate of change of magnetic flux linking the circuit. For a circuit of n turns, the
induced voltage V can be written ’

A

V =
n—- dr

1)
where 1, is the magnetic flux linking each turn of the ?coil. This equation may be used
directly to find the voltage induced in the secondary coil of a transformer, for example,
or to find the voltage induced in a single circuit because of a time-varying current
interacting with the self-inductance of that circuit. For an electric machine, such as a
generator or a motor, the change in flux linkages to be used in (1) may be found from
the movement of the coil of the machine through a spatially variable magnetic field.
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Faraday’s experiments included both stationary and moving systems. The question of
moving systems may be approached in several ways and will be discussed more in the
following section.

One very important generalization of (1) is to a path in space or other nonconducting
medium. Such an extension is plausible since the resistance of the path does not appear
in the equation. Nevertheless the extension should have experimental verification and
it does. Much of the experimental support comes from the wave behavior to be studied
in the remainder of the book. As described in Sec. 3.1, the betatron! accelerates charged
particles in a vacuum by means of an electric field induced by a changing magnetic
field, as predicted by Faraday’s law. (See Prob. 3.2c.)

Before defining Faraday’s law more precisely, we should be clear about several
definitions. By voltage between two points along a specified path, we mean the negative
line integral of electric field between the points along that path. For static fields, we
saw that the line integral is independent of the path and equal to the potential difference
between the two points, but this is not true when there are contributions from Faraday’s
law. When there is a contribution from changing magnetic flux, the voltage about a
closed path is frequently called the electromotive force (emf) of that path.

emf = voltage about closed path = —3€ E-dl 2)

It is equal, by Faraday’s law, to the time rate of change of magnetic flux through the
path. For a circuit which is not moving,

§E-dl=~%=—-a— B-dS 3)

ot at Js
where the flux i, is found by evaluating the normal component of flux density B over
any surface which has the desired path as its boundary, as indicated by the last term in
(3). The negative sign is introduced in the law to agree with the sense relations revealed
by experiment, using the usual right-hand convention in the integrals of (3). Thus, as
in Fig. 3.2a, if the rate of change of flux is positive in the directions shown by the
vertical arrow, the line integral will be positive in the direction shown-—opposite to the
conventional right-hand positive direction. If there are several turns, the line integral
of (3) is taken about all of them, and if flux through each is the same, we have the form
first stated in (1).

T D. W. Kerst and R. Serber, Phys. Rev. 60, 53 (1941).

Sense of positive %t

Positive sense Sense
righIoLand of positive
convention §E «dl

Fic. 3.2a Sense relations for Faraday’s law.
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To transform (3) to differential equation form, we ca‘n apply Stokes’s theorem /Sec.
2.8) to the left side of (3) and move the time differentiation inside the integral:
B
[oxp as=-[2.as )
s s ot |
For this equation to be valid for an arbitrary surface, the integrands must be equal so
that !

B
VXE=-—a— § &)

ot
Faraday’s law (4) of course reduces to the static case when time derivatives are zero
and, as we saw in Sec. 1.7, the line integral of electric field about a closed path is then
zero. For the time-varying field it is not in general zero, showing that work can be done
in taking a charge about a closed path in such a field. This work comes from the
changing stored energy of the magnetic field. |

Example 3.2 |
AIR BREAKDOWN FROM INDUCED ELECT ROMOITIVE FORCE

Consider the possibility of an ionizing breakdown in air because of electric fields gen-
erated by changing magnetic fields. An axially symmetric electromagnet (Fig. 3.2b) has

Fic. 3.2b Electromagnet with time-varying current producing a time-varying magnetic field.
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radius 0.20 m and has essentially uniform field up to this radius and negligible field
beyond it. Suppose that it is desired to raise magnetic field from zero to 10 T (tesla)
linearly with time in as short a time 7 as possible without such breakdown. Because of
the axial symmetry we can write Faraday’s law for a loop of radius r as
aB, B
2arEy| = mr? —= = g2 2 6

Il ¢,l Th % i . 6)
Electric field is thus maximum at the outer radius of 0.20 m. If we take breakdown
strength of air as 3 X 10% V/m, then

T= oo S o o e = MS )

3.3 FARADAY'S LAW FOR A MOVING SYSTEM

For the use of Eq. 3.2(1) for a moving system, one must find the change of magnetic
flux threading a circuit as it moves through the field. A simple and classical example
is that of an elemental ac generator as pictured in Fig. 3.3a. This indicates a single
rectangular loop rotating at constant angular frequency ) in the uniform field B, be-
tween the two pole pieces. When the plane of the loop is at angle ¢ with respect to the
horizontal axis, the magnetic flux passing through it is

U, = 2Bgal sin ¢ (€))
But angle ¢ changes with time and may be written ). Thus
¥,, = 2Bgal sin 2)

And if voltage is the rate of change of this flux (neglecting signs),

Fic. 3.3a Elemental generator with rotating loop between permanent magnets.
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dl’[l‘“ = 20)Byal cos Qt 3)

V=

Thus we see the sinusoidal ac voltage produced by thzis basic generator. Now let us
introduce a slightly different point of view to get the same answer. A point of view
used effectively by Faraday is that the electric field of thq moving conductor is generated
by its motion through, and hence ‘‘cutting’’ of, the lines of force. Faraday gave much
physical sigificance to the flux tubes and lines of force This point of view can be
developed rigorously by writing the time derivative on the right side of Eq. 3.2(3) as a
total derivative instead of a partial derivative:

3€E dl~——fB dS )

For a closed path moving in space with velocity v, this may be transformed by a vector
transformation developed by Helmholtz,? which, with V- B = 0, is

B
%E-dl*—”—-L[E—VX(VXB):l (5)

|
The first term on the right is the one we have seen before. The second term gives an
added contribution to emf and, by use of Stokes’s theofem, may be written as the line
integral of v X B about the closed path. The result may be interpreted as a motional
electric field given at each point of the circuit path by |

E,=vXB )
In the example of Fig. 3.3a, the motional field in the upper conductor, by (6), is
E,, = (@B, cos ¢ | %)

That in the lower conductor is the negative of this. There is no motional field along the
side elements since v X B gives a contribution normal to the wires for these sides.
Thus the line integral about the loop yields

56 E - dl = laQB, cos i — (—1aQB, cos &[)t) = 2laQ)B, cos (it &)

which is identical to (3). '

The differential form of Faraday’s law, Eq. 3. 2(5) may be transformed to a set of
moving coordinates with the same result. This may be done by a Galilean transformation
for low velocities and by a Lorentz transformation for relativistic velocities.? Although
relativity is beyond the scope of this text, it is important to know that Maxwell’s equa-
tions are consistent with the theory of relativity, although Einstein developed that theory
later. Their invariance to Lorentz transformations, in fact, had much to do with the
development of the theory of special relativity. '

{

2 See, for example, C. T. Tai, Proc. |[EEE 60, 936 (1972).
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XL

<

Fie. 3.3b Rectangular loop of wire moving through magnetic field which varies with distance.

Example 3.3
RECTANGULAR LOOP MOVING THROUGH INHOMOGENEOUS FIELD

If a loop of wire is moved through a region of static magnetic field which is a function
of position, the flux threading the loop changes as the loop moves and an emf is gen-
erated. Consider the rectangular loop of wire (Fig. 3.3b) translated in the x direction
with velocity v through a z-directed static magnetic field which varies linearly with x,
B. = Cx. If the left-hand edge is at x = Q at ¢t = 0, it is at x = vt at time ¢, and the
magnetic flux threading the loop is

5 vi+a

vt+a
fB~ds=bf Cxdx = bC =
S vt 2

= 13%9 Qut + a) ()]

vt

The induced emf is then the time rate of change of this flux,
d
—OE-dl =— | B-dS = baCv (10)
dt s
This result can be checked by finding the motional field in the four sides using (6). The

field v X B is normal to the wires along the top and bottom. On the left it is —vCx
and on the right side, —vC(x + a). Thus the integral is

—§ E-dl = vCb(x + a) — vChbx = baCv (11
agreeing with the result (10).

3.4 CONSERVATION OF CHARGE AND THE CONCEPT
OF DISPLACEMENT CURRENT

Faraday’s law is but one of the fundamental laws for changing fields. Let us assume
for the moment that certain of the laws derived for static fields in Chapters 1 and 2 can
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be extended simply to time-varying fields. We will writé the divergence of electric and
magnetic fields in exactly the same form as in statics, with the understanding that all
field and source quantities are functions of time as well as of space. For the curl of
electric field we take the result of Faraday’s law, Eq. 3.2(5). For the curl of magnetic
field, we take for the time being the form from statics, Eq. 2.7(2).

V-D=op | (1)
V-B=0 \ @)
|
B
VXE=-— 3)
VXH=] )

An elimination among these equations can be made to give an equation relating
charge and current. We would expect this to show that however p varies with space or
time, total charge is conserved. If current flows out of any volume, the amount of charge
inside must decrease, and if current flows in, charge inside increases. Considering a
smaller and smaller volume, in the limit the outward flow of current per unit time and
per unit volume (which is recognized as the divergence of current density) must give
the negative of the time rate of change of charge per unit volume at that point:

ap ‘

V.J:—.E ‘ (5)

If, however, we take the divergence of J from (4),
V-J=V-VXH=0

which does not agree with the continuity argument and (5). Maxwell, by reasoning
similar to this, recognized that (4), borrowed from statics, is not complete for time-
varying fields. He postulated an added term oD/ar: |
oD
VxH=]+— 6
d or ! ©
Continuity is now satisfied, as may be shown by taking the divergence of (6) and
substituting from (1): |
d L dp
V.-]= —(V-D) = -£
1 or v ) L or
The term added to form (6) contributes to the curl of !magnetic field in the same way
as an actual conduction current density (motion of charges in conductors) or convection
current density (motion of charges in space). Because it arises from the displacement
vector D, it has been named the displacement current/term. There is an actual time-
varying displacement of bound charges in a material dielectric, but note that displace-
ment current can be nonzero even in a vacuum. Thus (6) could be written

v><}]:=.]'<:‘*'.]‘c|t (7)
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where J. = conduction or convection current density in amperes per square meter and
Jq = displacement current density = 9D/dt amperes per square meter.

The displacement current term is important within the dielectric of a capacitor when-
ever the capacitive voltage changes with time. It also always plays a role when moving
charges induce currents in nearby electrodes. Both of these phenomena will be explored
in the following section. Displacement current is negligible for many other low-
frequency problems. For example, it is negligible in comparison with conduction cur-
rents in good conductors up to optical frequencies. (This point will be explored more
in Sec. 3.16.) But displacement current becomes important in more and more situations
as the frequency of time-varying phenomena is increased. It is essential, along with the
Faraday law terms for electric field, to the understanding of all electromagnetic wave
phenomena.

3.5 PHYSICAL PICTURES OF DISPLACEMENT CURRENT

The displacement current term enables one to explain certain things that would have
proved inconsistent had only conduction or convection current been included in the
magnetic field laws. Consider, for example, the circuit including the ac generator and
the capacitor of Fig. 3.5a. Suppose that it is required to evaluate the line integral of
magnetic field around the loop a~b—c~d—a. The law from statics states that the result
obtained should be the current enclosed, that is, the current through any surface of
which the loop is a boundary. If we take as the arbitrary surface through which current
is to be evaluated one which cuts the wire A, as does S, a finite value is clearly obtained
for the line integral. But suppose that the surface selected is one which does not cut the
wire, but instead passes between the plates of the capacitor, as does S,. If conduction
current alone were included, the computation would have indicated no current passing
through this surface and the result would be zero. The path around which the integral
is evaluated is the same in each case, and it would be quite annoying to possess two
different results. It is the displacement current term which appears at this point to

Sy b
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Fic. 3.5 Illustrations of how displacement current completes the circuit: (@) in a circuit with
capacitor; (b) near a moving charge.
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preserve the continuity of current between the plates of tile capacitor, giving the same
answer in either case. !

To show how this continuity is preserved, consider an ideal parallel-plate capacitor
of capacitance C, spacing d, area of each plate A, and applied voltage V; sin wt. From
circuit theory the charging current is s

dv |
= CF = wCV, cos wft €))
|
The field inside the capacitor has a magnitude £ = V/ d so the displacement current
density is
dE Vi ‘
Jd—EE“wsz?-coswt 2)
Total displacement current flowing between the plates is the area of the plate multiplied
by the density of displacement current:

eA
I, = Al = w(;)VO cos wt 3

The factor in parentheses is recognized as the electrostatic capacitance for the ideal
parallel-plate capacitor, so (1) and (3) are equal. This| value for total displacement
current flowing between the capacitor plates is then exactly the same as the value of
charging current flowing in the leads, calculated by the usual circuit methods above, so
the displacement current does act to complete the circuit, and the same result would be
obtained by the use of either §; or S, of Fig. 3.5a, as required.

Inclusion of displacement current is necessary for a vahd discussion of another ex-
ample in which a charge region g (Fig. 3.55) moves w1th velocity v. If the line integral
of magnetic field is to be evaluated about some loop A at a given instant, it should be
possible to set it equal to the current flow for that instant through any surface of which
A is a boundary. If the displacement current term were ignored, we could use any one
of the infinite number of possible surfaces, as S, having no charge passing through,
and obtain the result zero. If one of the surfaces is selected, as S,, through which charge
is passing at that instant, however, there is a contribution from convection current and
a nonzero result. The apparent inconsistency is resolved when one notes that the electric
field arising from the moving charge must vary with time, and thus will actually give
rise to a displacement current term through both of the surfaces S; and S,. The sum of
displacement and convection currents for the two surfaces is the same at the given
instant.

Example 3.5 ‘
CURRENTS INDUCED BY A SLAB OF CHARGE MOVING IN A PLANAR DIODE

|
In a planar vacuum diode, as sketched in Fig. 3.5¢, the cathode has been pulsed to
produce a slab of charge moving from cathode to anode.| The density of charge is taken
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Vo

d

Fic. 3.5¢  Slab of charge moving between parallel plates.

as a uniform p,. Width is w and at time ¢ the left-hand edge is at x = x’ moving with
velocity v. We note that the electric field £, is independent of x for x < x', varies
linearly for x" < x <x' + w, and is again independent of x for x > x' + w. Its integral
is

z
—Vo=E.d + @w(d - x) - i
e 2e

Then the electric fields for the three regions 0 < x < x', x’ < x < x' + w, and
x' 4+ w < x < d are, respectively (Prob. 3.5b),

Vo  polx'w w
L= =24 BT Ty oyl — -
UL S V] (AN I (LA IR (5)
2T 4 g d 2d
Vo PoW w
b= —— 4+ = |y — 6
Exs d " ed (1 * 2) ©

But x’ is a function of time and differentiation with respect to time gives velocity v.
Thus displacement current density for the three regions is

oE,; wax'  pgwu
T T P d @)
aE , W
—i= = - -1 8
ar pov(d ) N
oF, w ox' PoWU
0B.3 _ PoW 0X S | e (9)

at d o d
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To the displacement current density of the region within the charge, given by (8), we
add the convection current density p,v so that the sum of convection and displacement
currents is the same for each region, and this will alse be the current per unit area
induced in the plane electrodes.

i
3.6 MAXWELL'S EQUATIONS IN DIFFERENTIAL EQUATION FORM
|

Rewriting the group of equations of Sec. 3.4 with the displacement current term added,
we have

V-D=p €))
V-B=0 | @)
B .
VXE=-— 3)
oD |
VXxH=J+° @

This set of equations, together with certain auxiliary rélations and definitions, is the
basic set of equations of classical electricity and magnetism, governing all electromag-
netic phenomena in the range of frequencies from zero through the highest-frequency
radio waves (and many phenomena at light frequencies) and in the range of sizes above
atomic size. The equations were first written (not in the above notation) by Maxwell in
1863 and are known as Maxwell’s equations. The material in the sections preceding
this should not be considered a derivation of the laws, for they cannot in any real sense
be derived from less fundamental laws. Their ultimate justification comes, as with all
experimental laws, in that they have predicted correctly, and continue to predict, all
electromagnetic phenomena over a wide range of physical experience.

The foregoing set of equations is a set of differential equations, relating the time and
space rates of change of the various field quantities at a point in space and time. The
use of these will be demonstrated in the following chapters. Equivalent large-scale
equations will be given in the following section.

The major definitions and auxiliary relations that must be added to complete the
information are as follows: |

1. Force Law This is, from one point of view, merely the definition of the electric
and magnetic fields. For a charge ¢ moving with \;'elocity v through an electric
field E and a magnetic field of flux density B, the force is

f=q[E+v><B]1|\J )
2. Definition of Conduction Current (Ohm’s Law) For a conductor,
J=0E A/m* (6)

where o is conductivity in siemens/meter.
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3. Definition of Convection Current For a charge density p moving with velocity
v, the current density is

J=opv, A/m? ¢

4. Definition of Permittivity (Dielectric Constant) The electric flux density D is
related to the electric field intensity E by the relation

D =¢E =¢g¢g E 8

where g is the permittivity of space ~8.854 X 10~'2 F/m and &, characterizes
the effect of the atomic and molecular dipoles in the material.

As with static fields (Sec. 1.3) ¢, or g, is, in the most general case, anisotropic
and a function of space, time, and the strength of the applied field. But for many
materials it is a scalar constant, and unless specifically noted otherwise, the text
will be concerned with homogeneous, isotropic, linear, and time-invariant mate-
rials for which ¢ is a scalar constant.

5. Definition of Permeability The magnetic flux density B is related to the magnetic
intensity H by

B=uH = pp, H €)

where p, is the permeability of space = 47r X 1077 H/m and u, measures the
effect of the magnetic dipole moments of the atoms constituting the medium (Sec.
2.3). In general u and u, are anisotropic and functions of space, time, and mag-
netic field strength, but unless otherwise noted they will be considered scalar
constants, representing: homogeneous, isotropic, linear, and time-invariant
materials.

Example 3.6
NONARBITRARINESS OF FORMS WHICH SATISFY MAXWELL'S EQUATIONS

Much of the work for the remainder of the text will be in finding forms that are solutions
of Maxwell’s equations. The interrelationship among electric and magnetic field com-
ponents defined by Maxwell’s equations means that we cannot select arbitrary functions
for any one component. To illustrate the point, let us consider a capacitor formed by
concentric spherical conductors with an ideal dielectric between. As in Ex. 1.4c, Gauss’s
law and symmetry give the electrostatic solution for the dielectric region as

D=k =2 (10)

47~

where Q is the charge on the inner sphere. For a sinusoidally time-varying charge, one
might expect the solution

E =+ % = sin ot (11)
dqrer~
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A check of V-(¢E) in spherical coordinates shows that it is zero, as expected for the
charge-free dielectric. But consider the Maxwell equation|

VXE=—-p— (12)

The curl of an electric field of the formx (11) is zero, so H can only be a function
independent of time. But then the other curl equation

oE

VXH=J+e— 13)

at

cannot be satisfied since J is zero for the ideal dielectric, JE/ar by (11) is time-varying

but V X H is independent of time. Thus (11), though it may be a useful quasistatic
approximation, is not a true solution of Maxwell’s equations. Proper solutions in spher-

ical form are discussed in Chapter 10. !
|

3.7 MAXWELL'S EQUATIONS IN LARGE-SCALE FORM

It is also convenient to have the information of Maxwell/s equations in large-scale or
integral form applicable to overall regions of space and paths of finite size. This is of
course the type of relation that we started with in the discussion of Faraday’s law (Sec.
3.2) when we derived the differential expression from itl The large-scale equivalents
for Egs. 3.6(1)—-3.6(4) are \

3§D-ds=fpdv )
s v ,
|
fﬁlyds:o @)
s |
ng'dl"—2 B-dS | 3
- Bts | ()
d ‘
9€H-dI—LJ-d8+a—tLD-dS @

Equations (1) and (2) are obtained by integrating respectively Egs. 3.6(1) and 3.6(2)
over a volume and applying the divergence theorem. Equations (3) and (4) are obtained
by integrating, respectively, Eqgs. 3.6(3) and 3.6(4) over a surface and applying Stokes’s
theorem. For example, integrating Eq. 3.6(1),

fv-de=fpdV
v \%4

and applying the divergence theorem to the left-hand side, (1) follows. Equation (1) is
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seen to be the familiar form of Gauss’s law utilized so much in Chapter 1. Now that
we are concerned with fields that are a function of time, the interpretation is that the
electric flux flowing out of any closed surface at a given instant is equal to the charge
enclosed by the surface at that instant.

Equation (2) states that the surface integral of magnetic field or total magnetic flux
flowing out of a closed surface is zero for all values of time, expressing the fact that
magnetic charges have not been found in nature. Of course, the law does not prove that
such charges will never be found; if they are, a term on the right similar to the electric
charge term in (1) will simply be added, and a corresponding magnetic current term
will be added to (3). We will later find situations in which fictitious magnetic charges
and currents will be helpful and may be added to the equations.

Equation (3) is Faraday’s law of induction, stating that the line integral of electric
field about a closed path (electromotive force) is the negative of the time rate of change
of magnetic flux flowing through the path. The law was discussed in some detail in
Sec. 3.2.

Equation (4) is the generalized Ampere’s law including Maxwell’s displacement
current term, and it states that the line integral of magnetic field about a closed path
(magnetomotive force) is equal to the total current (conduction, convection, and dis-
placement) flowing through the path. The physical significance of this complete law
has been discussed in Secs. 3.4-3.5.

3.8 MAXWELL'S EQUATIONS FOR THE TIME-PERIODIC CASE

By far the most important time-varying case is that involving steady-state ac fields
varying sinusoidally in time. Many engineering applications use sinusoidal fields. Other
functions of time, such as the pulses utilized in a digitally coded system, may be con-
sidered a superposition of steady-state sinusoids of different frequencies. Fourier
analysis (Fourier series for periodic functions and the Fourier integral for aperiodic
functions) provides the mathematical basis for this superposition. Rather than using real
sinusoidal functions directly, it is found convenient to introduce the complex exponen-
tial e/, Electrical engineers are familiar with the advantages of this approach in the
analysis of ac circuits, and physicists use the complex exponential in a variety of phys-
ical problems with sinusoidal behavior. The advantage, which comes from the fact that
derivatives and integrals of e/ are proportional to e/*' so that the function can be
canceled from all equations, is even more important for the vector field problems than
for scalar problems such as the circuit example. It is assumed that the reader has used
this technique before in circuit analysis or other physical problems, but if review is
needed, the use in analysis of a simple electrical circuit may be found in Appendix 4.
Formally, the set of equations 3.6(1)~3.6(4) is easily changed to the complex form by
replacing 4/dt by jo:

V-D ey
V-B=20 2)

Il
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VXE= —jwB ! ©)]
VXH=J+joD @)
And the auxiliary relations, Egs. 3.6(6)~3.6(9), remain
J = oE for conductors (5)
D = ¢E = g.5,E (6)
B = uH = puH | ™

I
Equations 3.6(5) and 3.6(7) should be used with instantaneous values because of the
nonlinear terms in the equations. The constitutive parameters, ¢ and &, are in general
functions of frequency. Materials for which frequency, dependence is important are
called dispersive. *

It must be recognized that the symbols in the equation$ of this article have a different
meaning from the same symbols used in Sec. 3.6. There they represented the instan-
taneous values of the indicated vector and scalar quantities. Here they represent the
complex multipliers of e/*", giving the in-phase and out‘of-phase parts with respect to
the chosen reference. The complex scalar quantities are/commonly referred to as pha-
sors, and by analogy the complex vector multipliers of ¢/ may be called vector phasors.
It would seem less confusing to use a different notation for the two kinds of quantities,
but one quickly runs out of symbols. The difference is normally clear from the context,
and when there is danger of confusion, we will use functional notation to denote the
time-varying quantities.

If we wish to obtain the instantaneous values of a given quantity from the complex
value, we insert the e/*" and take the real part. For example, for the scalar p suppose
that the complex value of p is [

p=rp +ip ®)
where p, and p; are real scalars. The instantaneous value of p is then
p(t) = Rel(p, + jp)™1 = p, cos i — p; sin wt ©)
Or, alternatively, if p is given in magnitude and phase,
p = |ple’% { (10)
where Q
ol = Vot + o7
= =150 !
6, = tan . |
The true time-varying form is
p(t) = Rel|ple/“* %] = |plcos(wt + 6,) (1D

For a vector quantity, such as E, the complex value may be written
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= E, + JE, (12)
where E_ and E; are real vectors. Then
E(t) = Re[(E, + jE)e/'] = E, cos wt — E,; sin wt (13)

Note that E, and E; have the same directions in space only for certain special cases.
When they are in the same direction, the vector phasor (12) can be expressed as a vector
“magnitude” and a scalar phase angle, but in the general case, when they are in differ-
ent directions, the six scalar quantities defining the two vectors must be specified
(Prob. 3.8a).

Example 3.8
A PHASOR SOLUTION OF MAXWELL'S EQUATIONS

As an example of phasor solutions, let us consider the following fields, which we will
later find to be important as standing waves:

B, = —jDg sin(@V pyegx) (14)
D,
E = cos(wV pyEgX) 15)
’ v Koo o

Let us show that these do satisfy the phasor forms of Maxwell’s equations. The needed
rectangular coordinate components of (3) and (4), withJ = 0, are

OE,
— = —jwB. (16)
ax
i 1 0B,
a—H‘ = —— = --ja.)soE"v an
ox Mg Ox
Substitution of (14) and (15) gives
@V e
~ 2000 by sin(wV pgegr) = (—j)2wDy sin(wV jgggx) (18)
vV KoEg
_JDo@V progg

cos(wV ppgpx) = — jweeDo cos(wV tgepX) (19)
Ho vV oo

The divergences of (14) and (15) are also found to be zero:
=0 (20)

So the forms (14) and (15) are solutions of the phasor Maxwell equations for this source-
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free region. If we wish the time-varying forms, we insert e/** and take the real part:

B,(x, f) = Re[B,e™] = D, sin(wV pgeo) sin ot ©1)
. D
E(x, 1) = Re[E,e/] = —== cos(wV|pgeex) cos wt (22)
HoEo

Examples of Use of Maxwell's Equations

3.9 MAXWELL'S EQUATIONS AND PLANE WAVES
|

To make the information of Maxwell’s equations still more concrete, let us show how
the equations predict the propagation of uniform plane electromagnetic waves. Such
waves illustrate the interplay of electric and magnetic effects and are also of great
fundamental and practical importance. Let us begin from the time-varying forms of
Sec. 3.6. We postulate a simple medium with constant, scalar permittivity and perme-
ability and with no free charges and currents (p = 0, J = 0). Maxwell’s equations are
then |

V-D=0 | 1)
V-B=0 ‘ @)
|

aB oH

VXE=—= —u—
o Mat 3

1

D |
vxa-2_.% @)

ot ot |

For uniform plane waves, we assume variation in only one direction. Take this as
the z direction of a rectangular coordinate system. Then'd/dx = 0 and 3/dy = 0. Let
us start with the two curl equations (3) and (4) in rectangular coordinates. With the
specialization defined above,

( OE, oH
Yy X
—_— = - — 5
azi K ot )
oH oH
VXE-= —*[.LE leads to { %: _'u_a_ty 6)
oH,
0= -n P 0
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OH, dE.
( 2= = (8)
0z ot
JE oE,
VXH=¢g— leadsto { aH"'=s—) )
at dz ot
oF.
0=¢— (10)

Equations (7) and (10) show that the time-varying parts of H, and E, are zero. Thus the
fields of the wave are entirely transverse to the direction of propagation. The remaining
equations break into two independent sets, with (5) and (9) relating E,, and H,, and (6)
and (8) relating £ and H,,.
The propagation behavior is illustrated by either set. Choose the set with E, and H,,

differentiating (6) partially with respect to z and (8) with respect to z:

PE, &H, FH,  &E,

B2 H 2

’ - = & 2
0z ot ot 9z ot

Substitution of the second equation into the first yields

O’E, O*E,
oz* He or? 1D
The important partial differential equation (11) is a classical form known as the one-
dimensional wave equation, having solutions that demonstrate propagation of a function
(a “wave™) in the z direction with velocity

[omry

v = (12)

5

To show this, test a solution of the form

Efzt) = f[(t - -Z-) + f2<t + f) (13)
1 v
Differentiating,
oE, oE, 1 1
£ X _Zf 4
SEofiafs = fitf
azEY " " azE' 1 " 1 1"
LS E = SRk

where the prime denotes differentiation of the function with respect to the entire ar-
gument, and the double prime denotes the corresponding second derivative. Comparison
of the two second derivatives shows that (11) is satisfied by such a solution with v
given by (12). The first term of the solution in (13) represents a function f; moving in
the z direction with velocity v. To show this consider the function f;(z) at various times
as illustrated in Fig. 3.9. To keep on a constant reference of this wave, we must maintain
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E.(t)

t2>t1 t3> tz

«j\ AR

, \.,/‘

Fic. 3.9 A general wave of electric field versus distance for three different times.
i

the argument ¢ — z/v equal to a constant. This implies a velocity dz/dt = v. Similarly,
to keep on a constant reference of the second term in (12) we must keep ¢ + z/v a
constant, implying a velocity dz/dt = —v. Thus the second term represents the function
f> traveling in the ncgative z direction with velocity v. These moving functions may be
thought of as “waves,” so that the name “wave equation” is explained.

The velocity v defined by (12) is found to be the velomty of light for the medium.
In particular, for free space ’

1 |
p=c = (4 X 1077 X 8.85419 X 10712)~1/2
Viteo (14)

2.9979 X 108 m/s

I

]

1
(Note that to three significant figures, this is the conveniently remembered value

3 X 10® m/s, corresponding to &, taken as 1/36m X 10~° F/m.) This equivalence
between the velocity of light and the predicted velocity of electromagnetic waves helped
Maxwell to establish light as an electromagnetic phenomenon.

For a medium with relative permittivity &, and relative permeability u,, the velocity
of the plane wave is then

15)

Example 3.9
SINUSOIDAL WAVE

The most common and useful wave solution is one varymg sinusoidally in space and
time. Consider the function

E(, 1) = A sin w(t - %) (16)

which is a specml case of (13). To show that !1t satisfies (11), perform the
differentiations:
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&’E, ? z
a—z— = ——3Asin w<t - ;—) (17
P, 3 4w z

ue Py = —uew Asin |t — > (18)

But since v? = (ne)~ ! this is a solution. To show that it is a “wave,” we see that we
can stay on a maximum or crest of the function if we set

w(f - E) =@n+ 12, n=012...
v 2

or

_ @n + 1w

z =yt - — 1
v > (19)

so that the crest does move in the z direction with velocity v as time progresses.

3.10  UNIFORM PLANE WAVES WITH STEADY-STATE SINUSOIDS

To show the usefulness of the complex phasor approach for steady-state sinusoids, let
us continue with this important special case. Replacement of Egs. 3.9(6) and 3.9(8)
with the complex phasor equivalents, obtained by replacing time derivatives with jo,
yields

dE. ,
dz: = —jopH, (1)
dH,

'—E‘ = ijEx 2)

Here we have utilized the total derivative with respect to z since that is now the only
variable. Differentiation of (1) with respect to z and substitution of (2) yield

2 E.\‘

02 = ——wz,u.sEx 3)

This is the equivalent of the wave equation, Eq. 3.9(11), but now written in phasor
form. It is called a one-dimensional Helmholtz equation. It could also be obtained by
replacing 9°/0r*> with — w? in Eq. 3.9(11). Solution is in terms of exponentials, as can
be verified by substituting in (3)

E

X

Il

cie ™ + e 4)
where

k= oVpue 5)
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The constant & will be met frequently in wave problems: It is a constant of the medium
for a particular angular frequency w and is frequently called the wave number. It may
also be written in terms of the velocity v defined by Eqi 3.9(12):

w

k= ©)

v

The first term of (4) is one that changes its phase linearly with z, becoming increas-
ingly negative or lagging as one moves in the positivé z direction. This behavior is
consistent with the interpretation that the sinusoid is traveling in the positive z direction
with velocity v, resulting in a phase constant k rad/m. The second term of (4) is delayed
(becomes more negative) in phase as one moves in the negative z direction and so
represents a negatively traveling wave with the same phase constant.

To show the exact correspondence of this approach with that of Sec. 3.9, let us
convert the phasor form to a time-varying form by the rules given in Sec. 3.8. We
multiply the phasor by the exponential e/“' and take the real part of the product:

E(z, 1) = Re[E.e/*] = Re[c,e e/ + e/ ¢/ )
For simplicity, take c¢; and ¢, to be real. Then
Efz, 1) = ¢, cos(wt — kz) + ¢, cos(wt + kz) (8a)

c, cos a)(t - E) + ¢, cos w(t + E) (8b)
v | v

Following the interpretation of Sec. 3.9, we see two real sinusoids, the first traveling
in the positive z direction with velocity v and the second traveling in the negative z
direction with the same velocity. The result is then exactly as in Sec. 3.9.

Figure 3.10a shows the sinusoidal variation of £, with z at a particular instant (say
t = 0). This pattern moves to the right with velocity v if it is a positively traveling
wave and to the left if it is negatively traveling. The distance between two planes with
the same magnitude and direction of E, is called wavelength A and is found by the
distance for which phase changes by 27 i

1
|

/Sin w{t=2/v)att=0

v

[ r—\ ' z

Fic. 3.10a Sinusoidal function plotted versus distance for one instant of time. For a positively
traveling wave, the function progresses in the positive z direction with velocity v.
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A==t == )

where f is frequency. Figure 3.10b shows electric field vectors of a sinusoidal wave.
Let us also look at the magnetic fields. Returning to the complex forms, we use the
solution (4) in the differential equation (1):

1 dE, &k L
G 10

Using the definition of & from (5),

H, = \/% [c,e™* — c,e*] (11

The instantaneous equivalent of this is

¥

H(z, t) = Re[H(2)e/*] = \/:'Z [c, cos(wt — kz) — ¢, cos(wt + kz)]  (12)

So E,/H, is V u/e for the positively traveling wave and is — "V /e for the negatively
traveling wave. The consequences of these relationships for problems of wave trans-
mission and reflection are discussed in Chapter 6.

oot

SR B

Extends to «
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—
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Fic. 3.10b Vectors showing magnitude and direction of electric field in a sinusoidal, uniform
plane wave filling the half-space 0 =< z for one instant of time. For a positively traveling wave,
pattern moves to right with velocity 1/V pe.
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3.11 THE WAVE EQUATION IN THREEI DIMENSIONS

The one-dimensional example studied in the preceding|two sections is important be-
cause it illustrates wave behavior simply, and also because it is a useful model for many
important practical problems. Nevertheless we have to belconcerned with wave behavior
in two or three dimensions also. To derive the equation governing such phenomena, let
us still specialize to simple media in which & and p are scalar constants and assume no
free charges or convection currents within the region of concern. We may then return
to the special form of Maxwell’s equations given as Egs: 3.9(1) to 3.9(4). Take the curl
of Eq. 3.9(3), interchanging time and space partial derivatives:

VXVXE-= —ny (VxH) @

The left side is expanded by a vector identity. (See infside back cover.) The curl of
magnetic field on the right side utilizes Eq. 3.9(4).

8 [ oE #E
—V%E + . T P - = — -
VE + V(V - E) P (s P ){ e 3 2)
For a source-free dielectric, V- D = 0 and, if ¢ is not a function of space coordinates,
V - E = 0 also. Then ‘

3

This is the three-dimensional wave equation to be derived. It will be found useful in a
variety of problems to be considered later, as in the analysis of propagating modes of
a waveguide, resonant modes of a cavity resonator, or radiating waves from an antenna.
Note that the vector equation breaks into three scalar equations, and for rectangular
coordinates it separates into three scalar wave equations of the same form:

62E

C))
and similarly for E, and E,. Note that if 9/6x = 0 and a/ay = 0, V?is just 3°>/9z* and
we have the one- dunensmnal wave equation studied in >Sec 3.9:
8%E, 8’E,
> = WE
dz" ar*

&)

The wave equation applies also to magnetic field for|the simple medium considered
here, as can be shown by taking the curl of Eq. 3.9(4):' and substituting Eq. 3.9(3) to
obtain

’H
2 — il
V2H = ue ol (6)
!
In complex or phasor notation these reduce to three-dimensional Helmholtz equa-
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tions, obtained by replacing 8%/dt* with — w? in (3) and (6):

VE = —KE )
phasor forms < V?H = —/°H (8)
P = o’ue )

Example 3.11
RESONANT WAVE SOLUTION FOR A RECTANGULAR BOX

We have seen that the wave equation has traveling-wave solutions. It also has standing-
wave solutions under proper boundary conditions. Consider

E. = C cos k.x sin ky sin k.z (10)
We use the x component of (7), expressed in rectangular coordinates:

azE'.\' + azE,\' azEY —

Fey P + P —PE, (11)
Carrying out the differentiations,
—KE, - KE, — BE, = —FE,
or
k+i+i2=1r (12)

So the phase constants in the three directions must be related by the condition (12). We
shall see in Chapter 10 that this relation, combined with boundary conditions at the
conducting walls, gives the conditions for resonance of waves in a rectangular cavity
resonator.

3.12 POWER FLOW IN ELECTROMAGNETIC FIELDS: POYNTING 'S THEOREM

The preceding sections have shown how electromagnetic waves may propagate through
space or a dielectric. We know from experience that such waves can carry energy. The
sun’s rays, which are now known to be electromagnetic waves, warm us. The radio
waves from a distant antenna bring power, admittedly small, to drive the first amplifier
stage of a receiver. For lumped electrical circuits we express power through voltage
and current. For electromagnetic fields, we can find a similar but more general rela-
tionship giving power and energy relationships in terms of the fields. The resulting
theorem, Poynting’s theorem, is one of the most fundamental and useful relationships
of electromagnetic theory.
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We start with the time-varying forms (Sec. 3.6) and write the two curl equations of
Maxwell:

B
VXE=—-—— 1
Y : 1)
oD
VXH=J+— 2
J o @
An equivalence of vector operations (inside back coverl) shows that
H-(VXE)~E-(VXH)=V{-(EXH) 3
If products involving (1) and (2) are taken as indic:ated;I (3) becomes
oB aD |
-H-——-E-——-E-J =V X H 4
- at J=V-ExH )

This may now be integrated over the volume of concern:

J’ (H'9§~+E'@+E'J>W= —fV-(EXH)dV
v ot ot v

From the divergence theorem (Sec. 1.11), the volume integral of div(E X H) equals
the surface integral of E X H over the boundary.

|
f(H-@+E-@+E-J)dv=~§mxn)-ds )
v at ot }s

This is the important Poynting’s theorem and in this form is valid for general media
since we have so far made no specializations with res?ect to the medium. For linear,
time-invariant media (5) can be recast into the form

d(B-H 3 (D-E
fv['é't(T)-}-é;(T>+EJ:ldV~= _9€S(EXH)dS (6)

|
Problem 3.12f shows that (6) is consistent with (5) for isotropic media. Equation (6) is

also valid for anisotropic media (Prob. 13.8c). The tern‘l eE?/2 was shown (Sec. 1.22)
to represent the energy storage per unit volume for an|electrostatic field. If this inter-
pretation is extended by definition to any electric field,? the second term of (6) represents
the time rate of increase of the stored energy in the electric fields of the region. Similarly,
if wH?/2 is defined as the density of energy storage for a magnetic field, the first term
represents the time rate of increase of the stored energy in the magnetic fields of the
region. The third term represents either the ohmic power[ loss if J is a conduction current
density or the power required to accelerate charges if J is a convection current arising
from moving charges. Both of these cases will be illustrated in the examples at the end
of this section. Also, if there is an energy source, E - .{ is negative for that source and

3 For an excellent discussion of the arbitrariness of these definitions, refer to J. A. Stratton,
Electromagnetic Theory. p. 133, McGraw-Hil, New York, 1941.
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represents energy flow out of the region. All the net energy change must be supplied
externally. Thus the term on the right represents the energy flow into the volume per
unit time. Changing sign, the rate of energy flow out through the enclosing surface is

W i P - dS @)

]

where
P=EXH 8)

and is called the Poynting vector.

Although it is known from the proof only that total energy flow out of a region per
unit time is given by the total surface integral (6), it is often convenient to think of the
vector P defined by (8) as the vector giving direction and magnitude of energy flow
density at any point in space. Though this step does not follow strictly, it is a most
useful interpretation and one which is justified for the majority of applications. (But
see Prob. 3.12a.)

It should be noted that there are cases for which there will be no power flow through
the electromagnetic field. Accepting the foregoing interpretation of the Poynting vector,
we see that it will be zero when either E or H is zero or when the two vectors are
mutually parallel. Thus, for example, there is no power flow in the vicinity of a system
of static charges that has electric field but no magnetic field. Another very important
case is that of a perfect conductor, which by definition must have a zero tangential
component of electric field at its surface. Then P can have no component normal to the
conductor and there can be no power flow into the perfect conductor.

Example 3.12a
OHMIC LOSS

To demonstrate the interpretation of the theorem, let us take the simple example of a
round wire carrying direct current /. (Fig. 3.12). If R is the resistance per unit length,
the electric field in the wire is known from Ohm’s law to be

E.=IR

The magnetic field at the surface, or at any radius r outside the wire, is
Hy=_— ©)

The Poynting vector P = E X H is everywhere radial, directed toward the axis:

RI?

P.= —EH, = —
! S 2qrr

(10)

We then make an integration over a cylindrical surface of unit length and radius equal
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FiG. 3.12 Round wire with Poynting vector directed radially inward to supply power for ohmic
losses. |

|

to that of the wire (there is no flow through the ends of the cylinder since P has no
component normal to the ends). All the flow is through the cylindrical surface, giving
a power flow inward of amount ’

W = 2@r(—P,) = I°R (11)

We know that this result does represent the correct power flow into the conductor, being
dissipated in heat. If we accept the Poynting vector aé giving the correct density of
power flow at each point, we must then picture the battefry or other source of energy as
setting up the electric and magnetic fields, so that the energy flows through the field
and into the wire through its surface. The Poynting theorem cannot be considered a
proof of the correctness of this interpretation, for it says only that the total power balance
for a given region will be computed correctly in this manner, but the interpretation is
nevertheless a useful one.

Example 3.12b
MoVING CHARGES

i

Let us next consider the example in which J is a convection current. For simplicity take
a region containing particles of charge value g, mass m, and velocity v,. The convection
current density is

J = pv, = ngv, (12)
where 7 is the density of particles. From the force law the acceleration of charges is
av,
F=qgqE =m 7 (13)
and the third term in the Poynting theorem (6) is

mn d(vf,)
v 2 dt

fE Jdv—fmdv" dV—; av
v =@ R = 4
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which we recognize to be the rate of change of the total kinetic energy of the charge
group. In this example we will not try to work out the right side of (6), but the E in
that term is related to the accelerating field, the H is that from the convection current,
and the Poynting theorem will always be satisfied.*

Example 3.12¢
POVYNTING FLOW IN A PLANE WAVE

Finally we look at the Poynting theorem applied to the plane electromagnetic wave
studied in preceding sections. The form of a sinusoidally varying wave with E and H,
propagating in the positive z direction was shown to be

E, = E,cos(wt — k2) (15)

H, = \/%EO cos(wt — kz) (16)

The Poynting vector is then in the z direction, which is consistent with our interpretation
that power is flowing in that direction:

P.=EH, = \/% E} cos*(wt — kz) a7

By the use of a trigonometric identity this is also

1 1
P. = \/EE(’-)[— + = cos 2(wt — kz):l (18)
n 2 2

Note that there is a constant term showing that the wave carries an average power, as
expected. There is also a time-varying portion representing the redistribution of stored
energy in space as maxima and minima of fields pass through a given region.

3.13 POYNTING'S THEOREM FOR PHASORS

Because of the importance of phasors for sinusoidal electromagnetic fields, we need
the Poynting theorem in phasor form also. It might seem that we could simply substitute
in the time-varying theorem, Eq. 3.12(5), replacing d/dt by jw, but this does not work
since the expression is nonlinear, involving products of the fields. We start with Max-
well’s equations in complex form and derive the complex Poynting theorem by steps

4 If the charges move through the surface surrounding the region, the net kinetic energy

transport by the charge stream through the surface is also included. This is actually con-
tained in the third term on the left as shown by L. Tonks, Phys. Rev. 54 863 (1938).
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parallel to those used for the theorem in time-varying field quantities. The two curl
equations in complex phasor form are (Sec. 3.8) i

VXE= —joB ' (1)
VXH=1]+ joD, )

Consider the vector identity
V-ExXHY)=H*-(VXE)—-E- (VX HY 3)

where the asterisk denotes the complex conjugate. Equations (1) and (2) may now be
substituted in this identity: }

V- € x H¥ = H*- (—jwB) — E - (J* — juD*) @
{

This expression is integrated through volume V and the divergence theorem utilized:

il

JV-(EXH*)dV é(EXH*}-dS
v s |

3

—f (E-J* + jo(H*-B — E-D¥)]dV
v :

!
Equation (5) is the general Poynting theorem as it applies to complex phasors. To
interpret, consider an isotropic medium in which all losses occur through conduction
currents J = oFE so that o, u, and & are real scalars. Then (5) becomes

!
é(EXH*)-dS‘—- —f 0'E'E*dV-ja)J- [{[.LH'H*—SE'E*]CIV (6)
s v v

The first volume integral on the right side represents power loss in the conduction
currents and is just twice the average power loss. (See| Appendix 4.) Thus the real part
of the complex Poynting flow on the left side can be related to this power loss. Or,
interpreting the Poynting vector itself as a density of power flow as in Sec. 3.12,

P,, = i Re(E X H¥) W/m? )

The second volume integral on the right of (6) is proportional to the difference
between average stored magnetic energy in the volume and average stored electric
energy. Taking into account a factor of § in the energy expressions and another § for
averaging of squares of sinusoids, we can then intelpr;et the imaginary part of (6) as

Im 4; (E X H¥ -dS = 4w(UEL‘, — Uyaw) 3
s |
where Upg,, is average stored energy in electric fields and Uy, that in magnetic fields.
So the imaginary part of the Poynting flow through the surface can be thought of as
reactive power flowing back and forth to supply the inlétantaneous changes in net stored
energy in the volume. |



3.14 Continuity Conditions for ac Fields at a Boundary 145

Example 3.13
AVERAGE POWER IN UNIFORM PLANE WAVES

To illustrate the average Poynting vector for the plane-wave case, let us take the field
expressions for plane waves derived in complex form in Sec. 3.10:

E. = cie™F + e 9)

H, = ‘/'i [ce™ — cye*) (10)

The complex Poynting vector is then
E X H* = \/E [cie™ + c,e®[che™ — che*12 (1D
"

and the average power density, by (7), is in the z direction and equal to

1 ; :
Pﬂv =5 \/E [CICT - C?.Cg] W/m2 (12)
2yp

This equation states that the average power is simply the average power of the positively
traveling wave minus that of the negatively traveling wave. The cross-product terms of
(11) contribute only to reactive power, that is, to the interchange of stored energy within
the wave.

3.14  CONTNUITY CONDITIONS FOR AC FIELDS AT A BOUNDARY:
UNIQUENESS OF SOLUTIONS

In the study of static fields, certain boundary and continuity conditions were stated for
such fields and were found essential in the solution of the field problems by the use of
the differential equations. Similarly, for the use of Maxwell’s equations in differential
equation form, we need corresponding boundary and continuity conditions.

Consider first Faraday’s law in large-scale form, Eq. 3.2(3), applied to a path formed
by moving distance Al along one side of the boundary between any two materials and
returning on the other side, an infinitesimal distance into the second medium (Fig.
3.14a). The line integral of electric field is

%E ~dl = (B, — Ep) Al 1)

Since the path is an infinitesimal distance on either side of the boundary, it encloses
zero area; therefore the contribution from changing magnetic flux is zero so long as
rate of change of magnetic flux density is finite. Consequently,

(E, —E,)AM =0 or E, =E, )
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Etl ﬁ
MW»L»»»»
2 E,

Fic. 3.14a Continuity of tangential electric field compo;fnents at a dielectric boundary.

Similarly, the generalized Ampére law in large-scale form, Eq. 3.7(4), may be applied
to a like path with its two sides on the two sides of the boundary. Again zero area is
enclosed by the path, and, so long as current density and rate of change of electric flux
density are finite, the integral is zero. Thus, as in (2),

H, = H, 3

Or in vector form, by use of the unit vector i normal to the boundary as shown in Fig.
3.14a, (2) and (3) can be written as

i X (B —E)=0 o)
ixX H -H)=0 &)

Thus tangential components of electric and magnetic field must be equal on the two
sides of any boundary between physically real media. The condition (3) may be modi-
fied for an idealized case such as the perfect conductor where the current densities are
allowed to become infinite. This case is discussed separately in Sec. 3.15.

The integral form of Gauss’s law is Eq. 3.7(1). If two very small elements of area
AS are considered (Fig. 3.14b), one on either side of the boundary between any two
materials, with a surface charge density p, existing on the boundary, the application of
Gauss’s law to this elemental volume gives

ASD,; = D,p) = ps AS
or
D, — D,; = ps 6)
For a charge-free boundary, '
D,y =D, or gE, = &E,; Q)
That is, for a charge-free boundary, normal components of electric flux density are
continuous; for a boundary with charges, they are discontinuous by the amount of the
surface charge density. "

Since there is no magnetic charge term on the right of Eq. 3.7(2), a development
corresponding to the above shows that always the magnetic flux density is continuous:

B B, or wH, = wH, ®)

nl = Dp
For the time-varying case, which is of greatest importance to our study, the conditions
on normal components are not independent of those given for the tangential compo-

nents. The reason is that the former are derived from the divergence equations (or their
equivalent in large-scale form), and these may be obtained from the two curl equations
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Fie. 3.14b  Diagram showing how discontinuity in normal components of electric flux density
at a boundary is related to surface charge density.

in the time-varying case (Prob. 3.6b). The conditions on tangential components were
derived from the large-scale equivalents of the curl equations. Hence, for the ac solu-
tions, it is necessary only to apply the continuity conditions on tangential components
of electric and magnetic fields at a boundary between two media, and the conditions
on normal components may be used as a check; if the normal components of D turn
out to be discontinuous, (6) tells the amount of surface charge that is induced on the
boundary.

Uniqueness The procedure to prove the uniqueness of solutions of Maxwell’s equa-
tions follows the philosophy in Sec. 1.17. One assumes two possible solutions with the
same given tangential fields on the boundary of the region of interest. The difference
field is formed, and found to satisfy Poynting’s theorem in the form of Eq. 3.12(5).
Stratton® shows that for linear, isotropic (but possibly inhomogeneous) media, speci-
fication of tangential E and H on the boundary and of initial values of all fields at time
zero is sufficient to specify fields uniquely within the region at all later times. The
argument can be extended to anisotropic materials and certain classes of nonlinear
materials, but not to materials that have multivalued relations between D and E (or B
and H) or to “active” materials that produce oscillations. In steady-state problems we
are not generally concerned with the specifications of initial conditions.

Although the discussion has been given for a region with closed boundaries, unique-
ness arguments also apply to open regions extending to infinity, provided certain ra-
diation conditions are satisfied by the fields. These require that the products 7E and »H
remain finite as r approaches infinity® and are satisfied by fields arising from real charge
and current sources contained within a finite region. The extension to open regions is
important to the potential formulation of the last part of this chapter.

5 J. A. Stratton, Blectromagnetic Theory, pp. 486-488, McGraw-Hill, New York, 1941.
¢ S Silver, Microwave Antenna Theory and Design, p. 85, IEEE Press, New York, 1984.
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3.15 BOUNDARY CONDITIONS AT A PERFECT CONDUCTOR FOR AC FIELDS

It is a good approximation in many practical problems to treat good conductors (such
as copper and other metals) as though of infinite conductivity when finding the form
of fields outside the conductor. We will study the effect of large but finite conductivity
on fields within the conductor in Sec. 3.16. When we do, we will find that all fields and
currents concentrate in a thin region or “skin” near the surface for time-varying fields,
and this region approaches zero thickness as the conducti\fity approaches infinity. Thus,
for the perfect conductor (infinite conductivity), we find/that all fields are zero inside
the conductor and any current flow must be only on the surface. The physical properties
of perfect conductors are discussed in Sec. 13.4. Since the electric field is zero within
the perfect conductor, continuity of tangential electric field at a boundary requires that
the surface tangential electric field be zero just outside the boundary also,

E, =0 | 1
and Eq. 3.14(6) gives the normal electric flux density as
D, = ps @

Furthermore, since magnetic fields also vanish inside the conductor, the statement of
continuity of magnetic flux lines, Eq. 3.14(8), indicates that

B,=0 ! 3)

at the conductor surface. As was pointed out in the last sqction, however, the continuity
condition on normal B is not independent of the condition on tangential E in the time-
varying case. Thus, in the ac solution, (3) follows from (1), but may sometimes be
useful as a check or as an alternative boundary condition.

The tangential component of magnetic field is likewise zero inside the perfect con-
ductor but is not in general zero just outside. This discontinuity would appear to violate
the condition of Eq. 3.14(3), but it will be recalled that a condition for that proof was
that current density remain finite. For the perfect conductor, the finite current J per unit
width is assumed to flow on the surface as a current sheet of zero thickness, so that
current density is infinite. The discontinuity in tangential magnetic field is found by a
construction similar to that of Fig. 3.14a. The current enclosed by the path is the current
per unit width J flowing on the surface of the conductor perpendicular to the direction
of the tangential magnetic field at the surface. Then

§H-d1=H,d1=Jsdi
or

J.=H A/m @)

where J; is current per unit width, called a surface current density. The direction and
sense relations for (4) are given most conveniently by the vector form of the law below.
To write the relations of (1)—(4) in vector notation, a unit vector fi, normal to the
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A
n

Fie. 3.15 Conducting boundary with the normal unit vector.

conductor at any given point and pointing from the conductor into the region where
fields exist, is defined (Fig. 3.15). Then conditions (1)—(4) become:

AXE=0 (5)
fi-B =0 (6)
py =0 D (N
J,=f X H @®)

For an ac problem, (5) represents the only required boundary condition at a perfect
conductor. Equation (6) serves as a check or sometimes as an alternative to (5). Equa-
tions (7) and (8) are used to give the charge and current induced on the conductor by
the presence of the electromagnetic fields.

3.16 PENETRATION OF ELECTROMAGNETIC FIELDS INTO A GOOD CONDUCTOR

Maxwell’s equations have been illustrated by showing the wave behavior of electro-
magnetic fields in good dielectrics. A second extremely important class of materials
used in many electromagnetic problems is that of “good conductors.” Let us examine
the basic behavior of electromagnetic fields in such conductors. The development in
this and the following section will be for steady-state sinusoids using phasor notation,
with the usual understanding that more general time variations may be broken up into
a series or continuous distribution of such sinusoids. The conductors of concern are
those satisfying Ohm’s law,

J = oFE (1)

The constant o is the conductivity of the conductor. At optical frequencies metals are
not well represented by a real constant o, but the approximation is valid for microwaves
and millimeter waves (Sec. 13.3). Substitution of (1) into the Maxwell equation 3.8(4)
gives

V X H = (0 + jwe)E 2)

It is easy to show that the assumption of Ohm’s law implies the absence of charge
density. Since the divergence of the curl of any vector is zero,

V- VXH=(0+ jwe)V-E=0
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where we have assumed homogeneity of o and e. Thus
V-D=p=20 3)

The simple picture of the situation in a conductor is that mobile electrons drift through
a lattice of positive ions, encountering frequent collisions. On the average, over a vol-
ume large compared with the atomic dimensions but small compared with dimensions
of interest in the system under study, the net charge is zero even though some of the
charges are moving through the element and causing current flow. The net movement
or “drift” in such cases is found proportional to the electric field.

For metals and other good conductors, it is found that displacement current is neg-
ligible in comparison with conduction current for microwave and millimeter-wave fre-
quencies, and in fact is not measurable until frequencies are well into the infrared. For
the present we concentrate on the important cases for which we in (2) is negligible in
comparison with o.

Thus, to summarize, the following specializations are appropriate to Maxwell’s equa-
tions applied to good conductors, and may in fact be taken as a definition of a good
conductor.

1. Conduction current is given by Ohm’s law, J = oE.

2. Displacement current is negligible in comparison with current, we << o.

3. As a consequence of (1), the net charge densfty is zero for homogeneous
conductors.

To derive the differential equation which determines the penetration of the fields into
the conductor, we first take the curl of the Maxwell curl equation for electric field, Eq.
3.8(3), and make use of a vector identity (see inside back cover) and the definition of
permeability to obtain |

VXVXE=VV-E) — VE= —jouV X H 4
Then using (3) and substituting (2) in (4) with displacement current neglected, we find
VE = joucE )

Equations with forms identical to (5) can be found in a similar way for magnetic field
and current density:

VH = jopcH (6)
V3] = joucl )

We first consider the differential equations (5)—(7) for the simple but useful example
of a plane conductor of infinite depth, with no field variations along the width or length
dimension. This case is frequently taken as that of a conductor filling the half-space
x > 0 in a rectangular coordinate system with the y—z plane coinciding with the con-
ductor surface, and is then spoken of as a “semi-infinite solid.” In spite of the infinite
depth requirement, the analysis of this case is of importance to many conductors of
finite extent, and with curved surfaces, because at high frequencies the depth over which
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significant fields are concentrated is very small. Radii of curvature and conductor depth
may then be taken as infinite in comparison. Moreover, any field variations along the
surface due to curvature, edge effects, or variations along a wavelength are ordinarily
so small compared with the variations into the conductor that they may be neglected.

For the uniform field situation shown in Fig. 3.16a with the electric field vector in
the z direction, we assume no variations with y or z and (5) becomes

d’E, . 5
2 Jjopok, = TE, (®)
where
24 Jopo ©®

Since \/j- =1 +)/ V2 (taking the root with the positive sign),

r=( + )Vafpo = 1—;’ (10)
where
5= —— m (11)
Vorfuo

A complete solution of (8) is in terms of exponentials:
E, = Cie™™ + Che™ (12)

The field will increase to the impossible value of infinity at x = o unless C, is zero.
The coefficient C; may be written as the field at the surface if we let E, = E, when
x = 0. Then

E. = Eje ™ (13)

Or, in terms of the quantity & defined by (10) and (11),
E, = Ege™*/%>/? (14)
Since the magnetic field and the current density are governed by the same differential
equation as the electric field, forms identical to (14) apply; that is,
H, = Hye */%=#/? (15)
T, = Joe=*/%e™i/® (16)

where H,, and J;; are the magnitudes of the magnetic field and current density at the
surface.

It is evident from the forms of (14)—(16) that the magnitudes of the fields and current
decrease exponentially with penetration into the conductor, and 6 has the significance
of the depth at which they have decreased to 1/e (about 36.9%) of their values at the
surface, as indicated in Fig. 3.16a. The quantity & is accordingly called the depth of
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FIG. 3.16a Plane solid illustrating decay of current into conductor.
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Fic. 3.16b Skin depth and surface resistance for copper at two temperatures and for two su-
perconductors. Note that the skin depth for superconductors is (1 + j) times a real number, so
penetration of fields and current density in Egs. 3.16(14—16) have only the real exponential decay.
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penetration, or skin depth. The phases of the current and fields lag behind their surface
values by x/8 radians at depth x into the conductor. The penetration depths for copper
at room temperature (300 K) and 77 K are shown in Fig. 3.16b. Except for ferromagnetic
and ferrite materials, p =~ .

Example 3.16
SKIN DEPTH IN AUDIO TRANSFORMER WITH IRON CORE

An audio frequency transformer has a core made of iron with ¢ = 0.5 X 107 and
@ = 1000p,. It is designed to work up to 15 kHz. Let us find the skin depth at this
highest design frequency. From (11)

8= (X 15 X 10° X 10° X 47 X 1077 x 0.5 x 107)" /2

17
= (3072 X 10%)7'/2 = 0.058 X 1073 m = 0.058 mm an

Note that this is more than 30 times smaller than for a material of the same conductivity
but with a relative permeability of unity.

Advantageous electromagnetic behavior can be obtained in circumstances where
cooling to cryogenic temperatures is possible if superconductors are used.’ For reasons
to be explained in Sec. 13.4, the conductivity is complex and frequency dependent, and
8 is constant up to about 100 GHz at (1 + j) times the value of the dc penetration
depth A, Values of & found experimentally for niobium at 4 K and for the oxide
superconductor YBa,Cu;0,_,, or simply Y-Ba—Cu-0O, are shown in Fig. 3.165 for
comparison with the frequency-dependent values for copper. The oxide superconductor
Y-Ba—Cu-O0 has an anisotropic crystal structure; it is assumed here that the highly
conducting Cu—O planes are parallel to the surface. The behavior is otherwise more
complicated.

3.17 INTERNAL IMPEDANCE OF A PLANE CONDUCTOR

The decay of fields into a good conductor or superconductor may be looked at as the
attenuation of a plane wave as it propagates into the conductor or from the point of
view that induced fields from the time-varying currents tend to counter the applied
fields. The latter point of view is especially applicable to circuits, in which case we
think of the field at the surface as the applied field. Currents (resulting from o'E) con-
centrate near this surface and the ratio of surface electric field to current flow gives an
internal impedance for use in circuit problems. By internal, we mean the contribution

7 T. Van Duzer and C. W. Turner, Principles of Superconductive Devices and Circuifs, Sec.

3.14, Elsevier, New York, 1981, (To be reissued by Prentice Hall.)
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to impedance from the fields penetrating the conductor. This gives, in general, a re-
sistance term and an internal inductance, the latter to be added to any external induct-
ance contribution arising from the fields outside the conductor.

The total current flowing past a unit width on the surface of the plane conductor is
found by integrating the current density, Eq. 3.16(16), from the surface to the infinite
depth: |

= "° , | Jod
J, = J J.dx = f Joe T AHNG/D gy = 0 1
. L o ‘ T+ 1)
The electric field at the surface is related to the currentidensity at the surface by
J
Eg=2 ©)
o
Internal impedance for a unit length and unit width is defined as
A EzO 1+ .]
Z = = 3
£} JSZ 05 : ( )
With the further definition !
Z, B R, + joL, )
We then have }
1 i
R == [T )
od o
L, L R (6)
WL, = — =
1 0.5 §

With o real, the resistance and internal reactance of such a plane conductor are equal
at any frequency. The internal impedance Z; thus has| a phase angle of 45 degrees.
Equation (5) gives another interpretation of depth of penetration §, for this equation
shows that the skin-effect resistance of the semi-infinite/plane conductor is the same as
the dc resistance of a plane conductor of depth 8. That is, resistance of this conductor

Table 3.17a
Skin Effect Properties of Typical Metals

Conductivity Depth of Penetration Surface Resistivity

o (S/m) 5 (m) R, ()
Silver (300 K) 6.17 X 107 0.0642f~1/2 252 X 10-7f1/2
Aluminum (300 K) 3.72 X 107 0.0826f 1/ 3.26 X 10772
Brass (300 K) 1.57 X 107 0.127f~ 172 5.01 X 10772
Copper (300 K) 5.80 x 10’ 0.066f /2 2.61 X 107712

Copper (77 K) 18 x 107 0.037f~1/2 15 X 10-7f1/2
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Table 3.17b
Skin Effect Properties of Typical Superconductors
Surface
Complex Conductivity Penetration Depth Resistivity
o = 0, —jo, (S/m) A, = 8/(1 + j)(m) R (Q)
YBa,Cuy0,_, (77 K) 8.2 X 10° — j20 x 10'7f~! 250 X 10~° 40 X 10~ %2
Niobium (4 K) 52 X 10% — j175 x 10V7f-1 85 X 10~° 1.0 X 10~%52

with exponential decrease in current density is the same as though current were uni-
formly distributed over a depth &.

The resistance R, of the plane conductor for a unit length and unit width is called
the surface resistivity. For a finite area of conductor, the resistance is obtained by
multiplying R, by length, and dividing by width since the width elements are essentially
in parallel. Thus the dimension of R is ohms or, as it is sometimes called, ohms per
square. Like the depth of penetration §, R, as defined by (5) is also a useful parameter
in the analyses of conductors of other than plane shape, and may be thought of as a
constant of the material at frequency f.

Superconductors are somewhat different from the good conductor discussed above
in having a complex conductivity with the result that the surface resistance and reactance
terms are not equal. But the definitions in (3) and (4) still apply. Again, p =~ u,. They
differ also in that R, increases as f> rather than as f/2, as in the case of a good
conductor. Values of depth of penetration (skin depth) and surface resistivity are tabu-
lated for several metals in Table 3.17a and are plotted in Fig. 3.16b as functions of
frequency. Table 3.17b gives experimentally derived data for the complex conductivity,
penetration depth, and surface resistance for two prominent superconductors; the
penetration depth and surface resistance are also plotted in Fig. 3.16b as functions of
frequency.

Example 3.17
APPROXIMATE INTERNAL IMPEDANCE OF A COAXIAL LINE

The usefulness of this concept for practical problems may now be illustrated by con-
sidering the coaxial transmission line of Fig. 3.17. We select as a circuit path one which
follows the outer surface of the inner conductor, AB, traversing radially across to C and
then following the inner surface of the outer conductor CD, returning back radially to
A. The difference between voltages Vj, and V5 will arise in part because of the in-
ductance calculated from flux within the path ABCDA, that is, the inductance external
to the conductors. We consequently call this the external inductance and recognize it
as that found for a coaxial line in Chapter 2. But there is also a voltage contribution
along the path AB due to the internal impedance of the inner conductor and one along
CD arising from internal impedance of the outer conductor.
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Fie. 3.17 Section of coaxial transmission line. Line integral of electric field about path ABCD
relates to magnetic flux associated with external inductance. |

If radii of curvatures @ and b are large in comparison with skin depth &, and if
thickness of the outer tubular conductor is large compared with 8, both conductors may
be treated to a good degree of approximation by the planar analysis of this and the
preceding section. Current concentrates on the outer surface of the inner conductor and
the inner surface of the outer conductor, adjacent to the region of the fields. The inner
conductor, if curvature is negligible, then appears as ajplane of width equal to its
circumference, 277a. Internal impedance per unit length is then

Z

Zn = 2ma

The outer conductor, with these approximations, appears/as a plane of width equal to
its inner circumference, 27b. Its thickness does not enter since it is presumed much
larger than 8, so that fields have died to a negligible value at the outer surface. Internal
impedance per unit length from this part is then i

Z

The sum of these two gives the total contribution to impedance from fields within the
conductors and can be used in the transmission-line analysis of Chapter 5.

3.18 POWER LOSS IN A PLANE CONDUCTOR

To find average power loss per unit area of the plane conductor, we may apply the
Poynting theorem of Sec. 3.13. The field components E. and H, produce a power flow
in the x direction, or into the conductor. Utilization of the ﬁeld values at the surface
gives the total power flowing from the field into the conductor In complex phasor form,
using Eq. 3.13(7),

P, = $Re[E, X Hj] = —3%5 Re(E.Ho) ¢))
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Fic.3.18 Surface of plane conductor illustrating how magnetic field at surface relates to current
flow per unit width.

The surface value of magnetic field can readily be related to the surface current, as
can be seen by taking the line integral of magnetic field about some path ABCD of Fig.
3.18 (C and D at infinity). Since magnetic field is in the —y direction for this simple
case, there is no contribution to H - dl along the sides BC and DA; there is no contri-
bution along CD since field is zero at infinity. Hence, for a width w,

B
3{5 H-dl:fﬂ-dl:—wﬁyo )
ABCD A

This line integral of magnetic field must be equal to the conduction current enclosed,
since displacement current has been shown to be negligible in a good conductor. The
current is just the width w times the current per unit width J.. Then, utilizing (2),

—wHy, = wl, or J, = —Hy, 3

This may be written in a vector form which includes the magnitude and sense infor-
mation of (3) and the fact that J and H are mutually perpendicular,

J,=a X H 4)

where fi is a unit vector perpendicular to the conductor surface, pointing into the ad-
joining dielectric region and H is the magnetic field at the surface. Note that (4) is
of the same form as for perfect conductors, Eq. 3.15(8). Then using (1), (3), and
Eq. 3.17(3), we obtain for power loss W, = P,

W, = $Re[ZJJ*] = 3R |/ [> W/m? 5)

This is a form that might have been expected in that it gives loss in terms of resistance
multiplied by square of current magnitude. An alternate derivation (Prob. 3.18a) is by
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the integration of power loss at each point of the sohd‘from the known conductivity
and current density function.

Equation (5) will be found of the greatest usefulness throughout this text for the
computation of power loss in the walls of waveguides, cavity resonators, and other
electromagnetic structures. Although the walls of these structures are not plane solids
of infinite depth, the results of this section may be applied for all practical purposes
whenever the conductor thickness and radii of curvature are much greater than 8, depth
of penetration. This includes most important cases at high frequencies. In these cases
the quantities that are ordinarily known are the fields at the surface of the conductor.

Potentials for Time-Varying Fields

3.19 A POSSIBLE SET OF POTENTIALS FOR TIME-VARYING FIELDS

As we have seen, time-varying electromagnetic fields are related to each other and to
the charge and current sources through the set of differential equations known as Max-
well’s equations. It is sometimes convenient to introduce some intermediate functions,
known as potential functions, which are directly related to the sources, and from which
the electric and magnetic fields may be derived. Such functions were found useful for
static fields, and in the case of the electrostatic potential, the potential itself had useful
physical significance. The physical interpretation was less clear in the case of the mag-
netic vector potential, but it does provide a useful simplification in the analysis of some
problems. In this and following sections we look for similar potential functions for the
time-varying fields. It turns out that there are many possible sets. We select a commonly
used set known as retarded potentials, which reduce to the potentials used for statics
in the limit of no time variations.

We might try at first to use the forms found for statics, E = —V®andB =V X A,
with all quantities functions of time. We are faced with this problem: the electric field
for time-varying conditions cannot be derived only as the gradient of scalar potential
since this would require that it have zero curl, and it may actually have a nonzero curl
of value —dB/at; it cannot be derived alone as the curl of a vector potential since this
would require that it have zero divergence, and it may have a finite divergence of value
ple.

Since the divergence of magnetic field is zero in thei general case as it was in the
static, it seems that B may still be set equal to the curl of some magnetic vector poten-
tial, A.

B=VXxA )
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This relation may now be substituted in the Maxwell equation 3.6(3) and the result
written

Vx<E+%>=o @)
at

This equation states that the curl of a certain vector quantity is zero. But this is the
condition that permits a vector to be derived as the gradient of a scalar, say ®. That is,

E+2_ _vo
ar
or
E= Vo - 2 3)
a

Equations (1) and (3) are then valid relationships between fields and potential functions
A and ®. Note that no specializations on the medium have been made to this point. It
is found that the potential functions are most useful, though, for linear, isotropic,
homogeneous media, so in the remaining part of this discussion, we take p and € as
scalar constants appropriate to such media. With this specialization we substitute (3) in
Gauss’s law, Eg. 3.6(1), to obtain

_ve v, _P
Vo at(V A) . @)

Then, substituting B = V X A and (3) in Eq. 3.6(4), we find

RL) A
VXVXAS= -Vl—] -
wy + ,us[ V( ar) at?}

Using the vector identity
VXVXA

V(V-A) — VA
this becomes

3*A
e

V(V-A) — VA = uJ — Mev(§> - )

Equations (4) and (5) can be simplified by further specification of A. That is, there are
any number of vector functions whose curl is the same. One may specify also the
divergence of A according to convenience.? If the divergence of A is chosen as®

8  Specification of divergence and curl of a vector, with appropriate boundary conditions,

determines the vector uniquely through the Helmholfz theorem. See, for example, R. E.
Collin, Field Theory of Guided Waves, 2nd ed., Appendix Al, IEEE Press, Piscataway, NJ,
1991.

This choice is known as the Loreniz condition or Lorentz gauge and leads fo the symmetry
of (7) and (8). Other useful gauges are the Coulomb and London gauges. See, for ex-
ample, A. M. Portis, Electromagnetic Fields: Sources and Media, Wiley, New York, 1978.
See also Prob. 3.19c.
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ad
V-A= —ue— 6
A pe — 6)
(4) and (5) then simplify to
2D
VO — pelo = B %)
at* g !
2A ‘
a9
VZA — ue r-iiali wd (8)

Thus the potentials A and P, defined in terms of the sources J and p by the differential
equations (7) and (8), may be used to derive the electric and magnetic fields by (1) and
(3). It is easy to see that they do reduce to the corresponding expressions of statics, for
if time derivatives are allowed to go to zero, the set of equations (1), (3), (7), and (8)
becomes

vo= -2 E=-vo ©)
&

VA= —u] B=VXA (10)

which are recognized as the appropriate expressions from Chapters 1 and 2.

3.20 THE RETARDED POTENTIALS AS INTEGRALS OVER CHARGES AND CURRENTS

The potential functions A and ® for time-varying fields are defined in terms of the
currents and charges by the differential equations 3.19(7) and 3.19(8). General solutions
of the equation give the potentials as integrals over the charges and currents, as in the
static case. The following discussion applies to the very important case of a region
extending to infinity with a linear, isotropic, and homogeneous medium.

From Chapters 1 and 2 the integrals for the static potentials, which may be considered
the solutions of Egs. 3.19(9) and 3.19(10), are

®=fpw )

v drer

A= J;d._v (2)
v 4arr

A mathematical development to yield the corresponding integral solutions of the in-
homogeneous wave equations 3.19(7) and 3.19(8) is given in Appendix 5. A plausibility
argument is given here. The solutions are

«',y',2',t — R/v) dV'
D(x, y, z, 1) = f Py X/v) 3)
v 47eR
J&, ',z’,t—;Rv av’
Ay zn = u | 162 42 @
v 4R
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where

v = (ue)” '/ 5)

(for free space, v = ¢ = 2.9987 X 10% m/s) and R is the distance between source
point (x', y', z') and field point (x, y, z),

R=1[x—-xP+(y—y)P+@E-— )" ©)

In the above, t — R/v denotes that, for an evaluation of ® at time ¢, the value of
charge density p at time t — R/v should be used. That is, for each element of charge
p dV, the equation says that the contribution to potential is of the same form as in statics,
(1), except that we must recognize a finite time of propagating the effect from the charge
element to the point P at which potential is being computed, distance R away. The
effect travels with velocity v = 1/ \/E which, as we have seen, is just the velocity
of a simple plane wave through the medium as predicted from the homogeneous wave
equation. Thus, in computing the total contribution to potential ® at a point P at a given
instant ¢, we must use the values of charge density from points distance R away at an
earlier time, t — R/v, since for a given element it is that effect which just reaches P at
time ¢. A similar interpretation applies to the computation of A from currents in (4).
Because of this “retardation” effect, the potentials ® and A are called the retarded
potentials. Once the phenomenon of wave propagation predicted from Maxwell’s equa-
tions is known, this is about the simplest revision of the static formulas (1) and (2) that
could be expected.

Example 3.20
FIELD FROM AN AC CURRENT ELEMENT

One of the simplest examples illustrating the meaning of this retardation, and one that
will be met again in the study of radiating systems, is that of a very short wire carrying

an ac current varying sinusoidally in time between two small spheres on which charges
accumulate (Fig. 3.20). For a filamentary current in a small wire, the differences in

Y. -
h
Ei;

Fic. 3.20 Retarded potential from small current element.
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distance from P to various points of a given cross section of the wire are unimportant,
so that two parts of the volume integral in (4) may be:done by integrating current
density over the cross section to yield the total current in the wire. Thus, for any
filamentary current,

A < #fI(t — r/v)dl

4arr

)

For the particular case of Fig. 3.20, current is in the z diréction only; so, by the above,
A is also. If £ is so small compared with » and wavelength, the remaining integration
of (7) is performed by multiplying the current by 4:

h -
A, = ”—L(r - '—) ®)
4arr v

Finally, if the current in the small element has the form
, = Iy cos wt ©)

substitution in (8) gives A, as
hI "
A, = B0 o w(z‘ - '-) (10)
‘ 4arr v/

From this value of A, the magnetic and electric fields may be derived. This will be
done when we return to radiation in Chapter 12.

3.21 THE RETARDED POTENTIALS FOR THE TIME-PERIODIC CASE

If all electromagnetic quantities of interest are varying sinusoidally in time, in the
complex notation with e/’ understood, the set of equations 3.19(1), 3.19(3), 3.20(3),
3.20(4), and 3.19(6) becomes

B=VXA 1)
E=-V® — juA @)
B p(x', y:’ Zr)e—ij av'
(I)(x’ Y, Z) - fV 47T8R (3)
_ J(x', yr’ Zr)e~ij av’
Ax, y,2) = p fv AR (C))
V-A= —jousd® )

where £ = w/v = w\/ﬁ, and R is the distance between source and field points. Note
that the retardation in this case is taken care of by the factor ¢ /*® and amounts to a
shift in phase of each contribution to potential according to the distance R from the
contributing element to the point P at which potential is to be computed. (From here
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on we will frequently leave out the functional notation of coordinates, with the under-
standing that potentials are computed for the field point, and the integration is over all
source points.)

For these steady-state sinusoids the relation between A and @ in (5) fixes ® uniquely
once A is determined. Thus, it is not necessary to compute the scalar potential ®
separately. Both E and B may be written in terms of A alone:

B=V XA 6)

E = J;‘i’ V(V-A) — joA 0
Je R gy’

A=r TR ®)

It is then necessary only to specify the current distribution over the system, to compute
the vector potential A from it by (8), and then find the electric and magnetic fields by
(6) and (7). It may appear that the effects of the charges of the system are being left
out, but of course the continuity equation

V-J= —jop ®

relates the charges to the currents and, in fact, in this steady-state sinusoidal case, fixes
p uniquely once the distribution of J is given. So an equivalent but lengthier procedure
would be that of computing the charge distribution from the specified current distri-
bution by means of the continuity equation (9), then using the complete set of equations
(1) to (4).

PROBLEMS

3.2a A magnetic field of the approximate form B = ZCyx sin wf passes through a rectangu-
lar loop in the x—y plane following the path (0, 0) to (a, 0) to (g, b) to (0, b) to (0, 0).
Show that if Faraday’s law in microscopic form is used to give E, the macroscopic
form of Faraday’s law is satisfied.

3.2b Find the emf around a circular loop in the z = 0 plane if the loop is threaded by an
axial magnetic field varying with r, ¢, and t approximately as

B. = Cyr sin ¢ sin wt
Now find the emf for a circuit consisting of a half-circle of radius @ and a straight wire
fromr =a,¢ =0tor =a,¢ = m

3.2c* The betatron makes use of the electric field produced by a time-varying magnetic field
in space to accelerate charged particles. Suppose that the magnetic field of a betatron
has an axial component in circular cylindrical coordinates of the following form:

B.(r,t) = Ctr" t=0)

*

The asterisk on problems denotes ones longer or harder than the average. two asterisks
denote unusually difficult or lengthy problems.
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Find the induced electric field in magnitude and direction at a particular radius a.
From this find velocity v on a charge ¢ after a time ¢, assuming that the charge stays in
a path of constant radius a, and calculate the magnetic force on the charge. For what
value(s) of n will this magnetic force just balance the centrifugal force (mv?/a), where
m is mass of the particle, so that it can remain in the path of constant radius as
assumed?

Current / in a long, round wire varies sinusoidally with time. Assume no variation
with z (coordinate along the wire) or ¢ (angular coordinate around the wire). Find
magnetic field outside the wire, assuming it related to current flow at any instant as in
the statics form. (This is called the “quasistatic” approximation.) From the-differential
equation form of Faraday’s law find the electric field in the space outside the wire
generated by the changing magnetic field of the form found. Use phasor forms and
take the electric field at the surface of the wire (r = a) as the product of current and
internal impedance Z; per unit length. Note behavior at infinity. What is unrealistic
about this model?

To demonstrate Faraday’s law in class, we often move a coil by hand through the
poles of a permanent magnet and observe the generated voltage on an os’ci]_loscope
One magnet used has a flux density of 0.1 T and pole pieces about 2 cm in diameter.
Estimate the velocity you can conveniently obtain by hand motion and find how many
turns you need to produce peak voltages around 10 mV. Sketch the waveform ex-
pected as the coil is moved through the region between poles.

In the generator of Fig. 3.3a, the poles are reshaped so that magnetic flux density is
inhomogeneous. Take the magnetic field direction as the z direction and the vertical
direction of the figure as the x direction. Assume the mhomogeneous field to have a

quadratic variation with x,
2
B, = Bm(l - —;)
e

Find emf generated in the rotating loop by considering rate of change of flux, and also
by use of the motional electric field in the wires. Plot'the waveform of this wave in
time.

In Prob. 3.3b, it may seem surprising that motional field depends only on the value of
B at the instantaneous position of the conductors, whereas flux enclosed depends upon
integration of field throughout the region of inhomogeneous variation, yet both give
identical answers. Explain why this is so for any arbitrary variation with x.

In the generator of Fig. 3.3a, the rectangular loop is replaced by a circular loop of
radius a, rotated about a line in the plane of the loop and passing through the center.
This axis is normal to B as in Fig. 3.3a. Take B, as uniform and find emf generated in
this loop as it is rotated with angular velocity () about the defined axis.

The rectangular loop of Ex. 3.3 is moved with constant velocity v in the x direction
through an inhomogeneous magnetic field which varies sinusoidally with x,

L[ mx
——Csm<L>

Find the induced emf, both from rate of change of flux and by use of the motional
electric field. Find values for the special cases a/L = 4, 1, 2.

3.3f A wire in the form of a rectangular loop with one arm at x = 0 extending fromy = 0

toy = b and two parallel arms at y = 0 and y = b extending from x = 0 in the +x
direction as in Fig. P3.3f has static flux density B, in the z direction. A sliding short at



3.3g

34

3.5a

3.5b

Problems 165

b
®:z —v
y
O j
.
0
Fic. P3.3f

x moves with velocity v. Find the emf induced in the loop by rate of change of flux
and by the motional method.

A long, straight wire carries a time-varying current /. A rectangular circuit of length €
lies in the r, z plane, with one leg distance r, from the axis and the other at r, as in
Fig. P3.3g. Find the emf induced in the loop.

g ' T—1 (t)
Fie. P3.3g

Conduction current density for copper with a field of 0.1 V/m (1 mV/cm) applied is
5.8 X 10° A/m> What number density of electrons is required to produce the same
value of convection current density if the electrons have been accelerated in vacuum
through a potential of 1 kV? What electric field magnitude would be required to pro-
duce the same magnitude of displacement current density in space for sinusoidally
varying waves as follows: (1) a power wave of trequency 60 Hz; (2) a microwave
beam of frequency 3 GHz; (3) a laser beam of wavelength 1.06 um?

Starting from Eq. 3.4(7), prove that for a closed surface

£(15+J4)‘d3=0

From this, show that the sum of convection and displacement currents is the same for
both of the surfaces S, and S, in Fig. 3.5b. For a spherical capacitor with concentric
conductors of radii a and b, with sinusoidal voltage applied between conductors, find
displacement current for @ < r < b and show that it is equal to the charging current in
the leads to the capacitor.

Obtain the expressions for electric field, Egs. 3.5(4)—(6), from the divergence
equation.
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In a large class of electron devices, of which the klystron is a good example, current in
the output circuit is induced because of the time-varying conduction current crossing
the output gap. The ac current is superposed on the dc beam and moves across the gap
approximately at the dc velocity v, of the electrons so that convection current density
in phasor form may be written

J(x) = Jy + Jye~iexlvo

Suppose the output gap may be represented by parallel-plane electrodes as in Fig.
P3.5c. The results of Ex. 3.5 may then be used for the induced current for each ele-
mental slice of length dx, and total induced current for the gap may be obtained by
integrating contributions over the total length d of the gap. Carry out the integration to
find the induced current in the output gap and notice how it depends upon transit
angle, wd/v,. ’

Check the dimensional consistency of Egs. (1) through (9) of Sec. 3.6.

Show that, if the equation for continuity of charge is;assumed, the two divergence
equations, 3.6(1) and (2), may be derived from the curl equations, (3) and (4), so far
as ac components of the field are concemned, for regions with finite p and J. This fact

has made it quite common to refer to the two curl equations alone as Maxwell’s
equations.

Check to see which if any of following could be a field consistent with Maxwell’s
equations. If a special condition for p and J is needed, discuss its physical
reasonableness.

(i) B = ixt (rectangular coordinates)

(i) E = ©C/r (circular cylindrical coordinates)
(iii) E = #(C/r) cos(wt — oV pez) (circular cylindrical coordinates)
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A conducting spherical balloon is charged with a constant charge Q, and its radius
made to vary sinusoidally in time in some manner from a minimum value, r;,, to a
maximum value, rp,,. It might be supposed that this would produce a spherically sym-
metric, radially outward propagating electromagnetic wave. Show that this does not
happen by finding the electric field at some radius r > r .

A capacitor formed by two circular parallel plates has an essentially uniform axial
electric field produced by a voltage V,, sin wt across the plates. Utilize the symmetry to
find the magnetic field at radius r between the plates. Show that the axial electric field
could not be exactly uniform under this time-varying condition.

Suppose that there were free magnetic charges of density p,,, and that a continuity re-
lation similar to Eq. 3.4(5) applied to such charges. Find the magnetic current term
that would have to be added to Maxwell’s equations in such a case. Give the units of
Pm and of magnetic current density.

Under what conditions can a complex vector quantity E be represented by a vector
magnitude and phase angle,

E = Ee/%
where E is a real vector and 6§ a real scalar?

Consider a case in which the complex field vectors can be represented by single values
of magnitude and phase:

E = By, y, 2)e/0erd
H = Hyx, y, z)e/ft>)
J = Jylx, y, 2)e ity
p = polx, y, 2)e by

Substitute in Maxwell’s equations in the complex form, and separate real and imagi-
nary parts to obtain the set of differential equations relating Eq, Hg, . . ., 8,. Check the
result by using the corresponding instantaneous expressions,

Eio. = Re[Ege/fe/] = Ey(x, y, z) coslot + 6,(x, y, 2)], etc.

substituting in Maxwell’s equations for general time variations, eliminating the time
variations, and again getting the set of equations relating E, . . ., 0,

Check to see which, if any, of the following could be phasor representations of fields
consistent with Maxwell’s equations, in a charge-free region:

(i) E = {Ce /@™ ne= (rectangular coordinates)
(iiyH = (i)(C/r)e —jeN pes (circular cylindrical coordinates)
(iii) E = 8(C/r)ye ju nercost (spherical coordinates)

Plot the sinusoidal solution 3.9(16) versus wz/v for various times, wt = 0, 7/4, 7/2,
37r/4, , and 2, and interpret as a traveling wave.

A uniform plane wave is excited by a waveshape E, rectangular in time. That is,
E. = CformT <t<(m+ $T,m = 0, 1, 2, 3, and zero otherwise. Plot E, versus
distance z for t = T/4, 3T/4, 5T/4, 1T/4.

A uniform plane wave has electric field at z = 0 given as E (0, ) = cos ot +

1 cos 3wt. Sketch E, versus distance for a few periods in an ideal dielectric with no
dispersion. Repeat for a dielectric in which wave velocity at frequency 3 is % that at
frequency w.
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In Sec. 3.10 a wave with E, and H, is analyzed. The other set of fields (or the other
polarization as it will be called in Chapter 6) relates E; and H,. With the same as-
sumptions as to uniformity in the x—y planes, find the wave solutions for this set in

phasor form.
!
A radio wave that may be considered a uniform plane wave propagates through the

ionosphere and interacts with some charged particles which are moving with a velocity
a tenth the velocity of light in the direction normal to the magnetic field of the wave.
Find the ratio of the magnetic force of the wave on the charges to the electric force.

Show that Faraday’s law is satisfied in the forward-traveling plane wave with sinu-
soidal variations by taking a line integral of electric field fromz = 0,x = 0toz = 0,
x=atoz=d,x =atoz = d,x = 0 back to (0, 0) and relating it to the magnetic
flux through that path.

Show that the generalized Ampere’s law is satisfied for the forward-traveling plane
wave with sinusoidal variations by taking a line integral of magnetic field from z = 0,
y=0toz=0,y=>btoz=d,y=>btoz = d,y = 0 back to (0, 0) and relating it
to displacement current through that path.

‘What are the relations among the constants required for each of the following to be a
solution of the three-dimensional Helmholtz equation?

(i) E, = C sin ko sin &,y sin kz '

(ii) £, = C sinh K.x sin k,y sin k.z
(iii) E, = C sinh K x sinh K|y sinh Kz
Show that the wave equation may be written directly in terms of any of the compo-
nents of H or E in rectangular coordinates, or for the axial components of H or E in
any coordinate system, but not for other components, 'such as radial and tangential

components in cylindrical coordinates, or any component in spherical coordinates.
That is,

?E °H,

V2E, = ue at;’ VH, = ue —a[—z", etc
but
PE &H
V2E, # ue -a—tz—', V2H, # pe e etc.
Check to see under what conditions the following is a solution of the Helmholtz equa-

tion in circular cylindrical coordinates:

E = f‘(g)e‘j"“-s
;

(Note that the vector form of V2 must be used; see Prob. 3.11b.)

Describe the Poynting vector and discuss its interpretation for the case of a static point
charge Q located at the center of a small loop of wire carrying direct current I.

Assuming current density constant over the conductor cross section in the Ex. 3.12a,
find the Poynting vector within the wire and interpret this in terms of the distribution
of dissipation.

Interpret the Poynting vector about a parallel-plate capacitor charged from zero to
some final charge 0. Repeat for an inductor in which current builds up from zero to
some final value. Repeat for each of these cases as charge and current is made to de-
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cay from a given value to zero. For the inductor, use a straight section of wire as
example.

Show that the power flow in the uniform plane wave of Ex. 3.12c equals the product
of the average energy density and the velocity v of the wave.

In each of the following, use a plane-wave model to estimate the quantities for various
laser systems:

(i) A small helium—neon laser (A = 633 nm) typically produces 1 mW in a beam
1 mm in diameter. Estimate strengths of electric and magnetic fields in the laser
beam.

(ii) It is fairly easy to focus the power for a medium-power CO, laser (A = 10.6 pm)
so that there is breakdown in air. Taking breakdown strength as at lower frequen-
cies, about 3 X 10% V/m, estimate the power density in such a laser beam.

(iii) Very high power Nd—glass lasers (\ = 1.06 um) have been used in laser-fusion
experiments. Estimate electric field strength at the target for one producing
10.2 kJ in 0.9 ns, focused to a target about 0.5 mm in diameter.

3.12f Show that Eq. 3.12(6) follows from Eq. 3.12(5) for linear, isotropic, time-invariant

3.13a

3.13b

3.14

3.16a

3.16b
3.17a

3.17b

3.18a

3.18b

media.

Find the imaginary part of Eq. 3.13(11) and simplify by letting C, = A,e/* and
C, = A,e’® where A, A,, &,, and ¢, are real. Show that the variation with z agrees
with that on the right side of Eq. 3.13(8) using time-dependent E and H.

The field a large distance from a dipole radiator has the form, in spherical coordinates,

A )
E, = \/EH,J, = <—-)e“1"" sin
€ r

Find the average power radiated through a large sphere of radius r.

Space is filled by two dielectrics, g, filling the half-space x > 0 and &, filling the half-
space x < 0. Determine whether or not there can exist a uniform plane wave with E,
and H, only and no variations with x or y, propagating in the z direction in this com-
posite dielectric. The propagation factor may be e ~** with any value of k. Note that
the wave, if it exists, must satisfy the wave equation in each region and the continuity
conditions at the plane between the two regions.

Find the variation of an average Poynting vector for a plane wave within a good con-
ductor and interpret.

Repeat Prob. 3.16a for an instantaneous Poynting vector.

Iron and tin have the same order of conductivity o, around 107 S/m. For slab conduc-
tors of each of these used at 60 Hz, 1 kHz, and 1 MHz, find the surface resistance of
the two materials if the relative permeability of the iron is 500.

Find the magnetic field H for any point x in the plane conductor in terms of J;; by first
finding the electric field, and then utilizing the appropriate one of Maxwell’s equations
to give H. Show that J_ of Eq. 3.17(1) is equal to — H, at the surface.

The average power loss per unit volume at any point in the conductor is |J,*/20.
Show that Eq. 3.18(5) may be obtained by integrating over the conductor depth to ob-
tain the total power loss per unit area.

A uniform plane wave of frequency 1 GHz has a power density of 1 MW/m? and falls
upon an aluminum sheet. It can be shown that upon reflection from a good conductor,
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magnetic field at the surface of the conductor is essertially double that in the incident
wave. Estimate the power absorbed in the aluminum per unit area and note it as a
fraction of the incident power.

Show that E and H satisfy the following differential equations in a homogeneous
medium containing charges and currents:
FE 1 aJ
V’E — —S ==-Vp+ p—
Hear T P T RS
°H
VZH—,LL&:B‘[:_T= -V x]J

A potential function commonly used in electromagnetic theory is the Hertz vector po-
tential II, so defined that electric and magnetic fields are derived from it as follows,
for a homogeneous medium:

a
H=e—-V x1II
at

32
E=VV-II) - y,e—r.,l
ot*
where '
Y L1 .
VAL = pe - g

and P, the polarization vector associated with sources, is so defined that

aP
J—Et-, p=-V-P

Show that E and H derived in this manner are consistent with Maxwell’s equations.

An alternative to the Lorentz gauge, which defines V - A by Eq. 3.19(6), is the Cou-
lomb gauge which selects it to give V - A = 0. Give; the differential equations relating
® and A to sources p and J in this case. Discuss problems in use of this apparently
simpler gauge. Note that the equations for Lorentz and Coulomb gauges become iden-
tical in the static limit and for charge-free time-varying systems.

The retarded potentials are generally used only for homogeneous media. Show the
complications in aitempting to extend the development to media with w. and & func-
tions of position.

By analogy with the integral solutions for A and @, write the integral for the Hertz
vector Il in terms of the polarization P. (See Prob. 3.19b.) Note the relation between
II and A when time variations are as e/,

From continuity of charge, find the values of the charges that must exist at the ends of
the small current element of Ex. 3.20. Find scalar potential ® from these charges, us-
ing Eq. 3.20(3). Show that @ and the A of Eq. 3.20(8) are related by the Lorentz con-
dition 3.19(6).

Using A from Sec 3.20 and ® from Prob 3.20b, find electric and magnetic fields in
spherical coordinates for the small current element of Ex. 3.20, with sinusoidal current
variation given by Eq. 3.20(9).
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4.7  INTRODUCTION

Much of the engineering design and analysis of electromagnetic interactions are done
through the mechanism of lumped-element circuits. In these, the energy-storage ele-
ments (inductors and capacitors) and the dissipative elements (resistors) are connected
to each other and to sources or active elements within the circuit by conducting paths
of negligible impedance. There may be mutual couplings, either electrical or magnetic,
but in the ideal circuit these couplings are planned and optimized. The advantage of
this approach is that functions are well separated and cause-and-effect relationships
readily understandable. Powerful methods of synthesis, analysis, and computer
optimization of such circuits have consequently been developed.

Most of the individual elements in an electrical circuit are small compared with
wavelength so that fields of the elements are quasistatic; that is, although varying with
time, the electric or magnetic fields .have the spatial forms of static field distributions.
There are important distributed effects in many real circuits, but often they can be
represented by a few properly chosen lumped coupling elements. But in some circuits,
of which the transmission lines are primary examples, the distributed effects are the
major ones and must be considered from the beginning. In some cases in which the
lumped idealizations described above do not strictly apply, lumped-element models can
nevertheless be deduced and are useful for analysis because of the powerful circuit
methods that have been developed.

We have introduced the lumped-circuit concepts, inductance and capacitance, in our
studies of static fields. We have also seen how the skin effect phenomenon in conductors
changes both resistance and inductance at high frequencies. We now wish to examine
circuits and circuit elements more carefully from the point of view of electromagnetics.
It is easy to see the idealizations required to derive Kirchhoff ’s laws from Maxwell’s
equations. It is also possible to make certain extensions of the concepts when the sim-
plest idealizations do not apply. In particular, introduction of the retardation concepts
shows that circuits may radiate energy when comparable in size with wavelength. The
amount of radiated power may be estimated from these extended circuit ideas for some

171
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configurations. But for certain classes of circuits it becomes impossible to make the
extensions without a true field analysis. We shall look at both types of circuits in this
chapter.

The Idealizations in Classical Circuit Theory

4.2 KIRCHHOFF 'S VOLTAGE LAW

Kirchhoff ’s two laws provide the basis for classical circuit theory. We begin with the
voltage law as a way of reviewing the basic element values of lumped-circuit theory.
The law states that for any closed loop of a circuit, the algebraic sum of the voltages
for the individual branches of the loop is zero: !

2Vi=0 | )
1]
The basis for this law is Faraday’s law for a closed path, written és
d
—§E-dl=—jB-dS )
at Js

and the definition of voltages between two reference points of the loop,
b
- J E-dl 3)

To illustrate the relation between the circuit expression (1) and the field expressions
(2) and (3), consider first a single loop with applied volt%lge Vo(®) and passive resistance,
inductance, and capacitance elements in series (Fig 4.2a). A convention for positive
voltage at the source is selected as shown by the plus and minus signs on the voltage
generator, which means by (3) that field of the source is directed from b to @ when V,
is positive. A convention for posmve current is also chosen, as shown by the arrow on
I(t). The interpretation of (1) by circuit theory for this basic circuit is then known to be

di) lf]\y(z‘) dat =0 4

Volt) = RI) — L—= = =

To compare, we break the closed line integral of (2) into its contributions over the
several elements:

b c d a
-J E-dl—f E-dl—f E-dl—f,E-dl=§~fB-ds )
a b c d orJs
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FIG. 4.2 (a) Series circuit with resistor, inductor, and capacitor. (&) Detail of inductor.

or
a
Vo) + Vo, + V. + Vad=5;J’ B-dS 6)
s

The right side of (6) is not zero as is the right side of (4), but we recognize it as the
contribution to emf generated by any rate of change of magnetic flux within the path
defined as the circuit. If not entirely negligible, it can be considered as arising from an
inductance of the loop which can be added to the lumped element L, or a mutually
induced coupling if the flux is from an external source. Thus we will from here on
consider it as negligible or included in L so that the right side of (6) is zero. (Mutual
effects are added later.) We now examine separately the three voltage terms related to
the passive components R, L, and C.

Resistance Element The field expression to be applied to the resistive material is
the differential form of Ohm'’s law,

J = oE Q)
so that the voltage V_, is

°J

VC,,=—fE~d|=~ <. dl ®)
b o

b

where the path is taken along some current flow path of the conductor. Conductivity o

may vary along this path. At dc or low frequencies, current / is uniformly distributed

over the cross section A of the conductor, which can also vary with position. Thus
“ldl

Vi = — = —JR 9
’ b OA ©)
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where

dl

R = . oA (10)
This last is the usual dc or low-frequency resistance. The situation is more complicated
at higher frequencies because of the effect of the changing magnetic fields on currents
within the conductor. Current distribution over the cross section is then nonuniform,
and the particular path along the conductor must be specified. In the plane skin effect
analysis of Chapter 3, current was related to electric field at the surface to define a
surface impedance. We shall return to this concept later in the chapter for conductors
of circular cross section.

Inductance Element The voltage across the terminals of the inductive element
comes from the time rate of change of magnetic flux within the inductor, shown in the
figure as a coil. Assuming first that resistance of the conductor of the coil is negligible,
let us take a closed line integral of electric field along the conductor of the coil, returning
by the path across the terminals (Fig. 4.2b). Since the contribution along the part of the
path which follows the conductor is zero, all the voltage appears across the terminals:

-—ng-dl=—fd E‘dl—jc E-dl=—f€ E-dl (11)

c(cond.) d(term.) d(term.)

By Faraday’s law, this is the time rate of change of magnetic flux enclosed:

¢ d
~j E-d1=~Vdc=a—JB-dS (12)
S

d(term.)

Inductance L is defined as the magnetic flux linkage per unit of current (Sec. 2.5)

L=[fB-dS]/I (13)

so the voltage contributed by this term, assuming L independent of time, is

ad dal
Vg = Py L =1L 7 14)
Note that in computing flux enclosed by the path, we add a contribution each time we
follow another turn around the flux. Thus for N turns, the contribution to induced voltage
is just N times that of one turn, provided the same flux links each turn. This enters into
the calculation of L and will be seen specifically when we find inductance of a coil.
If there is finite resistance in the turns of the coil, the second term of (11) is not zero
but is the resistance of the coil, R, multiplied by current; therefore (11) becomes

9
—3§E-d1= —RLI—V,,C=6—JB-ds
S
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or

Vu=RJI+L da (15)
cd L dr
Thus, as expected, we simply add another series resistance to take care of finite
conductivity in the conductors of the coil.

Capacitive Element The ideal capacitor is one in which we store only electric
energy; magnetic fields are negligible so there is no contribution to voltage from chang-
ing magnetic fields but only from the charges on plates of the capacitor. The problem
is then quasistatic and voltage is synonymous with potential difference between capac-
itor plates. So, in contrast to the inductor, we can take any path between the terminals
of the capacitor for evaluation of voltage V,,, provided it does not stray into regions
influenced by magnetic fields from other elements. We also take the definition of
capacitance from electrostatics (Sec. 1.9) as the charge on one plate divided by the
potential difference:

_9
C”v

(16)

Thus, from continuity,

o d
] = = = — V =
dr — dt (V) = €

thla

0t 17

The last term in (17) implies a capacitance which is not changing with time. Integration
of (17) with time leads to

1
1% =-J1d 18
da C t ( )

If the dielectric of the capacitor is lossy, there are conduction currents to add to (17),
which are represented in the circuit as a conductance G = 1/R in parallel with C;
the value of R may be calculated from (10) by using conductivity of the dielectric and
area of the capacitor plates.

Induced Voltages from Other Parts of the Circuit In addition to voltages
induced by charges and currents of the circuit path being considered, there may be
induced voltages from other portions of the circuit. In particular, if the magnetic field
from one part of the circuit links another part, an induced voltage is produced through
Faraday’s law when this magnetic field changes with time. This coupling is represented
in the circuit by means of a mutual inductor M, as shown in Fig. 4.2¢. The value of M
is defined as the magnetic flux ¢/, linking path 1, divided by the current I

Mszzf_lz

2= 19)
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(d)

Fie. 4.2 (c) Circuit with a mutual inductor. (d) Designation of mutual coupling with negative M.

The voltage induced in the first path is then

dy, dl,
Vp=—=M—" 20
12 7 M i (20)
and the circuit equation (4) is modified to be
dl, dl, 1
- - L——-M—7——=|1,d =0 21
Vo — RI, — L 7 M 7 clh @1

The mutual inductance M may be either positive or negative depending upon the sense
of flux with respect to the defined positive reference for /,. The sign of M is designated
on a circuit diagram by the placing of dots and with sign conventions for currents and
voltages as shown; those on Fig. 4.2¢ denote positive M; negative M would be
designated as in Fig. 4.2d.

Except for certain materials (to be considered in Chapter 13) there is a reciprocal
relation showing that the same M gives the voltage induced in circuit 2 by time-varying
current in circuit 1:

dl//?.l dl 1

(22)

V21 B dt B dt !
All mutual effects to be considered in this chapter have this reciprocal relationship.

In summary, we find that if losses in inductor andicapacitor are ignored, the field
approach, with understandable approximations, leads:to the definitions for the three
induced voltage terms for the passive elements used in the circuit approach, Eq. (4).
Moreover, the definitions (10), (13), and (16) are the msual quasistatic definitions for
these elements. If losses are present, a series resistance is added to L and a shunt
conductance to C, again as is commonly done in the circuit approach. Coupling between
circuit paths by magnetic flux adds mutual inductance elements. We next examine the
Kirchhoff current law and the extension through this to multimesh circuits.
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4.3 KIRCHHOFF ‘s CURRENT LAW AND MULTIMESH CIRCUITS

The current law of Kirchhoff states that the algebraic sum of currents flowing out of a
junction is zero. Thus, referring to Fig. 4.3a,

N
> 1@ =0 1)

n=i
It is evident that the idea behind this law is that of continuity of current, so we refer to
the continuity equation implicit in Maxwell’s equations, Eq. 3.4(5), or its large-scale

equivalent:
d
3€J'dS=——~fpdV (2)
s at Jv

If we apply this to a surface S surrounding the junction, the only conduction current
flowing out of the surface is that in the wires, so the left side of (2) becomes just the
algebraic sum of the currents flowing out of the wires, as in (1). The right side is the

negative time rate of change of charge Q, if any, accumulating at the junction. So (2)
may be written

Z o = —220 3)

n=1 t

A comparison of (1) and (3) shows an apparent difference, but it is only one of
interpretation. If Q is nonzero, we know that we take care of this in a circuit problem
by adding one or more capacitive branches to yield the capacitive current dQ/dr at the
junction. That is, in interpreting (3), the current terms on the left are taken only as
convection or conduction currents, whereas in (1) displacement or capacitance currents
are included. With this understanding, (1) and (3) are equivalent.

With the two laws, the circuit analysis illustrated in the preceding section can be
extended to circuits with several meshes. As a simple example, consider the low-pass
filter of Fig. 4.3b or 4.3¢. Although currents and voltages are taken as time-varying,

la

Fic. 4.3a Current flow from a junction.
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Ly

Ly
c @ §RL

Ly Vi Loy
Va Ve

IC )
0 :

(c)

Fic. 4.3 Low-pass filter: (b) loop current analysis; (c) node voltage analysis.

()

1S+

we drop the functional notation for simplicity. Figure 4.3b illustrates the standard
method utilizing mesh currents /; and /,. Note that the net'current through Cis (I; — 1),
which automatically satisfies the current law at node b. The voltage law is then written
about each loop as follows:

a, 1
V. — R, I, — L!—l-— J'(l1 I,)dt )
1 2
—c) G- Idi =L, = — Rl = 0 )

The two equations are then solved by appropriate means to give I/, and /, for a given V..
A second standard method of circuit analysis uses node voltages V,, V,, and V_ as
shown in Fig. 4.3¢. These are defined with respect to some reference, here taken as the
lower terminal of the voltage generator, denoted 0. Then Kirchhoff ’s voltage law is
automatically satisfied, for if we add voltages around the first loop we have

Ve+ (V, = V) + WV, - V) + O—-V)y=0 ©)
Kirchhoff ’s current law is then applied at each of the three nodes as follows:

% I’A
Node a: —2——=

7 +——j(v V) di =0 )

1 av,
Node b: j(vb a)dz+——f(v,,—vc)dt+c—-—”:0 8)
L, T odt
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Node c¢: 1 f V., = Vy)d + Ye =0 ©)
L, R,
Solution of these by appropriate means yields the three node voltages in terms of the
given voltage V.. Note that no equation for the reference node need be written as it is
contained in the above.

In the above we seem to be treating voltage as a potential difference when we take
voltage of a node with respect to the chosen reference, but note that this is only after
the circuit is defined and we are only breaking up [ E - dl into its contributions over
the various branches. As illustrated in the preceding section, we do have to define the
path carefully whenever there are inductances or other elements with contributions to
voltage from Faraday’s law.

Finally, a word about sources. The voltage generator most often met in lumped-
element circuit theory is a highly localized one. For example, the electrons and holes
of a semiconductor diode or transistor may induce electric fields between the conducting
electrodes fabricated on the device. The entire device is typically small compared with
wavelength so that the electric field, although time-varying, may be written as the
gradient of a time-varying scalar potential. The integral of electric field at any instant
thus yields an instantaneous potential difference V, between the electrodes, which is the
source voltage (or V, — IZ if current flows). The induced effects from a modulated
electron stream passing across a klystron gap are similar, as are those from many other
practical devices. There are interesting field problems in the analysis of induced effects
from such devices, but from the point of view of the circuit designer, they are simply
point sources representable by the V; used in the circuits.

A quite different limiting case is that in which the fields driving the circuit are not
localized but are distributed. An important example is that of a receiving antenna with
the fields set down by a distant transmitting antenna. If voltage is taken as the line
integral of electric field along the antenna, applied voltage clearly depends upon the
circuit configuration and orientation with respect to the applied field. Although quite
different from the case with a localized source, it is found that circuit theory is useful
here also. A formulation in terms of the retarded potentials will be applied to this case
in Sec. 4.11.

Current generators are natural to use as sources in place of voltage generators if
emphasis is on the current induced between electrodes of the point source or small-gap
device. Similarly for the distributed source, if applied magnetic field at the circuit
conductor is given, induced current can be calculated and a current representation is
natural. One, however, has a choice in any case since the Thévenin and Norton
theorems' show that the two representations of Figs. 4.3d and 4.3¢ are equivalent with
the relations

Yo=2Z7 L=V, (10)
Thus an equivalent to Fig. 4.3c is that of Fig. 4.3f, utilizing a current generator.

VS E Schwarz and W. G. Oldham, Electrical Engineering: An Introduction, 2nd ed.,

Saunders, Fort Worth, TX, 1993.
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{d}

Fi6. 4.3 (d) Thévenin circuit configuration. (e) Norton circuit form. (f) Equivalent of circuit
in (¢) using Norton source.

Skin Effect in Practical Conductors

4.4 DISTRIBUTION OF TIME-VARYING CURRENTS IN CONDUCTORS
OF CIRCULAR CROSS SECTION

To study the resistive term at frequencies high enough so that current distribution is
not uniform, we need to first find the current distribution. This was done in Sec. 3.16
for plane conductors. We now wish to do this for the useful case of round conductors.
Recall that a good conductor is defined as one for which displacement current is
negligible in comparison with conduction current so that

VXH=J]=0E! n
Faraday’s law equation is (in phasor form)

VXE= —jouH . @)
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From these two we derived the differential equation for current density, Eq. 3.16(7):
Vi = jouo] 3

We now take current in the z direction and no variations with z or angle ¢. Equation
(3), expressed in circular cylindrical coordinates (inside front cover), is then

dz];‘ y 14 TJ, =0 4
dr= rodr -
where
T2 = — Jjouo
or

va

T =2 Vopog = j~1/2 >

6)

where & is the useful parameter called “depth of penetration” or “skin depth.” The
differential equation (4) is a Bessel equation. Equations of this type will be studied in
detail in Chapter 7, but for the present we write the two independent solutions as

J. = AI(Tr) + BH{ TP (6)

For a solid wire, r = 0 is included in the solution, and then it is necessary that B = 0
since a study of H{(Tr) shows that this is infinite at r = 0. Therefore,

J. = AJ(Tr) @)

The arbitrary constant A may be evaluated in terms of current density at the surface,
which is oE,, with E the surface electric field.

Then (7) becomes

ok,
J_ =
o JoTrg)

Jo(TT) ®

A study of the series definitions of the Bessel functions with complex argument shows
that J, is complex. It is convenient to break the complex Bessel function into real and
imaginary parts, using the definitions

Ber(v) L real part of Jo(j~ /%)
Bei(v) £ imaginary part of Jo(j~ /%)

That is,
Jo(j~?v) = Ber(v) + j Bei() )
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Ber(v) and Bei(v) are tabulated in many references.? Using these definitions and (5),
(8) may be written

;- Ber(V2r/8) + j Bei(V2r/8)

10
=T TR0 Ber(V2ry/8) + j Bei(V2ry/8) (10)

In Fig. 4.4a the magnitude of the ratio of current density to that at the outside of the
wire is plotted as a function of the ratio of radius to outer radius of wire, for different
values of the parameter (r,/8). Also, for purposes of the physical picture, these are
interpreted in terms of current distribution for a 1-mm-diameter copper wire at different
frequencies by the figures in parentheses.

As an example of the applicability of the plane analysis for curved conductors at
high frequencies where 6 is small compared with radii, we can take the present case of
the round wire. If we are to neglect the curvature and apply the plane analysis, the
coordinate x, distance below the surface, is (r, — r) for a round wire. Then Eq. 3.16(16)
gives

J

=~ p—(ro—n/8 11
O'EO ¢ ( )

In Fig. 4.4b are plotted curves of |J,/oE,| by using this formula, and comparisons are
made with curves obtained from the exact formula (10). This is done for two cases,
ro/8 = 2.39 and ry/8 = 7.55. In the latter, the approximate distribution agrees well
with the exact; in the former it does not. Thus, if ratio of wire radius to & is large, it
seems that there should be little error in analyzing the wire from the results developed
for plane solids. This point will be pursued in impedance calculations to follow.

4.5 IMPEDANCE OF ROUND WIRES

The internal impedance (resistance and contribution to reactance from magnetic flux
inside the wire) of the round wire is found from total current in the wire and the electric
intensity at the surface, according to the ideas of Sec. 4.2. Total current may be obtained
from an integration of current density, as for the plane conductor in Sec. 3.17; however,
it may also be found from the magnetic field at the surface, since the line integral of
magnetic field around the outside of the wire must be equal to the total current in the
wire:

éH-dl=I

2 H. B. Dwight, Tables of Integrals, 3rd ed., MacMilian, New York, 1961. N. W. McLachlan,
Bessel Functions for Engineers, 2nd ed., Oxford University Press (Clarendon), New York,
1955. M. R. Spiegel, Mathematical Handbook of Formulas and Tables, Schaum’s Outline
Series, McGraw-Hill, New York, 1968,



4.5 Impedance of Round Wires

5

0 = 0.239 (f = 103 Hz for

1-mm-diam Cu wire)

183

10 10 Actual
& =0755(f = 10% Hz for ——— Parallel plane
1-mm-diam Cu wire) formula
I Je
Jo Jo
05 — 0.5
K =239 (f = 10° Hz for
1-mm-diam Cu wire)
2 = 7.55(f = 10° Hz for
1-mm-~diam Cu wire)
L
Outer Wire Outer Wire Outer
radius axis radius axis radius
(a) (b)

Fic. 4.4 (a) Current distribution in cylindrical wire for several frequencies. (b) Actual and
approximate (parallel-plane formula) distribution in cylindrical wire. J; = oF,,.

or
27rH gl = 1 1)
Magnetic field is obtained from the electric field by Maxwell’s equations:
VXE= —jouH @)

For the round wire with no variations in z or ¢, the fields E. and H , alone are present,
and only r derivatives remain, so (2) is simply

L dE,
Jjou dr

¢ 3

An expression for current density has already been obtained in Eq. 4.4(8). Electric field
is related to this through the conductivity o

£ = i ®
By substituting in (3) and recalling that T2 = —jwuo,
_ BT (T _ oy JolTr)
¢ jouldTre) T Jo(Tro)
where J' (Tr) denotes [d/d(Tr)]Jo(Tr). From (1),
;= _ 2mrq0E J'o(Trg) )

T Jo(Trp)
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The internal impedance per unit length is defined as Z; 4 E_(ry)/I. Then

Tjo(Tl‘o) '
Z = ———— 6
! 27r0d” o(Trg) ©

Note the similarity to internal impedance per square in Eq. 3.17(3).

Low-Frequency Expressions For low frequencies, Tr, is small and series expan-

sions of the Bessel functions show that (6) may be expanded as
2

1 1 [(ry\ . O
.~ 1 +—1—= + j—
Z TIrgo |: 48 (6) ] ! 8n @

The real or resistive part is

2

1 1 (rg
R =— 1+—=1= 8
1t 'rrracr[ 48(8)} ®)

The first term of this expression is the dc resistance, and the second is a correction
useful for r,/ 8 as large as unity, that is, for radius equalito skin depth 8. The imaginary
term of (7) corresponds to a low-frequency internal inductance:

Lde~3- H/m )

The low-frequency internal inductance is the same as that found by energy methods in
Sec. 2.17.

High-Frequency Expressions For high frequencies, the complex argument Tt is
large. It may be shown that Jo(Try)/J’ o(T7,) approaches —j and the high-frequency
approximation to (6) is

A~ A+ )R,

Q/m 10
\/577)'005 21y / {10

Ene =

or

R
Ry = (WLys = S_ @/m (11)
27r,
So resistance and internal reactance are equal at high frequencies, and both are equal
to the values for a plane solid of width 27 just as assumed on physical grounds in
Sec. 3.17 where R, = (a6) L.

Expression for Arbitrary Frequency To interpret (6) for arbitrary frequencies,
it is useful to break into real and imaginary parts using the Ber and Bei functions,
defined in Eq. 4.4(9), and their derivatives. That is,

Berv + jBeiv = Jy(j~ %)
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Also let

d
Ber' v + jBei'v o (Berv + j Beiv)

j— 1/2 Io(j- 1/2U)

I

Then (6) may be written

R + .
Z, =R + joL; = It [Berq fBelf]]

\V2mr, | Ber' ¢ + jBei' ¢
where
R = _1_ _ Ef_'u“ B \/Ero
S8 o 9 F)
or

R, [Ber g Bei' g — Bei g Ber' g
R = 2 T
Vo, (Ber' q)* + (Bei' ¢)°

R, [Ber g Ber’ ¢ + Bei g Bei’ ¢
C'JLi = I} 2 . 2
V2, (Ber' ¢)° + (Bei' ¢)*

These are the expressions for resistance and internal reactance of a round wire at any
frequency in terms of the parameter g, which is V/2 times the ratio of wire radius to
depth of penetration. Curves giving the ratios of these quantities to the dc and to the
high-frequency values as functions of r,/8 are plotted in Figs. 4.5a and 4.5b. A careful
study of these will reveal the ranges of r,/8 over which it is permissible to use the
approximate formulas for resistance and reactance.

:I Q/m
(12)

:| Q/m

O T \ ]

I
Sl
|

/°> gd
o //<—,,’“— |
B \\k (”L%ﬁ, N A

0 [ L1
o 1 2 3 4 5 6 7

—'g’—. Ratio of radius to depth of penetration

2.0

1.0

Fie. 4.5a Solid-wire skin effect quantities compared with dc values.
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Fie.4.5b Solid-wire skin effect quantities compared with values from high frequency formulas.

Calculation of Circuit Elements

4.6 SELF-INDUCTANCE CALCULATIONS

Self-inductance, as defined in Chapter 2, was related to field concepts in the first part
of this chapter. We have shown examples of inductance calculations for simple config-
urations by the method of flux linkages (Sec. 2.5) and from an energy point of view
(Sec. 2.17). We now give additional examples of each method.

Example 4.6a
EXTERNAL INDUCTANCE OF PARALLEL-WIRE TRANSMISSION LINE (APPROXIMATE)

Figure 4.6 shows two parallel conductors of radius R with their axes separated by
distance 2d. Current / flows in the z direction in the right-hand conductor and returns
in the other. Magnetic field at any point (x, y) is the superposition of that from the two
conductors. If conductors are far enough apart, the current distribution in either con-
ductor is not much affected by the presence of the other, so that magnetic field from
each conductor may be taken as circumferential about its axis and equal to the current
divided by 27r times radius from the axis. For the y = 0 plane passing through the axes
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2R
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| 2d |T

Fic. 4.6 Parallel-wire transmission line.

of the two wires, the contribution from both wires is vertical so that field, to the
approximation described above, is
I I
+
2m(d + x) 2m(d — x)

Hyx, 0) ~ 6

The magnetic flux between the two conductors (used in finding external inductance) is
then found by integrating over this central plane. For a unit length in the z direction,

[ (= 1 1
lllm ﬂ. + dx

- 2qr —(d—R) d + x d — x

; @)
= g—w [in(d + x) — In(d — X977,

Inductance per unit length is then
U, M 2d — R R w. {2d
L = —F =~ — -1 = = — —
1 T2 ™R "\2d — R VY

Example 4.6b
EXTERNAL INDUCTANCE OF PARALLEL-WIRE TRANSMISSION LINE (EXACT)

When spacing between conductors is comparable with wire radii, current distribution
in the wires is affected and the result obtained above is modified. It can be shown either
by a method of images or by conformal transformations to be described in Chapter 7
that the exact magnetic flux function ,, [analogous to electric flux function in
Eq. 1.6(1)] and scalar magnetic potential ®,, for this problem are

_B a)* + y?
4qr x + a)? + y?

A O Y R
P 2 [tan x — a) tan x + a)} )

U, = 4)
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where
a=Vd? - R?
Taking the flux difference atx = d — Randx = —d + R (both at y = 0),
A‘pm = l/}m(d —R,0) — "!’m('—d + R, 0) (6)
2 2
:_ﬂmd—R—a _lnﬂd-i-R—a
4 d— R+ a —d+ R + a
;LI1 d— R~ a Mlmd~R—Vd2—R2 .
= ——In = —_—— L
m |d—R +a T |d - R+ Vd?> — R? @
By multiplying numerator and denominator by [(d — R) — Vd? — R?], this reduces
to
w | d d\? 174 _fd
Ay, = ——Iny= — =] —1p == =
i, - I R . cosh R 8)
80
Ay W d
L — m _ = -1 &
e ﬂ_cosh (R) ©)

Example 4.6¢
INTERNAL INDUCTANCE OF PLANE CONDUCTOR WITH SKIN EFFECT

As a third example, we utilize the energy method and calculate internal inductance.
This example differs from that of Ex. 2.17,for which uniform current distribution was
assumed. Moreover, we utilize the phasor forms of the skin effect formulation. The
basis, as in Sec. 2.17, is the equation of the circuit form'of energy storage to the field
form:

1 12 I
-LP = | ZH? 1
5 L LR H v (10)

The magnetic field distribution for a semi-infinite conductor with sinusoidally varying
currents was found to be [Eq. 3.16(15)]

_ 0'6E0 e—(1+j)x/"5 (11)

H =
YT+ )
where the coordinate system of Fig. 3.16a is used. The current per unit width, J,, is
just the value of H, at the surface:

06E,
1 +5n

J:z = _Hy(o) = (12)
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We may now apply (10) to the calculation of L. But first we recognize (10), as written,
is for instantaneous / and H. To use with phasors, we must either convert to instanta-
neous forms or write the equivalent of (10) for time-average stored energies. The latter
procedure is simpler and we find

1 1

—L12=J—H2dV 13

U = | B (3)
where the factor of § rather than % on each side comes from the time average of squares

of sinusoids. Taking a width w, so that current is wJ/,,, and a length /, and substituting
(11) and (12) in (13), we obtain

L o?8°E} J T

—_— ) = I[ - —--\/6 d-"

7 2 % w v 4 2 e x
or

_oM fc o g M8 s _ MG

L—w L e cL\—zw[ e ]O—Zw
S0
! 2 I R/
oL = L. @B - L& (14)

w 20 wpo  wod w

where relations for skin depth and surface resistivity have been substituted from Secs.
3.16 and 3.17. As found there, the internal reactance per square is equal to surface
resistivity, R,. This is multiplied by length / and divided by width w to give the internal
reactance of the overall unit.

4,7 MUTUAL INDUCTANCE

The mutual inductance was defined in Sec. 4.2 as that arising from the induced voltage
in one circuit due to current flowing in another circuit. We now discuss several
approaches to its calculation, some of which may also be applied to calculation of
self-inductance.

Flux Linkages The most direct approach is that from Faraday’s law, finding the
magnetic flux linking one circuit related to current in the other circuit, as in Eq. 4.2(19).
Thus for two circuits 1 and 2 we write

— fsn B, - d§,
I,

M, 1)

where B, is the magnetic flux arising from current /, and integration is over the surface
of circuit 1. By reciprocity M5, = M,, (for isotropic magnetic materials), so the cal-
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culation may be made with the inducing current in either circuit. Consider, for example,
the two parallel, coaxial conducting loops pictured in Fig. 4.7a. The magnetic field from
a current in one loop has been found for a point on the' axis in Ex. 2.3a:

pla® :
B.(0,d) = m 2)

If loop 2 is small enough compared with spacing d, this will be relatively constant over
the second loop and the relation (1) gives »
m*B(0,d)  pmd’b’

L 2+ d»r

3

The exact formula is found by integrating the field over the cross section, but we will
approach the exact calculation by another method.

Use of Magnetic Vector Potential Since B = V X A, application of Stokes’s
theorem to (1) yields an equivalent expression in terms of the magnetic vector potential:

Ja (V X Ay) - dS, sﬁAz-dll

M = 4
L I 4
|r¢:ult2i I
e
[
)I
S
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Fic. 4.7 (a) Two circular loops. (b) Two rectangular coupling loops. (c¢) Parallel current
elements displaced from one another.
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This form is useful in any problem for which the vector potential is more easily found
than the magnetic field directly. It is especially useful for problems in which the circuit
has straight-line segments or can be approximated by such segments, as in the problem
of the coupling of square loops pictured in Fig. 4.7b. Vector potential A is in the
direction of the current element contributing to it by Eq. 2.9(5), so the contribution to
A from horizontal sides a; and b, is only horizontal. These sides thus contribute to
mutual inductance only through integration by (4) over the horizontal parts of circuit
2, a, and b,. Similarly, vertical currents in ¢; and 4, contribute to mutual inductance
only by integration over the two parallel (vertical) sides ¢, and d,. The basic coupling
element in such a configuration is then that of two parallel but displaced current ele-
ments as pictured in Fig. 4.7¢. The contribution to mutual inductance from such ele-
ments (Prob. 4.7d) can be shown to be

w a+ A a+ A
M=+ +dl
477{6 “[c+c] DLHD]

+ bl b+ B + (C + D) — (A + B)
na~I-A

©)

This point of view is quite useful for qualitative thinking about couplings in a circuit
as well as for quantitative analysis.

Neumann’s Form Another standard form for calculation of mutual coupling of two
filamentary circuits follows directly from the above. We write the vector potential A
arising from current in circuit 2, assuming that current to be in line filaments and
neglecting retardation.

I, dl
n = PR ©

where R is the distance between current element dl, and the field point. Substitution in

(4) yields
1 3%) ul, dl, - dl s fﬁé dl, - dl,
= — _——— = — —_— 7
M= 47R 4 R @

This standard form is due to Neumann. Note in particular its illustration of the reci-
procity relation M,, = M,,, since integrations about circuits 1 and 2 may be taken in
either order.

Example 4.7a
MUTUAL INDUCTANCE OF COAXIAL LOOPS BY NEUMANN'S FORM

For the coaxial loops of Fig. 4.7a, let dl, be any element of circuit 1 and dl, be any
element of circuit 2. Then

dl, - dl, = dl,a df cos 0 (8)
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R = Vd? + (asin 6)> + (acos 6 — by )
By substituting § = 7 — 2¢ and

” 4ab

S s (10

the integral (7) will then be found to become

/2 ) |
@2 sin® ¢ — 1) do
M= bk 11
wVa fo N an

which can be written as

M= ,.NZZ[(% - k)K(k) - I%E(k):l (12)
where
/2
E®) = L V1 — 2 sin? ¢ do (13)
/2 d¢
Kk = — 14
W=l i—eare @

The definite integrals (13) and (14) are given in tabLes3 as functions of k£ and are
called complete elliptic integrals of the first and second kinds, respectively.

Example 4.7 .
SELF-INDUCTANCE OF CIRCULAR LOOP THROUGH
MUTUAL INDUCTANCE CONCEPTS

Neumann’s form does not appear useful for the calculation of self-inductances of fila-
mentary current paths, since radius R in (6) becomes zero at some point in the integration
for such filaments. For a conductor of finite area, however, as in the round loop of wire
pictured in Fig. 4.7d, one obtains the external contribution to self-inductance by cal-
culating induced field at the surface of the conductor, say through the vector potential
A as in (6). If wire radius a is small compared with loop radius r, this field is nearly
the same as though current were concentrated along the center of the wire. Thus we
conclude that the external inductance of the loop is well approximated by the mutual

2 For example, H. B. Dwight, Tables of Integrdls, 3rd ed., Macmillan, New York, 1961; or M.
R. Spiegel, Mathematical Handbook of Formulas and Tables, Schaum’s Outline Series,
McGraw-Hill, New York, 1968.
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2a
(d)

fe)
Fic. 4.7 (d) Conducting loop for which external self-inductance is to be found. (¢) Filamentary

loops, one through center of wire and other along inside edge, for which mutual inductance may
be calculated.

inductance between the two filaments of Fig. 4.7e. Utilizing (12) for the mutual in-
ductance between two concentric circles of radii r and (» — a) we then have

kz
Ly = p@r — a)[(l — E)K(k) - E(k)}

(15)
, _ 4(r — a)

T @r — a?

where E(k) and K(k) are as defined by (13) and (14). If a/r is very small, k is nearly
unity, and K and E may be approximated by

4
K(k) = In| —
®) H<V1—k2>
E(k) = 1

m[m<g) - 2} (16)
a

To find total L, values of internal inductance, as found in Sec. 4.5, must be added.

I

SO

I

Lo

4.8 INDUCTANCE OF PRACTICAL COILS

A study of the inductance of coils at low frequencies involves no new concepts but
only new troubles because of the complications in geometry. Certain special cases are
simple enough for calculation by a straightforward application of previously outlined
methods. For example, for a circular coil of N turns formed into a circular cross section
(Fig. 4.8a) we may modify the formula for a circular loop of one turn, Eq. 4.7(16),
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Fic. 4.8 (a) Coil of large radius-to-length ratio. (b) Solenoidal coil. (c) Solenoidal coil on high-
permeability core.

provided the cross section is small compared with the coil radius. Magnetic field must
be computed on the basis of a current NI; in addition, to compute the total induced
voltage about the coil, NV integrations must be made about the loop. Equation 4.7(16)
is thus modified by a factor N2. The external inductance for this coil is then

L = NZRp,I:In(%) - 2] )

For the other extreme, the inductance of a very long solenoid (Fig. 4.8b) may be
computed. If the solenoid is long enough, the magnetic field on the inside is essentially
constant, as for the infinite solenoid,

H =— : @



4.8 Inductance of Practical Coils 195

where N is the total number of turns and / the length. The flux linkage for N turns is
then NTR?wH._, and the inductance is

2N2
Ly = Mﬁ— 3)

For coils of intermediate length-to-radius ratio, empirical or semiempirical formulas
frequently have to be used. The famous Nagaoka formula applies a correction factor F
to the formula (3) for the long solenoid.* A simple approximate form® very close to
this for R// up to 2 or 3 is

TuR*N?

Lo =T oor )

If a coil is wound on a toroidal core of high permeability as shown in Fig. 4.8c, the
flux essentially is restricted to the core region, independent of the length of the winding.
The magnetic field intensity is again given by (2) and the inductance by (3) with [ =
2mrry, where 1y is the mean radius of the toroid.

At higher frequencies the problem becomes more complicated. When turns are rela-
tively close together, the assumption made previously in calculating internal impedance
(other portions of the circuit so far away that circular symmetry of current in the wire
is not disturbed) certainly does not apply. Current elements in neighboring turns will
be near enough to produce nearly as much effect upon current distribution in a given
turn as the current in that turn itself. Values of skin effect resistance and internal in-
ductance are then not as previously calculated. External inductance may also be different
since changes in external fields result when current loses its symmetrical distribution
with respect to the wire axis. In fact, the strict separation of internal and external
inductance may not be possible for these coils, for a given field line may be sometimes
inside and sometimes outside of the conductor. Finally, distributed capacitances may
be important and further complicate matters (see following section).

Coils utilizing superconductors, which are materials giving zero resistance below
some critical temperature near absolute zero, have become important because one can
obtain with proper design very high values of uniform magnetic fields with them, with-
out the use of iron. They may also be very efficient devices for storage of large energies.
The electromagnetic principles of design are the same as given for other coils, and in
fact, the approximations may be better satisfied by the thin wires typically used in
superconducting magnets. The mechanical forces of the large currents must be consid-
ered in the design, and the transient behavior of a superconductor is very different from
that of an ordinary conductor. Wilson® gives examples of various coil configurations,
with reference to the background literature.

4 E C. Jordan (Ed.), Reference Data for Engineers: Radio, Electronics, Computer, and
Communications, 7th ed., Howard W. Sams, Indianapolis, IN, 1985.

5 H. A Wheeler, Proc. |RE 16, 1398 (1928).

¢ M. N. Wilson, Superconducting Magnets, Clarendon Press, Oxford, 1983,
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4.9 SELF AND MUTUAL CAPACITANCE

The concept of electrostatic capacitance between two conductors was introduced in
Chapter 1 as the charge on one of the conductors divided by the potential difference
between conductors. In the circuit analysis of Sec. 4.2 this definition was carried over
as a quasistatic concept to give the usual capacitance term utilized in the analysis of
circuits with time-varying excitation. Little more need be said about the simple two-
conductor capacitor, but it is useful to collect expressions we have developed for some
of the common capacitive elements.

1. Parallel planes with negligible fringing, A = area, d = spacing:

eA
C =— 1
4 ey
2. Concentric spheres of radii a and b (b > a):
4areab
C = 2
b —a @
3. Coaxial cylinders of radii @ and & (b > a):
21re
C = F 3
G/ /m ®3)
4, Parallel cylinders with wires of radius a, with axes separated by d (to be derived
in Chapter 7):
C=——"— F/m @)

cosh™1(d/2a)

If there are several conductors, the electric flux from one conductor may end on
several of the others and induce charge on each of those. Consider, for example, the
multiconductor problem diagrammed in Fig. 4.9a. Suppose conductor 1 is raised to a
positive potential with the other three bodies, 0, 2, and 3, grounded. The electric flux
from 1 will divide among the other three bodies and induce negative charges on each
of these. The amounts of the separate charges may be used to define capacitances C,q,
C,,, and C 5 in the circuit representation of Fig. 4.9b. Similarly, raising conductor 2 to
a nonzero potential and finding induced charges on grounded conductors 0,1, and 3
determines C,, and C,5 and provides a check on C,,. Repetition of the process with
conductor 3 at a nonzero potential gives the remaining element Cy, and provides a
check on C,5 and C,;. However, it is usually not possible to measure the individual
charges on the conductors which are tied together. Usually a capacitance current, dQ/dr,
is measured by applying a time-varying voltage, and Q is the sum of the charges on
electrodes connected together. Thus the three measurements described would yield
(Cip + Cig + C3), (Cy + Cpp + Cy3), and (C5 + Cy3 + Co3). Three additional
measurements with linearly independent combinations of V;, V,, and V; are required to
determine the six elements of the circuit.
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Fie. 4.9 (a) Four conducting bodies, one of which is chosen to have zero potential. (b) The
equivalent circuit for (a). (c) Electrostatic shielding by a grounded sphere. (d) Flux lines between
a pair of conductors without shielding. (¢) Partial shielding by a grounded conducting plane.
(f) Ungrounded nearby conductor increases coupling.

A common problem is that of decreasing the capacitive coupling between two bodies,
that is, of electrostatically shielding them from one another. Consider, for example, the
conductors 1 and 3 of Fig. 4.9¢. If a grounded conductor 2 is introduced and made to
surround either body 1 or 3 completely, as in Fig. 4.9¢, it is evident that a change in
potential of 3 can in no way influence the charge on 1 so that mutual capacitance
Ci; =0

More often the added conductor may not completely enclose any body, so that the
capacitive coupling may not be made zero, but may only be reduced from its original
value. Any finite conductor, as 2, introduced into the field acts to decrease the mutual
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capacitance C,, from its value prior to the introduction of 2, and hence provides some
decrease in the capacitive coupling between 1 and 3. The reason is that fewer of the
flux lines of the charge on 1 will terminate on 3 with a grounded conductor, as shown
by comparing Figs. 4.94 and 4.9¢. However, if 2 is not connected to the ground (the
infinite supply of charge), the effect of the added electrode will be to shorten the flux
lines as seen in Fig. 4.9f. In terms of the equivalent circuit, the effective capacitance
between 1 and 3 is seen from the equivalent circuit of Fig. 4.9b to be given by C,3 in
parallel with C;, and C,; in series:

C12Cys

Cisdett = Ci3 +
( 13)eff 13 C]:)_ + C23

This value is generally greater than the value of C, prior to the introduction of 2 (though
it need not be if 2 lies along an equipotential surface of the original field); so, if insulated
from ground, the additional conductor may act to increase the effective capacitive cou-
pling between 1 and 3. It often happens that electrodes, although grounded for direct
current, may be effectively insulated or floating at high frequencies because of imped-
ance in the grounding leads. In such cases the new electrodes do not accomplish their
shielding purposes but may in fact increase capacitive coupling.

Circuits Which are Not Small Compared
With Wavelength

4,10 DISTRIBUTED EFFECTS AND RETARDATION

We now consider the generalizations to circuit theory when effects are distributed rather
than lumped, and also when circuits become comparable in size with wavelength so
that retardation from one part of the circuit to another must be considered. Considering
first the distributed effects, we recognize that the fields contributing to circuit elements
are always distributed in space and the representation by a lumped element is valid only
when the region is small in comparison with wavelength and when only one type of
energy storage (electric or magnetic) is important for that region. If the electric energy
storage in parts of a primarily inductive element, or magnetic energy in a primarily
capacitive element, becomes important, the approach through classic circuit theory is
to divide into subelements that can be treated as one or the other. For example, suppose
there is electric field (capacitive) coupling between the turns of the inductor of Fig.
4.10a. A first approximation is that of adding a capacitive element across the terminals
of L to represent all the electric energy storage of the element as shown in Fig. 4.10b.
A still better approximation is that of adding a capacitive element between each pair
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Fic. 4.10 (a) Coil. (b) Circuit with single capacitance representing electric-field coupling
among turns. (¢) Circuit representation with capacitive coupling shown between each adjacent
turn. (d) Representation with capacitances added between nonadjacent turns.

of adjacent turns, as in Fig. 4.10c. But there may be coupling between nonadjacent
turns and still other capacitances can be added as in Fig. 4.104. The effect of these at
high frequencies is to bypass some of the turns so that not all turns have the same
current. This last effect would not be at all included in the simpler representation of
Fig. 4.10b. Finally one might go to the limit and consider differential elements of the
coil, attempting to find couplings to all other differential elements, to write and solve
a differential equation for current distribution. This process could be carried out only
for simple configurations, and even the approach through a finite number of lumped
elements as in ¢ or d becomes complicated if there are many turns.

Consider next the retardation effect arising from the finite time of propagation of
electromagnetic effects across the circuit. To simplify this discussion, we consider only
sinusoidal excitation so that we can define a wavelength and discuss phase relationships.
More general excitations can of course be broken into a series of sinusoids through
Fourier analysis. Consider, for example, the simple single-loop antenna of Fig. 4.10e.
At low frequencies, with diameter d small in comparison with wavelength, the time of
propagation of effects from one part of the loop to another is negligible. Thus, magnetic
field produced by a current element at a point such as A travels to another point such
as B in a negligible part of a cycle and so has negligible phase delay. The induced field
from the time rate of change of the field is then 90 degrees out of phase with current
in B and contributes to the inductive effect we expect for the loop at low frequencies.
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fe)

FiIG. 4.10 (¢) Loop antenna showing phase retardation between sources at A and induced fields
at B when d is comparable with wavelength.

At higher frequencies, with d comparable with wavelength, the finite time of propa-
gation about the circuit must be considered. Current at B may then not be in phase with
current at A, and the magnetic field at B arising from the element at A may not be in
phase with either. The time rate of change of magnetic field induces an electric field
which may then be not exactly 90 degrees out of phase with /. If there is an in-phase
compornent, it represents energy transfer, which turns out to be a contribution to the
energy radiated by this antenna. If current distribution is known, fields throughout the
circuit can be calculated and the contribution to radiated power represented in the circuit
by a so-called radiation resistance. But to find the actual current distribution, one really
needs to solve the boundary-value problem represented by the conducting loop. For
some antennas or other circuits comparable in size with wavelength, it is possible to
make reasonable assumptions about current distribution and extend circuit theory in
this way, but the extension must be done carefully. Additional discussion of this point
will be given in the next section utilizing a retarded potential formulation for circuit
theory.

One important circuit having both distributed and propagation effects is the uniform
transmission line. It turns out that circuit theory can be extended to this case. Agreement
with field solutions is exact for perfectly conducting transmission lines and very good
for lines with losses, as will be seen in Chapter 8. The circuit theory of transmission
lines, to be developed in Chapter 5, is thus of very special importance.

4,117 CIRCUIT FORMULATION THROUGH THE RETARDED POTENTIALS

The cause-and-effect relationships embodied in the retarded potentials of Sec. 3.19 can
provide additional insights into the circuit formulationi for electromagnetic problems,
especially for circuits large in comparison with wavelength. This approach was first
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used by Carson.” A typical circuit follows a conductor for all or part of its path, so we
start with Ohm’s law in field form for a point along this path,

E =~ )

where o is the conductivity for the point under consideration and may vary as one

moves about the circuit path. We next break up the field into an applied portion, E,,

and an induced portion, E', the latter arising from the charges and the currents of the

circuit itself. We also write E’ in terms of the retarded potentials of Sec. 3.19
EO+E’=E0-V<I>——£)é=i @)

ot (o

where A and @ are given as integrals over the charges and currents of the circuit, as

defined in Egs. 3.20(3) and 3.20(4).

The term J/o in (2) is indeterminate over nonconducting portions of the path since
both J and o are zero for insulating portions and o is generally undefined within any
localized source. We consequently integrate (2) over conducting portions of the path,
obtaining a cause-and-effect relationship which can be considered the general circuit

equation:
oA
fEO-dl—Jl-dl~f—-dl~fv<1)'dl=0 3)
o or

In a conventional circuit, the first term is applied voltage, the second a resistive term,
the third an inductive term, and the fourth a capacitive term. The terms are discussed
separately.

Applied Voltage The first term of (3) can be identified as the applied voltage of
circuit theory and is just the integral of applied electric field over the circuit path. In a
circuit such as a receiving antenna (Fig. 4.11a), the applied field is clearly distributed
over the circuit through the mechanism of the incoming electromagnetic wave and the
integration of E; is about the complete path:

For the localized sources, discussed in Sec. 4.3, for which electric field can be con-
sidered the gradient of a scalar potential, the integration of Eq from 2 to 1 about the
circuit of Fig. 4.11b is the negative of that from 1 to 2 of the source since the closed
line integral of the gradient is zero. The gap in the capacitor can be ignored in this step
since the localized source produces negligible field there. Thus the source voltage is

1 2
V0=L Eo-dl:——j E, - dl )

2(circuit) 1(source)

7 J. R Carson, Bell System Tech. J. 6, 1 (1927).
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Fic. 4.11 (a) Closed filamentary loop excited by incoming electromagnetic wave. (b) Filamen-
tary circuit with capacitor excited by a localized generator (point source). (c¢) Circular loop of
round wire with circuit path along inner boundary.

In this class of problem, V, is independent of the circuit path, whereas in the receiving
antenna class of problem discussed above, V|, depends: very much upon the circuit
configuration and orientation with respect to the fields.

Internal Impedance Term The second term in (3) is of exactly the same form as
the ohmic term for the resistor in the circuit example of Sec. 4.2. There we showed that
in the limit of dc this corresponds to the expected resistance term. Here it is understood
that o may vary over different parts of the circuit path and the integration brings in the
total resistance of the circuit path. For ac circuits it turns out that this term may also
include a contribution from the inductance internal to the conductor along which the
circuit path is taken, as was seen for the round wire in Sec. 4.5. Thus for the important
sinusoidal case with phasor representations for currents and voltages, this term gives a
complex contribution resulting from internal reactance in addition to the resistance.
That is, if internal impedance per unit length is defined as the ratio of surface electric
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field to the total current in the conductor,

Zi =

!

ES
7 6)

the term under consideration becomes the total internal impedance Z; multiplied by
current [:

f%-dl=f1«:s-d1=1fz;dl=12,. o)

where the integrals are taken over the conducting portions of the circuit from 2 to 3
and 4 to 1 in Fig. 4.11b.

External Inductance Term The third term in (3) is the inductance term and, if
the circuit path is properly selected, represents only the contribution from magnetic flux
external to the conductor. Consider, for example, the loop of wire in Fig. 4.11¢, and
take the circuit path along the inner surface of the conductor. We will assume that the
integral in the third term of (3) taken over the conducting portions of the circuit differs
negligibly from an integral which would include the small gaps at the source and in
any capacitors included in the circuit. This allows evaluation of that term with closed
integrals. We take the path as stationary so that

dA df};
—-dl=—9¢ A-d 8
3(; ot dt ®
From Stokes’s theorem,
ng-dl=f(VxA)'dS %)
s
But
VXA=B (10
S0
A df
—.dl=— | B-dS 11
% at : dt Js an

The surface integral of (11) is the magnetic flux linking the chosen circuit, exactly as
in the approach through Faraday’s law in Sec. 3.2. Thus the term may be defined as an
inductance term, as before, recognizing that it is the contribution from flux threading
the chosen circuit path (i.e., the external inductance):

3g dA dl

—.dl = L— 12
ot dt (12)

Thus this provides an alternate way of calculating inductance:

L=%3€A-dl (13)
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The above assumes the circuit small compared with wavelength so that retardation is
neglected. The extensions when this assumption is not valid are discussed shortly.

Capacitive Term As with the other terms in (3) we must integrate the V® over the
conducting portions of the circuit, that is, from 2 to 3 and 4 to 1 in Fig. 4.115. Here
we assume that the fields arising from charges on the capacitor are negligible at the
source, SO we may use, as the range of integration, 4 to 3 through the source. Then,
since the integral of the gradient of a scalar completely around a closed path (here
including the capacitor gap) is zero, we may write

3 4
j V¢°-dl=——f VO -dl = &; - D, (14)

4(circuit) 3(gap)

In a lumped capacitor this potential difference is related to charge O through the
capacitance C,

0

D, - P, == 15
3 s =C (15)

so that this term is the capacitance term of circuit theory,

3

0 _1 J’
Vo -dl == == |1dt 16
J’4(circl.lit) C C ( )

Circuits Comparable in Size with Wavelength The formulation in terms of
retarded potentials has been shown to reduce to the usual low-frequency circuit concepts
as obtained in the earlier formulation using only fields, under the same assumptions.
The present formulation is attractive in that it appears more readily extendible to large-
dimension circuits, such as an antenna, when retardation effects are important. To il-
lustrate, consider the circuit of Fig. 4.11a, for which current is assumed concentrated
in a thin wire. Let us assume that ohmic resistance is negligible and that there is no
capacitor so that there is only an applied voltage and a term from the potential A. We
also take steady-state sinusoids and phasor notation for this discussion. Thus, (3)
becomes

fﬁEO'dl——jwéA-dl-——O an
and A, for the filamentary current, by Eq. 3.21(4), is
wle /R
A= jg dl’ 1
47R (18)

Substituting (18) in (17) and breaking up the exponential into its sinusoidal components,

we obtain
kR — jsin kR
S#Ewdl—jwﬁgf}g’d(cos J 50 )dl-dl'=0 (19)
47R
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We see that even if current / were assumed entirely in phase about the circuit, finite
values of kR would lead to both real and imaginary parts of the contribution from this
term. The imaginary part is the inductive reactance, as found before for this term, except
now modified by the integration of the retardation term. But there is a new term in
phase with [ which corresponds to the energy radiated from the circuit, and can be
expressed as current times a radiation resistance.

Although the general modifications for large-dimension circuits are shown by this
approach, it is difficult to carry much further since we really do not know the distribution
of I about the circuit, and cannot find it without a field solution of the problem. In some
antennas it is possible to make reasonable guesses about the current and proceed, but
it is clear that these guesses must eventually be checked through either experiment or
a field analysis. Also, as we have seen, the integration is to be only over conducting
surfaces to avoid the indeterminacy of the second term of (3). For many antennas, the
“gaps” are larger than the conductors, and fields definitely not quasistatic in the open
regions, so this further limits the applicability of this approach. A specific example will
be carried further in the following section.

4,12 CIRCUITS WITH RADIATION

To conclude this discussion of the relationship between field theory and circuit theory,
let us look at two specific circuits with radiation. As we saw in Sec. 4.11, a circuit that
is not small in comparison with wavelength has retardation of induced fields from one
part of the circuit to the other. The resulting phase changes produce components of
induced field which are in phase with the currents, and an average power flow results.
This power can be shown to be the radiation from the circuit. The phase shifts also
produce some changes in the reactive impedance of the circuit, but this is usually a
higher-order effect. The term we are concerned with is the integration of induced effects,
the second term of Eq. 4.11(19):

) ul(cos kR — j sin kR) ,
; = dl-dl 1
vlnduced Jw §§ 4R ( )

We illustrate this with two examples.

Example 4.12a
SMALL CIRCULAR LOOP ANTENNA OR CIRCUIT

The first example is that of a circular loop, as in Fig. 4.12a, small enough so that current
may be considered constant about the loop. If / is independent of position, it may be
taken outside the integral (1) so that the induced term may be written

vinduced = (Rl + jC()L)I (2)
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(a) {b)

FI.4.12 (a) Circular loop with constant current / with coordinates for calculation of retardation
effects. (b) Straight antenna of finite length with current distribution.

where

wi sin kR
R, = ngg dl- dl’
47R

[ cos kR
L= éfﬁ ——dl-dl
47R

The value of dl is da d¢, and that of dl’ is ¢’a d¢p'. The angle between dl and dl’ is
(¢ — ¢') and the distance R is 2a sin[(¢ — ¢")/2]. If the circuit is small in comparison
with wavelength, kR << 1 and the sine term in (1) may be replaced by the first two
terms of its Taylor series:

T PR
R~ f f 4mR { [ Y ]}a' cos(¢p — @') d do’ 4)

The first term of (4) integrates to zero, so we see why it is necessary to retain at least
two terms of the series. The second term gives

©)

29 271 —4 k3 4 . '
R~ [ [ ek sirf("5 d’) s — $) dbds (5)
0 Jo 247 2
The integrals are readily evaluated to give
Bt 1/2
— a
R = +( ) = ( )(ka)‘* ©)

Thus radiation resistance increases as the fourth power of the ratio of radius to wave-

. length (but with the understanding that this ratio is always small). For a = 0.05A, the
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value is

12
R, = —-{;—7’—2 (2m x 0.05* = 1.923 O 7

If cos 4R in the expression for L is likewise expanded as a series,

" PR KR ; : ,
=~ g - + .1 _ _
- J0 J; 4mR [1 21 + 41 a- cos(¢p — ¢')dp dd’  (8)

The first term is recognized as the Neumann form for inductance of this loop (Sec. 4.7),
and the remaining terms represent corrections to the inductance because of retardation.
It is seldom necessary to calculate these last-mentioned corrections for circuits properly
considered as lumped-element circuits.

Example 4.12b
RADIATION RESISTANCE OF A STRAIGHT ANTENNA BY CIRCUIT METHODS

As a second example, consider a straight dipole antenna as shown in Fig. 4.12b with
current distribution

I(2) = 1,f(2) ®

where f(z) is real. But here the conductor does not form a closed circuit, and as ex-
plained earlier, the Carson formulation (Sec. 4.11) only applies unambiguously over
the surface of conductors. Thus we first find retarded potential A, which has only a :z
component:

! — jkR 4 1y —iklz—z]
wle M f(z")e™
A. :j S g =, | —————d7 10
: -1 4mR “ —1 47z — 7| : (e
Electric field is given in terms of A by Eq. 3.21(7):
, ! . L &4,
E = —'ja)l:A + }\_—_,V{V : A)} = -]mz[A: + e azl“] (11)

The portion of E in phase with current causes the radiated power in this picture, and
that clearly comes from the imaginary part of A.. The integration of /(2)Ej,_ynas OVer
the antenna gives the total power transferred, or radiated, and this may be expressed in
terms of a radiation resistance:

!.EI‘RJ"

4
W = J""f ](Z)(E:}in—phasg dz = _2....... (12)

Thus, substituting (10) and {11), we obtain

2 : t in klz — 2’ 9* | sin kfz — '
=Bt [ o B B e

(1l -
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In evaluating these integrals, series expansions of the sin k|z — z'| terms are often made.
When carried out for the half-wave dipole [/ = A/4 and f(z) = cos kz], R, is found to
be about 73.1 ) in agreement with the value found by a Poynting integration to be
utilized in Sec. 12.7. This method of finding radiation resistances of antennas is called
the induced emf method. It is seldom easier than the Poynting integration but does show
the relationship to circuit theory.

Note that for both examples, we had to assume a form for current distribution to
proceed. This is a clear limitation as it can be done with reasonable confidence only in
specific cases. When that is not possible, field theory must be invoked for the whole
problem.

Note also that until this example, we have neglected any distributed charges along
the interconnecting conductors of the circuit. Here, with current varying as f(z), the
continuity equation requires distributed charges, but these are taken care of by the
V(V - A) term in (11), as shown in Sec. 3.21.

PROBLEMS

4.2a Many circuits contain nonlinear elements, that is, ones for which u, €, or o, or some
combination is a function of the field for at least a part of the circuit. Review the for-
mulation of Sec. 4.2 to show this behavior explicitly. Is the general form Eq. 4.2(1)
changed in such cases?

4.2b Some circuits contain time-varying elements, for which u, €, or o, or a combination is
a function of time for at least a part of the circuit. Discuss these cases as in Prob. 4.2a.

4.2¢ The sign of mutual inductance coupling is designated on a circuit diagram by the plac-
ing of black dots. With the sign convention for positive voltage and current shown in
Figs. 4.2¢ and d, the dot location in the former denotes positive M and in the latter,
negative M. Show that either can be represented by a “T-network” as in Fig. P4.2c,
where the upper signs denote Fig. 4.2c and the lower, Fig. 4.2d.

No——J000 - BITO—— I
LiziM| Ly 3| M|
+ +
Vi M| Va
O~ O
Fic. P4.2¢

4.3a It has been pointed out that the mesh analysis utilizes Kirchhoff ’s voltage law explic-
itly but the current law only implicitly. Show that the current law is satisfied for each
node of the circuit with mesh currents defined by Fig. 4.3b. Similarly show that the
voltage law is satisfied by each mesh of Fig. 4.3¢, with node voltages as shown.

4.3b The generator in the example of Figs. 4.3b and c is taken as a voltage generator in
series with a source resistance. It can alternatively be taken as a current generator /, in
parallel with a source conductance G,. Make this substitution and write the new loop
and node equations for the filter.

4.3c With a complex load impedance (admittance) connected to the source terminals as in
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Figs. 4.3d and e, show that the two source representations are equivalent in producing
current in and voltage across this impedance, when the conditions of Eq. 4.3(10) are
satisfied.

Show that for fixed V, and Z, the maximum possible power is delivered to the load
when it is a “conjugate match” to Z,, that is, Z, = Z* (or ¥, = ¥Y¥).

Make a power series expansion of Eq. 4.4(8), retaining up to quadratic terms, to show
the variation of magnitude and phase with r to this approximation. Up to about what
ro/ 8 will this be a reasonable approximation? (See Sec. 7.14.)

Utilize the asymptotic expansions of Bessel functions to derive the approximate
expression Eq. 4.4(11). What phase variation is found in this approximation?
(See Sec. 7.15 or Ref. 2.)

Obtain tables of the Ber and Bei functions and plot phase of current density versus
r/rg forry/8 = 2.39.

Show that the ratio of very high frequency resistance to dc resistance of a round
conductor of radius ry and material with depth of penetration 8 can be written

Ry _ T

R, 26

Using the approximate formula 4.5(8), find the value of r,/8 below which R differs
from dc resistance R, by less than 2%. To what size wire does this correspond for
copper at 10 kHz? For copper at 1 MHz? For brass at 1 MHz?

For two z-invariant systems having the same shape of cross section and of good con-
ductors of the same material, show that current distributions will be similar, and cur-
rent densities equal in magnitude at similar points, if the applied voltage to the small
system is 1/K in magnitude and K* in frequency that of the large system. Also show
that the characteristic impedance of the small system will be K times that of the large
system under these conditions. Check these conclusions for the case of two round
wires of different radii. K is the ratio of linear dimensions (K > 1).

For the symmetric parallel-wire line, plot normalized external inductance, 7rL/u versus
R/d from both the approximate and exact expressions and note the range over which
the approximate formula gives good results.

Derive the formula for external inductance of the coaxial line in Fig. 2.4b by the en-
ergy method assuming the usual situation of a material with permeability u, between
the electrodes.

For a parallel-plane transmission line as in Fig. 2.5¢, find the dielectric thickness, in
terms of the conductor thickness, for which the low-frequency internal inductance
equals the external inductance. Take both conductor thicknesses to be the same.

A coaxial transmission line has a solid copper inner conductor of radius 0.20 cm and a
tubular copper outer conductor of inner radius 1 cm, wall thickness 0.1 cm. Find the
total impedance per unit length of line for a frequency of 3 GHz, including the internal
impedance of both conductors.

Equivalent circuit for a differential length of coaxial transmission line. Take the lines
C-B and D-A in Fig. 3.17 to be separated by a differential distance dz with z positive
to the right. Write Faraday’s law for the loop ABCDA and use the capacitance expres-
sion given in Eq. 1.9(4) to show that the equivalent circuit shown in Fig. P4.6e is cor-
rect for high frequencies. (; is internal inductance per square and L, is external
inductance per unit length.)
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4.6f A frequently encountered problem in microwave circuits is the wire bonding of one
part of a circuit to another as suggested in Fig. P4.6f. The configuration is usually too
complex to fit any simple models, but some useful approximate formulas exist. F. E.
Terman, Radio Engineers Handbook, McGraw-Hill, New York, 1943, gives, for round
wires at high frequencies, L = 0.20€[In(4€/d) — 1 + d/2€], where £ and d are
length and diameter in millimeters, and L is in nanohenries. Estimate the inductance of
the 0.5-mm-diameter wire bond in Fig. P4.6f and calculate its reactance at 1.0 GHz.
Note its magnitude compared with a typical characteristic impedance of 50 ().

Fic. P4.6f

4,7a A coaxial line, shorted at z = 0, has a rectangular loop introduced for coupling, lying
in a longitudinal plane with dimensions as shown in Fig. P4.7a. Find the mutual in-
ductance between loop and transmission line assuming d <<A so that field is
essentially independent of z.

T
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Z Z Z

Fic. P4.7a

4.7b From tables of the complete elliptic integrals given in the references, plot the form of
mutual inductance in Eq. 4.7(12) against d/a for b/a = 1 and for b/a = 3.

4.7c Investigate the properties of the complete elliptic integrals for k << 1 and for & =~ 1,
and obtain approximate expressions for mutual inductance for these two cases. Inter-
pret physical meaning of these limits and compare with approximate Eq. 4.7(3).

4.7d By integration of Eq. 4.7(4), show that the contribution to mutual inductance from two
parallel line segments displaced as shown in Fig. 4.7c is as given by (5).
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Apply Eq. 4.7(5) to the calculation of mutual inductance between two square loops
used for coupling between open-wire transmission lines as shown in Fig. 4.7b. The
length of each side is 0.03 m; the separation x is 0.01 m. Assume that the gaps at
which the lines enter are small enough to be ignored.

4.7f Plot Ly/ap. for the circular loop of round wire versus a/r from approximate and “ex-

4.7g

4.7h*

4.8a

4.8b

4.8c*

act” expressions and note the range of usefulness of the former. Comment on the va-
lidity of the selected mutual approach for a/r approaching unity. (Note that tables of
elliptic functions are required for this comparison.)

Suppose 1-mm-diameter copper wire is formed into a single circular loop having a ra-
dius of 10 cm. A voltage generator of 1 V rms and 10 MHz is connected to an infini-

tesimal gap in the loop. Find the current flowing in the loop, taking into account inter-
nal impedance as well as external inductance. Justify all approximations used.

Check Eq. 4.7(3) by taking the magnetic field of the small loop as that of a magnetic
dipole and integrating flux from this over the area of the larger loop.

Plot L,/ R versus R/! from the expression for a long solenoid and the empirical
expression 4.8(4) and compare. (If you have access to tables for the Nagaoka formula,
add this curve also.)

For an ideal infinite solenoid, magnetic flux is uniform everywhere inside the solenoid.
For a finite coil, as pictured in Fig. 4.8b, there may be more flux through the central
turns of the coil than those near the ends. Explain how you make a circuit model of the
coil in view of these “partial flux linkages.”

For a circular coil of square cross section, Fig. P4.8¢, it has been shown that the larg-
est possible inductance results when R/s = 1.5 for a fixed length of wire of chosen
size. The value of this inductance for N turns is L = 1.7 X 1078 RN2,

<— 5§ —>

7

i
1

Fic. P4.8¢c
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(i) Given 1 m of wire with cross section 1 mm?, find the values of R, s, N, and
inductance for its maximum according to this rule.

(ii) Repeat for 2 m of the same wire.

Compare the formula of Prob. 4.8c with that of Eq. 4.8(1), taking for the latter
(area)'/? = R/1.5.

Discuss qualitatively the case of Fig. 4.9¢ in which two bodies, 1 and 3, which are
relatively far apart have a grounded conducting plane brought in their vicinity. Give an
energy argument to show that C 5 is decreased when the plane is added.

Suppose that the bodies 1 and 3 of Figs. 4.9¢ and f are spheres of radii a separated by
a distance d with a/d << 1. If the added plane is parallel to the line joining their
centers and distance b from it (a/b << 1), find C,5 before and after introduction of
the plane when grounded, and the effective C,5 with the plane present and insulated
from ground.

Two cylindrical conductors of radius 1 cm have their axes 4 cm apart and each axis is
4 cm above a parallel ground plane. Make rough graphical field maps and estimate the
capacitances (per unit length) for this three-conductor problem. (Think about how
many plots you need and the best choice of potentials for each.)

Make an order-of-magnitude estimate of the capacitance between adjacent turns of a
coil as pictured in Fig. 4.10a if the diameter of the coil is 2 cm, the diameter of the
wire 1 mm, and the spacing between turns 1 mm. Clearly state your model for the
calculation.

For a coil as in Fig. 4.10a, in the form of a fairly open helix, it is found that the phase
delay of current along the coil is well estimated by assuming propagation along the
wire at the velocity of light in the surrounding dielectric material. For a helix of 100
turns in air, each turn 1 cm in diameter and spaced 1 mm apart on centers (wire
diameter being appreciably smaller than this),

(i) Find the phase difference between current at the end and that at the beginning of
the helix for such a traveling wave at f = 150 MHz.

(ii) Compare this with the phase difference in the retardation term, calculated along a
direct path between the two ends.

We will find waves on an infinite ideal transmission line that do not radiate even
though there is clearly retardation to different points along the line. Explain how this is
possible.

What radius do you need to give a radiation resistance of 50 {) from the expression
derived from the small-loop circuit? Do you think the approximations reasonably
satisfied for this size?

Using the method of Sec. 4.12 derive radiation resistance for a small square loop with
sides d and uniform current assumed about the loop.

As indicated in Ex. 4.12b, make a series expansion for the sine terms within the inte-
gral (retain three terms), assume f(z') = cos kz', and estimate R, for the half-wave
dipole, I = A/4.



5.1 INTRODUCTION

In Chapter 3, we saw that the interchange of electric and magnetic energy gives rise to
the propagation of electromagnetic waves in space. More specifically, the magnetic
fields that change with time induce electric fields as explained by Faraday’s law, and
the time-varying electric fields induce magnetic fields, as explained by the generalized
Ampére’s law. This interrelationship also occurs along conducting or dielectric bounda-
ries, and can give rise to waves that are guided by such boundaries. These waves are
of paramount importance in guiding electromagnetic energy from a source to a device
or system in which it is to be used. Dielectric guides, hollow-pipe waveguides, and
surface guides are all important for such purposes, but one of the simplest systems to
understand—and one very important in its own right—is the two-conductor transmis-
sion line. This system may be considered a distributed circuit and so is useful in estab-
lishing a relation between circuit theory and the more general electromagnetic theory
expressed in Maxwell’s equations. The concepts of energy propagation, reflections at
discontinuities, standing versus traveling waves and the resonance properties of standing
waves, phase and group velocity, and the effects of losses upon wave properties are
easily extended from these transmission-line resuits to the more general classes of
guiding structures.

A parallel two-wire system is a typical and important example of the transmission
lines to be studied in this chapter. In any transverse plane, electric field lines pass from
one conductor to the other, defining a voltage between conductors for that plane. Mag-
netic field lines surround the conductors, corresponding to current flow in one conductor
and an equal but oppositely directed current flow in the other. Both voltage and current
(and, of course, the fields from which they are derived) are functions of distance along
the line. In the two following sections we set down the transmission-line equations from
distributed-circuit theory, but then discuss its relation to field theory.

Transmission-line effects are not always desirable ones. A cable interconnecting two
high-speed computers may be intended as a direct connection, but will at the very least
introduce a time delay (around 5 ns/m in typical dielectric-filled cable). Moreover, if
the interconnections are not impedance matched at the two ends there will be reflections
of the waves (as we shall see later in the chapter). These “echoes” of pulses representing

213
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the digits could introduce serious errors. A still further complication is dispersion. In a
real transmission line the velocity of propagation varies to some degree with frequency,
so the frequency components which represent the pulse (by Fourier analysis) travel at
different velocities and the pulse distorts as it travels. If dispersion is excessive, the
pulses may be blurred enough so that individual digits cannot be clearly distinguished.
All of these effects occur also in the interconnections of elements in printed circuits
and even in semiconductor integrated circuits, but the close spacings in the last case
limit performance only for extremely short pulses.

Transmission-line analysis is useful, by analogy, in studying a variety of wave phe-
nomena, such as the propagation of acoustic waves and their reflection from materials
with different acoustic properties. An especially interesting analog is that of the pro-
pagation of signals along a nerve of the human body.

Time and Space Dependence of Signals
on Ideal Transmission Lines

5.2 VOLTAGE AND CURRENT VARIATIONS ALONG AN IDEAL TRANSMISSION LINE

We begin by considering the transmission line as a distributed circuit. In Sec. 2.5 we
identified an inductance per unit length associated with the flux produced by the op-
positely directed currents in a pair of parallel conductors. When the currents vary with
time, there is a voltage change along the line. Likewise, the distributed capacitance
produces displacement current between the conductors when the voltage is time-varying
and leads to change in the current flowing along the conductors. The interrelationship
leads to the wave equation for voltage and current along an ideal lossless transmission
line.

Figure 5.2 shows a representative two-conductor line and the circuit model for a
differential length. It should be kept in mind that the external inductance per unit length
of a parallel-conductor line is not associated with one conductor or the other. Also, the
circuit model is simply a representation of a differential length of line; there is not a
one-for-one identification of the two sides of the circuit with the two conductors of the
modeled line.

Consider a differential length of line dz, having the distributed inductance, L per unit
length, and the distributed capacitance, C per unit length.! The length dz then has

' Note that, as in Chapter 4, the same symbols are used here for inductance and capac-
itance per unit length as for total inductance and capacitance. Some texts usel and ¢
for the distributed quantities, but there is then confusion with length and light velocity,
respectively.
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Fi6.5.2 Section of a representative transmission line and the equivalent circuit for a differential
length.

inductance L dz and capacitance C dz. The change in voltage across this length is then
equal to the product of this inductance and the time rate of change of current. For such
a differential length, the voltage change along it at any instant may be written as the
length multiplied by the rate of change of voltage with respect to length. Then

v al
voltage change = - dz = —(L dz) Y 1)
Note that time and space derivatives are written as partial derivatives, since the reference
point may be changed in space or time in independent fashion.

Similarly, the change in current along the line at any instant is merely the current
that is shunted across the distributed capacitance. The rate of decrease of current with
distance is given by the capacitance multiplied by time rate of change of voltage. Partial
derivatives are again called for:

al av
current change = — dz = —(C dz) — )
dz ar
The length dz may be canceled in (1) and (2):
av ol
= - — 3
0z ot )
al %
— = -C— 4
oz at @

Equations (3) and (4) are the fundamental differential equations for the analysis of the
ideal transmission line. Note that they are identical in form with the pairs, Egs. 3.9(5)
and 3.9(9) or Egs. 3.9(6) and 3.9(8), found from Maxwell’s equations for plane elec-
tromagnetic waves. As was done there, (3) and (4) can be combined to form a wave
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equation for either of the variables. For example, one can differentiate (3) partially with
respect to distance and (4) with respect to time:

PV 3?1
= L 5
922 dz ot ©)
3?1 >’V
= - 6
dt 9z ¢ ar? ©

Partial derivatives are the same taken in either order (assuming continuous functions)
so (6) may be substituted directly in (5):

v PV 1V
7~ v @
where
v = (LC)™'/? ®)

All real signals are continuous functions, as required for (7) to apply. The discontinuous
step waves used later as examples are to be understood as approximations to real signals.
Equations (3) and (4) are known as the telegraphist’s equations, and the differential
equation (7) is the one-dimensional wave equation. A similar equation may be obtained
in terms of current by differentiating (4) with respect to z and (3) with respect to ¢, and
combining the results:
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We saw in Sec. 3.9 that an equation of the form (7) has a solution

Vi 1) = F1<t - —) + Fz(t + 3) (10)
v v

where F; and F, are arbitrary functions. A constant value of F,(t — z/v) would be seen
by an observer moving in the + z direction with a velocity v, so F,(¢t — z/v) represents
a wave traveling in the + z direction with velocity v. Similarly, F,(t + z/v) represents
a wave moving in the —z direction with velocity v.

To find the current on the line in terms of the functions F; and F,, substitute the
expression for voltage given by (10) in the transmission-line equation (3):

o e o E) wlp(e s 2 a1
ot v ! v v ? v

This expression may be integrated partially with respect to #:

1 z z
1= o [FH(I - ;) - Fz(l‘ + ;)] + f(2) (12)

If this result were substituted in the other transmission-line equation (4), it would be
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found that the function of integration, f(z), could only be a constant. This is a possible

superposed dc solution not of interest in studying the wave solution, so the constant
will be ignored. Equation (12) may then be written
- 13
v)} (13)

1 z
I = E;[Fl<t - ’z;) — F2<[ -+

Zy=Lv= |=Q (14)

| ™

where

The constant Z; as defined by (14) is called the characteristic impedance of the line,
and is seen from (10) and (12) to be the ratio of voltage to current for a single one of
the traveling waves at any given point and given instant. The negative sign for the
negatively traveling wave is expected since the wave propagates to the left, and by our
convention current is positive if flowing to the right.?

Example 5.2
CHARACTERISTIC IMPEDANCE AND WAVE VELOCITY FOR A COAXIAL LINE

Let us find expressions for the characteristic impedance and wave velocity for an ideal
coaxial line and examine some typical values. We will assume the conductor spacing
is large enough to neglect internal inductance. Using C from Eq. 1.9(4) and L from

Eqg. 2.5(6) in (14) we find
Inb/a |u
7o o= — [ 15
0 2T \/; (13)

where a and b are the radii of the inner and outer conductors at the dielectric surfaces,
respectively. A common commercial coaxial cable is designated RG58/U. It has a
dielectric of relative permittivity 2.26 and the radii are ¢ = 0.406 mm and b = 1.48
mm. Substituting these values in (15) and taking u = p, one finds that Z;, = 51.6 {).
This is slightly below the published normal value Z; = 53.5 () in part because of the
neglect of the frequency-dependent internal inductance of the conductors. There is not
much variation of the relative permittivity among the various materials used as the
dielectrics in coaxial lines and since the radius ratio comes in only in a logarithm, one
finds that most commercial coaxial lines have characteristic impedance in a limited

2 Since Z, as defined here is redl, it is more logical to call it a “characteristic resistance,”’
especially since the concept of impedance implies use with the phasor forms appropri-
ate to steady-state sinusoidal excitation. That is an important special case to be consid-
ered later, but even for fransmission lines used with puises or other general signals, it is
common fo refer to the defined Zy as characteristic impedance.
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range, usually 50 Q < Z, < 80 (). The wave velocity (8) becomes
1

v = (16)

g

which is the same as the velocity of plane waves in the same dielectric (Sec. 3.9). This
result obtains for all two-conductor transmission lines when the internal inductance and
losses can be neglected.> The wave velocity is usually between about 0.5 and 0.7 of
the velocity of light in vacuo, 3 X 108 m/s, for lines with plastic dielectrics.

5.3 RELATION OF FIELD AND CIRCUIT ANALYSIS FOR TRANSMISSION LINES

Although we largely utilize the distributed-circuit model for transmission-line analysis
in this chapter, let us relate the equations obtained in Sec. 5.2 to field concepts of
Chapter 3. First, let us take the special case of a parallel-plane transmission line, as
indicated in Fig. 5.2, with the conducting planes assumed wide enough in the y direction
so that fringing at the edges is not important. If the planes are also assumed perfectly
conducting, it is clear that a portion of a uniform plane wave with E, and H,, as studied
in Chapteér 3, can be placed in the dielectric region between the planes and will satisfy
the boundary condition that electric field enter normally to the perfectly conducting

planes. The Maxwell equations for such a wave [Eqgs. 3.9(6) and 3.9(8)] are
0E (z, 1) 0H(z, 1)
—h o

1
0z ot M
0H\(z, 1) OE (z, t

y = —¢ (2, 1) @)
0z ot
If we define voltage as the line integral of —E between planes at a given z,
2 a '
Vi, t) = ——J’ E-dl = —J’ E.dx = —aFE/(z 1) 3
1 0

Current for a width b, with positive sense defined for the upper plane, is related to the
tangential magnetic field by

I(z, t) = —bH,(z, 1) 4
With these substituted in Egs. 5.2(3) and 5.2(4), we find the result identical to (1) and
() if

c=2 g/m Lz% H/m )
a

These are, respectively, the capacitance per unit length and inductance per unit length

3 |t follows that knowledge of either L. or C for such ideal lines determines the other.
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for such a system of parallel-plane conductors, calculated from static concepts. The
field and circuit concepts are thus identical in this simple case.

We would also find field and distributed-circuit approaches identical if we applied
them to the coaxial transmission line with ideal conductors or to two-conductor systems
of other shape so long as conductors are perfect. This is because such systems can be
shown to propagate transverse electromagnetic (TEM) waves, for which both electric
and magnetic fields have only transverse components. The absence of an axial magnetic
field means that there are no induced transverse electric fields and no corresponding
contributions to the line integral [ E - dl taken between the two conductors, so long as
the integration paths remain in the transverse plane; thus the voltage between conductors
can be taken as uniquely defined for that plane. Similarly the absence of an axial electric
field means that there is no displacement current contribution to ¢ H - dI for paths in a
given transverse plane, and if such a closed path surrounds one conductor, the integral
will be just the conduction current flow in that conductor for that plane at that instant
of time. Moreover, the transverse E and H fields can be shown to satisfy Laplace’s
equation in the transverse plane (Prob. 5.3), thus explaining the appropriateness of
using Laplace solutions for the calculation of the L and C of the transmission line.

When the finite resistances of conductors are taken into account, the identity of circuit
and field analysis is no longer an exact one, but has been shown to be a good approx-
imation, for practical transmission lines. This field basis for TEM waves will be de-
veloped more in Chapter 8.

5.4 REFLECTION AND TRANSMISSION AT A RESISTIVE DISCONTINUITY

Most transmission-line problems are concerned with junctions between a given line and
another of different characteristic impedance, a load resistance, or some other element
that introduces a discontinuity. By Kirchhoff s laws, total voltage and current must be
continuous across the discontinuity. The total voltage in the line may be regarded as
the sum of voltage in a positively traveling wave, equal to V_ at the point of discon-
tinuity, and voltage in a reflected or negatively traveling wave, equal to V_ at the
discontinuity. The sum of V. and V_ must be V,, the voltage appearing across the
Jjunction:

Ve, +V_ =V, 1)

Similarly, the sum of current in the positively and negatively traveling waves of the
line, at the point of discontinuity, must be equal to the current flowing into the junction
or load:

I, +1_ =1 2)

The simplest form of discontinuity is one in which a load resistance R, is connected
to the transmission line at the junction, as shown in Fig. 5.4a. Another case that is
equivalent is that of Fig. 5.4b in which the first ideal line is connected to a second ideal
line of infinite length and characteristic impedance Z,, ; here R, = Z;, . Still other forms
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Zy Vi ZoL

(b)

Fic. 5.4 (a) Ideal transmission line with a resistive load. (b) Ideal transmission line of char-
acteristic impedance Z; with a second ideal line of infinite length and characteristic impedance
Zy, as a load.

of load circuits can produce an effective resistance R, atthe junction. In all these cases
V., = R, I,. By utilizing the relations between voltage and current for the two traveling
waves as found in Sec. 5.2, Eq. (2) becomes

=k ©

By eliminating between (1) and (3), the ratio of voltage in the reflected wave to that in
the incident wave (reflection coefficient) and the ratio of the voltage on the load to that
in the incident wave (transmission coefficient) may be found:

AY- _R — 7,

=L~ % 4

P=V. "R, + 2 @
v, 2R

PRS- ®)
V. R, + Z,

The most interesting, and perhaps the most obvious, conclusion from the foregoing
relations is this: there is no reflected wave if the terminating resistance is exactly equal
to the characteristic impedance of the line. All energy of the incident wave is then
transferred to the load and T of (5) is unity.

In Sec. 5.7 the definitions of reflection and transmission coefficients will be given
for the case of sinusoidal signals and will include other than purely resistive loads.

The instantaneous incident power at the load is Wi = I, V. = V% /Z,. The frac-
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tional power reflected is, therefore, the constant

Wr _ 5

The remainder of the power goes into the load resistor or the second line, so

W

=1 - p?
W2 p @)

5.5 PULSE EXCITATION ON TRANSMISSION LINES

Transmission lines are increasingly used for digital or pulse-coded information. We
consider some simple examples utilizing the boundary and continuity conditions given
above.

Example 5.5a
PuULSE ON SHORT-CIRCUITED LINE

Let us consider a signal in the form of a pulse having a constant value V;, between ¢ =
0 and r = t,/5 and zero otherwise. The pulse is fed into an ideal transmission line of
length [ such that / = vt,. We will analyze what happens when the pulse reaches the
end of the line, which will be taken as short-circuited.

Drawing (i) in Fig. 5.5a shows the pulse moving along the line at ¢ = 0.3¢,. The
arrows connecting the charges on the conductors are electric field vectors. The integral
of the electric field is the voltage between conductors. The current flows in the con-
ductors only where there is voltage, and current continuity is accounted for by displace-
ment currents ¢ JE/dt at the leading and trailing edges of the pulse.

At time ¢, the leading edge of the pulse reaches the end of the line. Drawing (ii) in
Fig. 5.5a shows the pulse shortly after ¢ = ¢,. The short circuit requires that the voltage
be zero. To maintain the voltage at zero during the time that the incident pulse is at the
termination ¢, <t < r,, a negative-z-traveling (reflected) wave having opposite voltage
polarity and equal amplitude is generated as shown in drawing (iii). Note that this result
is predicted by (4) for R, = 0. Also, the zero voltage on the load agrees in (5) with
R, = 0. Note that the polarity of the current in the reflected wave is the same as in
the incident wave, as could be argued from Egs. 5.2(10) and 5.2(12) with the fact that
V_ = —V_. The total voltage on the line at the time used for drawings (ii) and (iii)
is their superposition; this is shown in drawing (iv), where it is seen that the voltages
are almost completely canceled. At a still later time, the reflected pulse is seen on its
way to the generator [drawing (v)]. At ¢ = 2t,, the pulse will reach the pulse generator.
What happens there depends on the impedance seen looking into the generator. Typi-
cally, the characteristic impedance of the transmission line equals the output impedance
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Fie. 5.5a Reflection of a pulse at the end of a shorted line. The times ¢, and ¢, are those for
which the leading edges and trailing edges, respectively, reach the end of the line. Drawings (i),
(iii), and (iv) are for various instants during the period in which the reflected wave is generated
to maintain the voltage at zero across the short circuit.

of the generator (it is matched). In that case, the reflected pulse is absorbed in the
generator. Otherwise, another reflection takes place.
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Computer Interconnecting cable Computer

No. 1 Zj' No. 2

Fic. 5.5b Transmission line cable for transmitting digital signals between two computers.

Example 5.5b
PULSE REFLECTIONS ON A TRANSMISSION LINE
INTERCONNECTING TWO COMPUTERS

The aim of this example is to show the importance of transmission-line matching in
controlling reflections for a transmission line used to interconnect two computers. Con-
sider the two computers shown in Fig. 5.5 interconnected by a coaxial cable 100 m
long and with a velocity of propagation 2 X 10® m/s, so that there is a time delay of
500 ns for a pulse to propagate from input of the cable to its output. Consider a portion
of the digitally coded signal, made up of 10-ns pulses with basic spacing 20 ns as
sketched in Fig. 5.5¢. This is sketched versus distance in Fig. 5.5d at 5 ns before the

0 10 30 40 90 100 ¢(ns)
(c)
\
|
|
|
|
|
-21 —19 -9 -7 -3-10 z(m)

41 ] ]

-21-19 ~15-13 -3-1 z(m)
(e)

FIG. 5.5 (c) A portion of a pulse-coded signal versus time for the computer interconnection of
Fig. 5.5b. (d) Voltage versus distance for a time 5 ns before leading edge of first pulse reaches
input of computer No. 2 (defined as z = 0). (¢) Voltage versus distance for reflected signal 110
ns after instant of sketch (d).
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first pulse edge reaches computer No. 2. If input impedance of the second computer
matches the characteristic impedance of the line, there is no reflection and the entire
signal is accepted. But suppose its input impedance is 100 €} and the characteristic
impedance of the cable is 50 (). By (4), the reflection coefficient is

R, —Zy 100 -50 1

P=R +2 100+50 3

So the train of pulses is reflected, at § amplitude, toward computer No. 1 as sketched
versus distance in Fig. 5.5¢ at 110 ns after time of Fig. 5.5d. If there is impedance
mismatch at the terminals of computer No. 1 additional reflection will take place when
the signal returns there and a spurious signal will be superposed on whatever desired
code is being sent between the computers at that time. Since the reflected “echo” is of
lower amplitude than the original signai, differentiation is possible on the basis of
amplitude level, but there is an obvious advantage in matching impedances well enough
that reflected signals are small.

Example 5.5¢
SQUARE WAVE IN Z APPLIED TO INFINITE LINE

As a third example, consider an infinite line suddenly charged at ¢+ = 0 with a square
wave in distance fromz = —1mto z = +1 m. Voltage distribution at ¢t = 0 is then
as in Fig. 5.5f. This may be considered a superposition of two such square waves, each
of amplitude V,,/2. One of these moves to the right and the other to the left, each with
velocity v. Thus at ¢ = 1.667 ns (taking v = 3 X 10 m/s) the two partial waves and

Vo
__________ Vo
2
|
-1 0 =m)
(f
Vo
Yo
e = = — 2
v"“] L—) <] _;——>-v
| | | | L 2(m)
-15 -05 O 0.5 1
(g)

Fie. 5.5 Voltage and current distributions for Ex. 5.5c. (f) Voltage distribution at t = 0.
(g) Traveling waves (dashed) and total voltage versus z (solid) at ¢t = 1.667 ns.
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(f)
Fie. 5.5 (/1) Traveling waves of current (dashed) and total current (solid) versus z at ¢t =
1.667 ns. (i) Voltage (solid) and current (dashed) versus z at ¢t = 5 ns.

their sum are shown in Fig. 5.5g. Figure 5.5h shows the corresponding current distri-
bution, taking into account the different sign relations between current and voltage for
positively and negatively traveling waves. Figure 5.5/ shows voltage and current dis-
tributions at t = 5 ns.

Example 5.5d
PULSE REFLECTIONS WHEN PULSE IS LONGER THAN TRAVEL TIME DOWN THE LINE

Example 5.5b considered reflections for pulses much shorter than the travel time down
the transmission line. For many interconnections, especially those within integrated
circuits, the delay time is shorter than pulse width. Reflections because of mismatch
may still cause a problem, causing structure within the pulse. To illustrate the point,
consider the first part of the pulse as a step function of voltage V,, applied to an ideal
transmission line at z = —/, with terminating impedances at end z = 0 so high that it
may be considered an open circuit. The front of the wave travels along the line in the
positive z direction and reaches the end at ¢+ = #;. Since current must be zero at the
open-circuited end z = 0, a reflected step wave must be generated with current opposite
to that of the positively traveling wave, starting at the instant of arrival of the latter at
z = 0. From Eq. 5.2(13), we know that current in the negatively traveling wave is
—V/Z,, so it follows that V_ = V.

As time goes on, the conditions to be met are that the total voltage at the input of
the line (z = —/) must be the value V, of the pulse applied there and the current at the
open end must be zero. These conditions can be satisfied by the sum of two square
waves, one traveling in the positive z direction and one in the negative z direction.
Figure 5.5j shows the voltages of the two individual waves and the superposed, or total,
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Fic.5.5] Positively and negatively traveling wave components and their superposition to match
boundary conditions on a transmission line with a pulse of voltage V,, applied to the line at z =
—/ and the line open-circuited at z = 0. The applied pulse length is much longer than the travel
time along the line.

voltage. Note that the total voltage is always equal to V; at z = —I, as required by the
boundary condition. As discussed in the preceding paragraph, the condition where the
negatively traveling wave has the same polarity of voltage as the positively traveling
wave gives a zero total current. Thus, for either the situation with both waves having
zero value or both with V;, the boundary condition at the open end is satisfied. It is
seen in Fig. 5.5 that the sum of the two waves meets that requirement. Since the two
waves satisfy the transmission-line equations and their sum satisfies the boundary con-
ditions, they constitute the unique solution.

Note that a square wave of voltage is produced at z = 0 with voltage zero for intervals
of 2L /v, interspersed with intervals of the same value with V = 2Vj,.

Example 5.5¢
TRANSMISSION LINE WITH CAPACITIVE TERMINATION

As a somewhat different example, consider the ideal transmission line of Fig. 5.5k
terminated in an uncharged capacitor. We take the incident wave as the exponential
buildup of Fig. 5.5,

Vo () = VoIl — e ®

where, for convenience, time zero is taken as the instant the forward wave arrives at
the capacitor. By continuity of voltage and current,

Ve @+ Vo (@) =V () @
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Fic. 5.5 (k) Ideal transmission line terminated with a capacitor; (/) form of forward-traveling
voltage wave incident on Cj,.

e O Vo@ L Ve ®
"z, S ko=6g ©)

By combining these equations and using (1) we obtain

av_ (1) + Vo ﬁ
dt T - T

(1 — e/o0) — Yo i/ @)
To

where T, = C, Z, is a time constant set by the capacitor and transmission-line imped-
ance. A solution of this first-order differential equation is

Tg + T
V_ @) = v0[1 + A e — ( 0 ])e”/Tﬂ] &)

To — Ty

The arriving wave has zero voltage at the instant of arrival and the capacitor is un-
charted, so V_ (0) = 0 and

2T,
A= 6

To — Ty

Using (2), the voltage is found to build up in the capacitor as

2 2
V() = v{z + i - _70_6_,/70] %)

To — T To — Ty
It can be checked that (3) is satisfied. The z variation of the reflected wave is obtained
by substituting ¢ + z/v for ¢ in (5).
5.6 PULSE FORMING LINE

One way of forming pulses of a desired length is by charging a transmission line of
length / to a dc voltage V,, and then connecting to a resistor as shown in Fig. 5.6a. (In
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Fic. 5.6 (a) Transmission line of length / (time delay one way = ;) charged to potential V
and connected to resistance R at + = 0. (b) Lumped element approximation to (a). (¢) Wave
shapes of resistor voltage for different relations of R to Z;.

practice, the line is often approximated by lumped elements, so the lumped-circuit
approximation is shown in Fig. 5.6b.) If the resistance R is matched to the characteristic
impedance, a pulse of height V;/2 is formed across R for a time 2t,, where ¢, is one-
way propagation time down the line and the line completely discharged. It may then
be recharged and the process repeated. It may at first seem puzzling that voltage across
the resistor is not just V; when the switch is closed, but this is because a traveling wave
to the right is excited by the connection. Voltage across the resistor just after closing
the switch is then the sum of dc voltage and the voltage of the positive wave, V_ :

Ve = Vo + V, )

The current flowing in the resistor is just the negative of current in the positively
traveling wave.

)
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Since V, = RI,, combination of (1) and (2) gives

R R
Ve = Vo= —oV 3
R <R+ZO>O Zo 't 3)

Thus if R = Zy, Vg = Vp/2and V, = —V,/2. Current in the wave started to the right;
I, = —V,/2Z, by (2). When this current reaches the open end, z = I, there must then
be a reflected wave with current / _ = V,/2Z, so that the net current is zero at the open
end as required. This requires a voltage in the reflected wave V_ = —Zy/_ = —V,/2,
which travels to the left, canceling the remaining voltage on the line and bringing zero
voltage and current to the resistance at t = 2¢;. From then on all is still. Thus in the
case of R = Z,, the wave to the right discharges half the voltage initially on the line,
and the wave to the left the other half, yielding a rectangular pulse as shown in Fig. 5.6c¢.

If R # Z,, the wave started to the right upon closing of the switch is other than V,/2,
so cancellation of the voltage on the charged line in one round trip does not occur, and
there are further reflections when the wave returns to the input. Figure 5.6¢ sketches
the form of resistor current for R > Z; and for R < Z,. (See also Prob. 5.6b.)

Smusondal Waves on Ideal Transmission Lines

5.7 REFLECTION AND TRANSMISSION COEFFICIENTS AND IMPEDANCE
AND ADMITTANCE TRANSFORMATIONS FOR SINUSOIDAL VOLTAGES

The preceding discussion has involved little restriction on the type of variation with
time of the voltages applied to the transmission lines. Many practical problems are
concerned with sinusoidal time variations. If a sinusoidal voltage is supplied to a line,
it can be represented at z = 0 by

V@, t) = V cos wt )]
The corresponding wave traveling in the positive z direction is

V.(zt) = |V,|cos w(t - u~>

14

and that traveling in the negative z direction is

V_(z, 1) = |V_| cos[w(t + i) + Bp}
Up

The total voltage is the sum of the two traveling waves:

V(z, t) = |V,]| cos w(t - i) + |V_| cos{w(f + —:-> + 6’,} )
Up Yp
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The corresponding current, from Eq. 5.2(13), is

_ vl _zy v z
I(z, t) = Z cos wl t s, Z cos| w t-I—UP + 6, 3)

In Sec. 5.2 we saw that a constant point on a wave described by F(t — z/v) is seen
by an observer moving with a velocity v in the positive z direction. The argument of a
sinusoid is called its phase, so the velocity for which phase is constant is called the
phase velocity v,,.

For sinusoidal time variations, it is useful to rewrite (2) and (3) in phasor form:

V =V,e B + V_elF IE)
1 . .
[ == [V,ye B — V_elf) )
Z ,
where
B===0wVIC ©

We may take V. as the reference for zero phase so that it is real. Then V_ is in general
complex and equal to [V_|e/%, with 6, being the phase angle between reflected and
incident waves at z = 0 as in the instantaneous form (2).

The quantity B is called the phase constant of the line since 8z measures the instan-
taneous phase at a point z with respect to z = 0. Moreover, voltage (or current) is
observed to be the same at any two points along the line that are separated in z such
that Bz differs by multiples of 2. The shortest distance between points of like current
or voltage is called a wavelength A. By the foregoing reasoning,

BA = 2
or
B = 2777 = oVLC )

The expressions for reflection and transmission coefficients in Egs. 5.4(4) and 5.4(5)
can now be written in a special form for sinusoidal waves. It is convenient to choose
the origin of the z coordinate at the discontinuity to be analyzed, as shown in Fig. 5.7
for three representative discontinuities. It is assumed that a previous analysis gave the
equivalent value of impedance looking in the +z direction at z = 0 in the two lower
lines. We will see below how this is done. The ratio of total phasor voltage to total
phasor current at any point is the definition of impedance. We set the impedance at
z = 0, the load impedance Z,, equal to the ratio (4) to (5). Solving for the ratio V_/V_,
the reflection coefficient for sinusoidal waves is obtained:

p =T

Vo _ 7 -7 ®
V. Z, + Z,
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Fic. 5.7 Representative situations where a line of length / with a discontinuity at z = 0 is the
subject of the analysis.

Also, (4) and (5) can be combined to give the transmission coefficient:

po Ve % o
Vo Z,+ Z,
The load voltage V, is the total voltage at z = 0.

The expressions for power reflected and transmitted at a discontinuity, given for real
functions of time in Eqgs. 5.4(6) and 5.4(7), can be adapted to sinusoidal signals of the
complex exponential type. Since power in this case is VI*/2, and for a single wave in
a loss-free line this is VV*/2Z, = |[V[*>/2Z,, the fractional reflected power is

Wr _ VP _
— = = |pI* 10
Wk |V+l2 lPI (10)
and the remainder goes into the load:
W.
e = 1= [P (11)

Wi
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Now let us find expressions for the input impedance and admittance at — /. We find
impedance by dividing (4) by (5) forz = —1I

[+ peie
Zi = Zo| ar pe Il (12

Or, substituting (8),

Zi=ZO

[ZL cos Bl + jZ, sin Bz] )

Zy cos Bl + jZ, sin Bl
By defining admittances ¥; = 1/Z;, Y, = 1/Z;, and Y, = 1/Z,, we can find an
expression of the same form for Y

Y =¥ Y, cos Bl + jY, sin BI
¢ 70y, cos Bl + jY, sin pI

(14)

Example 5.7
CASCADED THIN-FILM LINES

Suppose the second diagram of Fig. 5.7 represents two thin-film transmission lines in
a microwave integrated circuit. The load Z, , represents a device having a real imped-
ance of 20 (2 at the signal frequency, 18 GHz. Line 2, of characteristic impedance Z;,
= 30 Q, has a length /, = 2 mm. Line 1, of characteristic impedance Z;, = 20 (1,
has a length /;, = 1.5 mm. The phase velocities for both lines are the same, 2 X 108
m/s. Let us find the impedance at the input to line 1.

First we must solve for the way the load impedance Z;, transforms along the line
attached to it. To do this we apply formula (13) to that section of line. For both lines
(6) gives

(2m)(18 X 10°) rad/s

w
o= 2 X 10° m/s = 566 rad/m
P

B:

For variety we will take angles in degrees here, as both degrees and radians are com-
monly used in transmission-line calculations. Thus 8¢, = 64.9 degrees and B¢, =
48.6 degrees:

_ 3 20 cos 64.9° + j30 sin 64.9°
~ 77130 cos 64.9° + j20 sin 64.9°

36.7 + j11.8 Q

]

Now we can find Z;; at the input to line 1 using Z;, as the load Z, ;:

7 = | 367 + j11.8) cos 48.6° + j20 sin 48.6°
i 20 cos 48.6° + j(36.7 + j11.8) sin 48.6°

= 189 — jl14.6 O
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Systems with several lines of different characteristic impedances in cascade can be
analyzed as we have in this example. In each case the analysis starts with the point
farthest from the signal source, transforming the impedance back successively to the

next discontinuity until the input is reached. In general, Z,, B8, and ! will be different
for each section.

5.8 STANDING WAVE RATIO

Let us examine the phases of the voltages in Eq. 5.7(4). One coefficient, say V, , can
be chosen to be real by choice of origin of time. The reflection coefficient, Eq. 5.7(8),
which is a complex number, can be written in the form |ple/% so V_ in Eq. 5.7(4) can
be replaced with V., |ple/%, giving

V= Ve 4V [plelt 8 (1)

Let us write this as a real function of time with — z replaced by /, the distance from the
end of the line:

V(t, =1) = V, cos(wt + Bl) + V,|p| cos(wr — Bl + 6,)

Considering any particular instant, say t = 0, we can readily see that the argument of
the cosine in the incident wave (first term), which is its phase, increases with distance
from z = 0 and that the phase of the reflected wave (second term) decreases. These
phases are shown in the top drawings of Fig. 5.8 where it is clear that at some distance
2o, the phases are the same. At z_ they differ by # rad, one having decreased by /2
and the other having increased by /2. At z,, they differ by 2 rad, and so on. So
there are a series of locations where the two sinusoids are in phase and another series
of locations where they are 7 rad out of phase. Where they are in phase, they add
directly at each instant, and where 7 rad out of phase, they subtract. At the former
locations the total voltage has its maximum amplitude, and at the latter, its minimum.
Analysis of the sum of the incident and reflected waves given in (1) (see Prob. 5.8f)
shows that the total voltage can also be represented as the sum of a standing wave and
a traveling wave. The total voltage is shown in the lower drawing of Fig. 5.8 for several
particular times in a cycle selected to show the voltage when it has its maximum and
minimum peak values. The broken line shows the voltage amplitude along the trans-
mission line.
The maximum voltage is

Vax = [Vl + [V_| )
and the minimum, found a quarter-wavelength from the maximum, is
Vmin = |V+[ - IV—] (3)

The standing wave ratio is then defined as the ratio of the maximum voltage amplitude
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Fic. 5.8 The upper graph shows the phases of the incident and reflected waves at f = O on a
line with a reflection coefficient p = |p|e/%. The total voltage V(z) is shown for selected times
in the lower graph, ot, = —0,/2, wty = —80,/2 + 72, 0ty = ~6,/2 + 7, wty = —6,/2
+ 37/2. The broken line gives the voltage amplitude along the line.

to the minimum voltage amplitude:

S"" 4

min

By substituting (2) and (3) and the definition of reflection coefficient, Eq. 5.7(8), we

find

Wl Wl _ 1+
Vil =1l 11—l

It is seen that standing wave ratio is directly related to the magnitude of reflection

coefficient p, giving the same information as this quantity. The inverse relation is

S—-1

S+ 1

S

)

lol = (6)

Figure 5.8 is plotted for S = 3, corresponding to [p| = 3.
Because of the negative sign appearing in the current equation, Eq. 5.7(5), it is evident
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that at the position where the two traveling wave terms add in the voltage relations,
they subtract in the current relation, and vice versa. The maximum voltage position is
then a minimum current position. The value of the minimum current is

]V+I *IV—’
lI. =—
n = @

At this position impedance is purely resistive and has the maximum value it will have
at any point along the line:

[(V+l + IV-(} 7 @®)

At the position of the voltage minimum, current is a maximum, and impedance is a
minimum and real:

N2

_ (V+’ - ‘V—l _ _Z__Q
O aEaal o

SLOTTED-LINE IMPEDANCE MEASUREMENT

A slotted line is an instrument that can be used to measure impedances. It is a trans-
mission line containing a movable probe with which the standing wave ratio and the
position of a voltage minimum or maximum can be found. The unknown impedance is
connected to the end of the slotted line.

Suppose a measurement on a slotted line of characteristic impedance Z;, = 50 ()
reveals a standing wave ratio S = 3 and the closest voltage minimum is 0.33A from
the unknown load impedance. Let us see how Z, is deduced. In Fig. 5.8, we see that
at z,. where the minimum is found, the phase of the incident wave, — Bz attains the
value (6, + 7)/2, so

and
2
0, = 2B(0.33A) — m = 2<~)T>(0.33)L) — g = 1.0rad

where we have used Eq. 5.7(7). Using the given S and (6) we find |p| to be 0.5. Then
p = 0.5¢/10
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From Eq. 5.7(8) we can get Z; in term of p and Z,. Thus

1+p 1 + 05100 .
Z, = Zo|: le = SOI:TW = 52.8 + j59.3 Q

5.9 THE SMITH TRANSMISSION-LINE CHART

Many graphical aids for transmission-line computations have been devised. Of these,
the most generally useful has been one presented by Smith,* which consists of loci of
constant resistance and reactance plotted on a polar diagram in which radius corresponds
to magnitude of reflection coefficient. The chart enables one to find simply how imped-
ances are transformed along the line or to relate impedance to reflection coefficient or
to standing wave ratio and position of a voltage minimum. By combinations of oper-
ations, it enables one to understand the behavior of complex impedance-matching tech-
niques and to devise new ones. It is much used in displaying the locus of impedance
of many useful devices as frequency is varied. Although computer programs are avail-
able for transmission-line calculations, its role in displaying and understanding match-
ing mechanisms remains useful. This chart utilizes the reflection coefficient plane.
Impedance for any point along a transmission line with a passive load then lies within
the unit circle. Loci of constant resistance are circles and loci of constant reactance are
circles orthogonal to those of constant resistance. We will first show the basis for this,
and in the following section give some examples of the chart’s use.

The discussion of the chart will begin with Eq. 5.7(12), which gives impedance in
terms of reflection coefficient. We define a normalized impedance

Z.
=6+l = o)
0,

and a complex variable w equal to the reflection coefficient at the end of the line, shifted
in phase to correspond to the input position /:

w=u+jul pe2s 2)

Equation 5.7(12) may then be written

1+
w=r— 3)
- W
or
) R sl )
’+Jx~_——-§1—(u+jv) @)

4 P. H. Smith, Electronics 12, 29-31 (1939): 17, 130 (1944).
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This equation may be separated into real and imaginary parts as follows:

1= @2+ v

TTU S+ ®
2v
X = m (6)
or

— r ’ + p? = ___._1____ 7
e =~ 03 Q)

. 1\
(ll——l)‘+<v——_> =3 (8)

If we then wish to plot the loci of constant resistance r on the w plane (v and v
serving as rectangular coordinates), (7) shows that they are circles with centers on the
u axis at [r/(1 +r), 0] and with radii 1/(1 + r). The curves forr = 0, %, 1, 2, o are
sketched in Fig. 5.9a. From (8), the curves of constant x plotted on the w plane are also
circles, with centers at (1, 1/x) and with radii l/lxl. Circles forx = 0, £3, =1, =2,
o are sketched in Fig. 5.9a. Any point on a given transmission line will have some
impedance with positive resistance part, and so will correspond to a particular point on
the inside of the unit circle of the w plane. Several uses of the chart will follow. Many

Fic. 5.9a Basic features of the Smith Chart.
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HRE N Nt
COMPORENTE.

FiG. 5.9b Smith Chart.

extensions and combinations of the ones to be cited will be obvious to the reader. A
chart with more divisions is given in Fig. 5.95.

5.10 SOME USES OF THE SMITH CHART

In this section we show the use of the Smith chart in displaying the relation between
impedance and reflection coefficient, in transferring impedances or admittances along
the line, and in impedance matching. Other uses are illustrated by the problems and
still other extensions or combinations will be evident to the reader.
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To Find Reflection Coefficient Given Load Impedance, and Conversely
The point within the unit circle of the Smith chart corresponding to a particular position
on a transmission line may of course be located at once if the normalized impedance
corresponding to that position is known. This is done with a reasonable degree of
accuracy by utilizing the orthogonal families of circles giving resistance and reactance
as described above. Thus, point A of Fig. 5.10a is the intersection of the circles r = 1
and x = 1 and corresponds to a position with normalized impedance 1 + j1. It is clear
from Eq. 5.9(2) that [w| = |p| and from Eq. 5.9(7) that [w| = (*> + v?®)'/? = 1 on the
r = 0 circle, which is the outer edge of the graph. A measure of the radius to some
point on the graph as a fraction of the radius to the r = 0 circle thus gives |p| directly.
If the point on the Smith chart is the normalized load impedance, [ = 0, and 4w =
£ p, so the phase angle of the reflection coefficient can be read directly. One can, of
course, reverse the process to find Z; if p is given.

Example 5.10a
REFLECTION COEFFICIENT FROM LOAD IMPEDANCE

Suppose a transmission line of characteristic impedance Z, = 70 {} is terminated with
aload Z, = 70 + j70 ). The normalized load impedance is {(0) = 1 + j1, shown
as point A in Fig. 5.10a. The magnitude of p is 0.45 and £p = Zw = 1.11 rad so
p = 0.45¢/"!", The angle may be found by reading the outside wavelength scales,
recognizing that a quarter-wave is 7 radians on the chart.

To Transform Impedance Along the Line As position / along a loss-free line,
measured relative to the load, is changed, only the phase angle of w changes, as can be
seen from Eq. 5.9(2) wherein p is a complex number, the reflection coefficient at the
load. Thus, change of position along an ideal line is represented on the chart by move-
ment along circles centered at the origin of the w plane. The angle through which w
changes is proportional to the length of the line and, by Eqg. 5.9(2), is just twice the
electrical length of line BI. (Most charts have a scale around the outside calibrated in
fractions of a wavelength, so that the angle need not be computed explicitly. See Fig.
5.10a.) Finally, the direction in which one moves is also defined by Eq. 5.9(2). If one
moves toward the generator (increasing /), the angle of w becomes increasingly nega-
tive, which corresponds to clockwise motion about the chart. Motion toward the load
corresponds to decreasing ! and thus corresponds to counterclockwise motion about the
chart.
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Fie. 5.10a Smith chart for impedances. Points A, B, and C and associated broken lines relate
to Exs. 5.10a, 5.10b,and 5.10c.

IMPEDANCE TRANSFORMATION

Consider the line and load of Ex. 5.10a for which the; normalized load impedance is
1 + j1 and is shown at point A in Fig. 5.10a. If the line is a quarter-wave long
(90 electrical degrees), we move through an angle of 180 degrees at constant radius on
the chart toward the generator (clockwise) to point B. The normalized input impedance
is then read as 0.5 — j0.5 for point B. If input impedance is given and load impedance
desired, the reverse of this procedure can obviously be used.
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FI6.5.10b Polar transmission-line chart for admittances. The constructions involving points C,
C,, and D,—Dj; relate to Ex. 5.10d.

To Find Standing Wave Ratio and Position of Voltage Maximum from a
Given Impedance, and Conversely If we wish the standing wave ratio of an
ideal transmission line terminated in a known load impedance, we make use of the
information found in the preceding section. Equation 5.8(8) shows that the location of
maximum impedance is also the location of maximum voltage and the impedance there
is real. We see that

Z
§="%= (i @

Zy

and can see from Fig. 5.10a that the point where impedance is real and maximum along
any ideal transmission line (represented by a |p| = constant circle) lies on the right side
along the horizontal axis (u axis). Thus, in following about the circle on the chart
determined by the given load impedance, we note its crossing of the right-hand u axis
of the w plane. The value of the normalized resistance of this point is then the standing
wave ratio; the angle moved through to this position from the load impedance fixes the
position of the voltage maximum.
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The reversal of this procedure to determine the load impedance, if standing wave
ratio and position of a voltage maximum are given, is straightforward, as is the extension
to finding position of voltage minimum or finding input impedance in place of load
impedance.

DETERMINATION OF STANDING WAVE RATIO AND LOCATION
OF VOLTAGE MAXIMUM

Let us continue our analysis of the ideal transmission line and load discussed in Exs.
5.10a and 5.10b. The normalized load impedance is 1 + j1 plotted at point A in Fig.
5.10a Moving along the line away from the load (clockwise), one arrives at the pure-
resistance point C by going 0.088 wavelength. The value of maximum normalized
resistance, which equals the standing wave ratio S, by (1) is read as 2.6.

Use as an Admittance Diagram Since admittance transforms along the ideal line
in exactly the same manner as impedance, Eq. 5.7(14), it is evident that exactly the
same chart may be used for transformation of admittances with the same procedure as
for impedances described in the above. Admittance is read for impedance, conductance
for resistance, and susceptance for reactance as seen in Fig. 5.10b. There are differences
to remember: the right-hand u axis now represents an admittance maximum and, there-
fore, a current maximum instead of a voltage maximum; the phase of the reflection
coefficient read as described above and corresponding to a given normalized load ad-
mittance is that for current in the reflected wave compared with current in the incident
wave and is therefore different by 7 from that based on voltages. (See Prob. 5.7d.)

Exampie 5.10d
ADMITTANCE ANALYSIS OF VARIABLE SHORTED-STUB TUNER

In this example we will use the Smith chart for admittances to analyze a mismatched
line that employs a variable shorted-stub tuner to produce a unity standing wave ratio
in the line leading up to the stub. Figure 5.10c shows the arrangement. Suppose Z, =
50 £ in the main line and Z,;, = 70 () in the stub. Assume Z;, = 20 — j20 Q. We
will find the appropriate stub location z = —1[,, and the stub length /.. The admittance
chart rather than the impedance form is used because of the convenience in handling
shunt circuits in the admittance formulation.
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0
‘cli jm —_—z
j
Zy Zy,
o |

FiG. 5.10¢c Variable shorted-stub tuner connected in shunt to provide matching at —!
therefore § = 1 forz < —|

and

m

me

The load admittance is ¥, = 1/Z, = 0.025 + j0.025 S and the characteristic
admittance is Y, = 1/Z; = 0.020 S. The normalized load admittance is 1.25 + j1.25;
this is at point D, in Fig. 5.10b.

The input admittance of the shorted stub is seen from Eq. 5.7(14) to be purely im-
aginary since Y; = — Y, cot Bl. This suggests that it should be placed at a point along
the main line —z = [, where the admittance has a normalized real part ¢ = 1 and an
imaginary part b that can be canceled by Y. Following a path of constant |p| = |w|
toward the generator, we come to the g = 1 curve where b = 1.13 (point D,) corre-
sponding to an unnormalized susceptance of B = (0.020)(1.13) = 0.0226 S. That is
seen to be 0.485A from the load. A stub with an input susceptance of —0.0226 S is
connected in shunt to cancel out the imaginary part of the admittance. This moves us
on the admittance chart from D, to D; where g = 1 and the line is perfectly matched
for waves approaching the stub location from the generator.

Now let us find the length I, of the stub. Since Z,, = 70 Q, Y, = 0.014 S. The
normalized input susceptance of the stub must be b, = —0.0226/0.014 = —1.61.
The shorted end of the stub has an infinite admittance. That is at C, on the Smith
admittance chart in Fig. 5.10b at the right end of the real axis. To transform this ad-
mittance to the normalized susceptance —1.61 we move clockwise as shown to point
C,. The length of the stub must be 0.088A.

The line to the right of the stub appears as a conductance in parallel with a capaci-
tance; addition of the shunt stub provides an inductance which makes the combination
appear as a parallel tuned circuit. It should be clear that this matching technique leaves
a standing wave in the line between the load and the stub as well as in the stub and
provides exact matching only at the one frequency.
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To Transform Impedance Along Cascaded Lines It is often useful to find the
input impedance of cascaded lines of differing characteristics as in Ex. 5.7. The Smith
chart involves impedances normalized to the characteristic impedance, so a study of
impedance transformation in a cascade of lines requires renormalization for each line.
One starts at the load and transforms, line by line, back toward the generator.

Example 5.10e
IMPEDANCE TRANSFORMATION ALONG CASCADED LINES

For the cascaded ideal lines in Fig. 5.10d, let us find the fraction of the power incident
in line 1 in a 10-GHz signal that is absorbed in the load. This is given by a knowledge
of |p| in line 1 using Eq. 5.7(11) and recognizing that the power passing the junction
at the end of line 1 must be absorbed in the load since we are assuming ideal lossless
lines.

Using the parameters for line 3 given in Fig. 5.10d we find the normalized load
impedance {3 = Z;/Z,; = 2. The wavelength A; = v5/f = 2 cm, so [; = 0.1A;.
The load impedance ;5 is marked as point E; on the Smith chart in Fig. 5.10e. We
move along the constant |w| circle toward the generator by 0.1A. The point E, is at the
normalized input impedance {;; = 0.98 — j0.70.

To transform the impedance along line 2, we must first denormalize {;; and then
normalize it to line 2 to get the load impedance {;,; thus, {, = Zy3li3/Zg, = 0.70
—j0.50. This.point is marked E5. The wavelength in line 2 is A, = v,/f = 1.5 cm,
so I, = 0.2A,. We move along a constant [w| circle clockwise from E; by 0.2A to the
input of line 2 (marked E,) where {;, = 0.65 + j0.46.

To find the reflection coefficient at the load point for line 1, we renormalize {,, SO
& = Zoplin/Zyy = 091 + j0.64. This is the point E5. Measuring the distance from
E; to the origin and dividing by the radius of the r = 0 line, we obtain |p,| = 0.32.
Then

Wi,

TIL | — o2 = 0.90
Wi !

is the fraction of the incident power in line 1 that is diséipated in the load.

N 1
Zn VAP Up2 Zp3 Up3 | ZL
— - )}

Fic 5.10d Cascaded transmission lines with parameters for Ex. 5.10e. Zy = 50 Q, Zy,
700, Zy3 = 509,27, =100Q,, =3 mm,; =2mm, v, = 15 X 10® m/s, v,3
2 X 108 m/s.
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Fic. 5.10e Determination of |p| for Ex. 5.10e.

S A S O B A R R Sl D A S A O T S A D 0

Nonideal Transmission Lines

5.11 TRANSMISSION LINES WITH GENERAL FORMS OF DISTRIBUTED IMPEDANCES:
LOsSY LINES

For lines with losses or for filter-type transmission circuits, we may generalize the
distributed series element in the circuit model to an impedance Z per unit length, and
the distributed shunt element to a general admittance Y per unit length, as shown in
Fig. 5.11a. For steady-state sinusoids, using complex notation, the differential equations
for voltage and current variations with distance are then

dv
— = =Z 1
7 (6Y)
dl
- = —YV 2
i 2)

Differentiation of (1) and substitution in (2) then yield
d*v
dz*

= YV 3
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I Zdz I+dl
=
o —o0
| I
VT Ydz TV +dV
O 0
(@)
L dz Rdz

O AAA >
CdzLJlf Gdz

Fic. 5.11 (a) Differential length of general transmission line. (b) Lossy line with series
resistance and shunt conductance.

()

where
y=Vzy @

The solution to (3) may be written in terms of exponentials, as can be verified by
substitution of the expression

V=Ve”+V.er 5)

From (1), the corresponding solution for current is

= LW —v.em ©)
ZQ

wi_ [ :
N @)

The characteristic impedance Z is in general complex, indicating that the voltage
and current for a single traveling wave are not in phase. The quantity vy is called the
propagation constant and is also generally complex,

y=a+j8=Vzy (8)

where

so that if (5) is written in terms of « and S,

V=V, e @i + V e ©)
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Thus « tells the rate of exponential attenuation of each wave and is correspondingly
called the attenuation constant. The constant 8 tells the amount of phase shift per unit
length for each wave and is called the phase constant, as in the loss-free case.

The formula for reflection coefficient derived in Eq. 5.7(8) applies to this case also,

remembering that Z; is complex. To find the input impedance at z = —/in terms of a
given reflection coefficient p = V_/V, atz = 0, division of (5) by (6) yields
Vioe + V_e 1 + pe?”
Z, = ZO[————————V+€71 e = Zy T= o2 o271 (10)

This may be put in terms of load impedance by substituting Eq. 5.7(8):

7 = Z, cosh yl +Z, sinh vyl
’ %l Z, cosh yI + Z, sinh i

(1D

Transmission Line with Series and Shunt Losses A very important case in
practice is one in which losses must be considered in the transmission line. In general
there may be distributed series resistance in the conductors of the line, and distributed
shunt conductance because of leakage through the dielectric of the line. Distributed
impedance and admittance are then (Fig. 5.11b)

Z=R+joL, Y =G + joC (12)

where L includes both external and internal inductance. These may be used as the values
of Z and Y in (4) and (7) to determine propagation constant and characteristic imped-
ance. The formula (10) applies to impedance transformations, and the Smith transmis-
sion-line chart may be utilized with a modification which recognizes that vy is complex.
The procedure is as in Sec. 5.10 except that, in moving along the line toward the
generator, one moves not along a circle but along a spiral of radius decreasing according
to the exponential e 2.

For many important problems, losses are finite but relatively small. If R/wlL <<'1
and G/wC << 1, the following approximations are obtained by retaining up to second-
order terms in the binomial expansions of (4) and (7), with (12) substituted.

R GVL/C
a = + (13)
2VL/C 2
RG G? R?
~ oV — + 14
p=wVLC |1 40’LC * 8w?C? 8w’l? (14

2~ E((1. B _ 3¢ , RG), (G RN s
0o~ ¢ 822 802C%  4w2LC) " \2wC 2L

In using the foregoing approximate formulas, it is often sufficient to retain only firsi-
order correction terms, in which case 8 reduces to its ideal value of 271/ A, « is computed
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Table 5.11b
Formulas for Specific Transmission Line Configurations

6 ¢ |
3
i P |
g=% i
D Formulas for a Kb
2we re
Capacitance C, . TN —_— b
farads/meter In (—") cosh™! (_) 2
8, )
External inductance L, B (T [ (ﬂ) ——— e
henrys/meter 2r la (r,-) * cosh d, £y
2ra Zru’’ xs e’ N
Conductance G. N m 7N 7N ——— eb _wehb
siemens/meter In _‘3) n (.‘.’) cosh™! (._) cosh~! (_) s p
i i, d, d,
2Rz 1+2p? ]
==+ —— -4
. R, /1 1 2R, 8/d d 4pt 2R,
Resistance R, ohms/meter ={ =4 -—) o [P, A =
2e\ro ' 7 xd | /(a/d) — 1 BB [1 +a-2 "'4"] b
) 8t
Internal inductance L;, R
hearys/meter (for high et
frequency) w
— ot
e[ (550
Characteristic impedanceant| 21 (Y_w) 7 coaht (5) * 144 " a
high frequency Zo, chms 2r  \ri x d 1+4p? . b
- (1 —4¢")
16p
(1 —gq%
(2 = 2\ 120 {1" [211 Fo
Zo for air dielectric wm (%) 120 conl (d) =120l (d) R PLIpN 1200 7
¢ ite/d>>1 el y;')}
due to cond| - R
tor a. 2Zo
Attenustion due to dielec- 02y L T (5’_’ )
tric aq 2 2 2\
Total ion dB/meter 8.686(z. + ad) —>
= 2
Ph!?::sc;nshnl for low-loss wVad = ;(
All units shove are mks. ,
« = & —j¢’ = permittivity, farads/meter o'’ = loss factor of dielectrio = o+/w
» = permeability, henrys/meter for the dielectric R, = gkin effect surface resistivity of conductor, chms
7 = \/u /e chms » = wavelength in dielectric

Formulas for shielded pair obtained from Green, Leibe, and Curtis, Bell System
Tech. Journ., 15, pp. 24B-284 (April 1938).

from (13), and Z, includes a first-order reactive part, given by the last part of (15). Note
that the first-order effects of the two loss factors tend to cancel in Z, whereas they add
in a.

Several of the important formulas for loss-free, low-loss, and general lines are sum-
marized in Table 5.11a. Formulas for properties of lines of several different cross-
sectional forms are listed in Table 5.11b.

Physical Approximations for Low-Loss Lines The approximate form (13) for
attenuation in transmission lines with small losses may be derived from physical ideas.
This approach will be especially useful in estimating attenuation of more general guid-
ing systems to be considered later in the text. Let us consider the positively traveling
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voltage wave of (9) and its corresponding current:
V =V, e e ik (16)
I =1],e e IF an
The average power transfer at any position is then given by Wy = § Re(VI*):
Wr = 3V, 1, e72* 18)

It is assumed here that the imaginary part of Z, is negligible so that /, is in phase
with V..

The rate of decrease of the average power (18) with distance along the line must
equal the average power loss w; in the line, per unit length:

aw, 1 o
a—; = —w, = —20:(-2— V,I,e? ‘) = —2aW,
or
W,
= 19
a W, (19)

This is an important formula relating attenuation constant to power loss per unit length
and average power transfer. By the nature of the development, it applies to the atten-
uation of a traveling wave along any uniform system.

To apply (19) to a transmission line with series resistance R and shunt conductance
G, we first calculate the average power loss per unit length, part of which comes from
the current flow through the resistance and another part from voltage appearing across
the shunt conductance. For convenience we calculate w, and W, at z = 0:

I3R V3G V2 R
=— 4+ —=— |G + = 20
HCE) 2 2 Z2 20)
The average power transferred by the wave at z = 0 is
1 1v2
Wrp==-V, I, =—-— 21
r=3 Ve =57 e2y)
So (19) gives attenuation in agreement with (13):
1 R
==|GZ; + =—| N 22
a 7 |: 0 ZJ p/m (22)

The neper (Np) is a unit-free name for attenuation that measures the decay of voltage
amplitude. One neper per meter indicates that the amplitude has decayed to 1/e of its
incoming value in 1 m. The decibel (dB) is an alternative measure describing the rate
of power decrease by the formula 10 log,,Wy,/Wy,.> Attenuation in decibels per meter
is 8.686 times the attenuation in nepers per meter.

5 Decibels are offen used for ratios of voltage amplitudes using the formula 20 logyoVo/ V.

This is only correct if the voltages are across identical impedances, as in the case of
voltages at points along a transmission line.
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Example 5.11
ATTENUATION IN A THIN-FILM TRANSMISSION LINE

Let us find the attenuation in an aluminum thin-film parallel-plane transmission line for
a signal of 18 GHz. The structure has the form in Fig. 2:5¢ and fringing fields will be
neglected. The metal thickness £ is 2.0 wm with a dielectric thickness d also of 2.0 pm.
The width of the conductors is typical of photolithographically defined lines, w = 10
pm. The relative permittivity of the dielectric is 3.8 and it is assumed to be lossless.
From Eq. 1.9(3) the capacitance per unit length is C = ew/d = 1.67 X 1071° F/m.
From Eq. 2.5(3) the external inductance per unit length is L = pqd/w = 2.51 X 1077
H/m.To see how to treat the internal inductance and resistance of the conductors, the
depth of penetration must be compared with the film thickness. From Table 3.17 the
depth of penetration for aluminum is § = 0.0826/\/];, so for 18 GHz, 8§ = 0.616 um.
Thus the aluminum films are 3.2 times the depth of penetration so they are well
approximated by arbitrarily thick layers. Then the internal inductance and resistance
are given by the surface impedance. From Table 3.17 the surface resistivity is R, =
3.26 X 10"7\/]7, so from Eqgs. 3.17(4) and 3.17(6) the surface impedance is

Z, = 326 X 10°7Vf{1 + j) (23)

and the internal impedance per unit length for both electrodes is

Z.

1]

2z
— % g5 x 10%0 + /) Q 24)
w

The characteristic impedance is found from Z; = VL/C, where L includes both ex-
ternal and internal inductances. The latter is found from (24) by dividing by wso L; =
7.74 X 10~8 H. Adding this to the external inductance and substituting the sum and
the capacitance into Z,, we find Z, = 44.3 ). Note that if we had neglected internal
inductance, Z, would have been calculated as 38.4 (). The resistance per unit length R
is the real part of (24). Substituting Z, and R in (22) we get the attenuation constant:

R
a = :270 = 0.988 Np/cm 25)

From this we see that the wave attenuates by about a factor of e in a distance of 1 cm.

5.12 FHLTER-TYPE DISTRIBUTED CIRCUITS: THE w—B8 DIAGRAM

Suppose the distributed series impedance of the general transmission line is formed by
inductance and capacitance in series, as shown in Fig. 5.12a. The propagation constant

v is then
. . 1 . w?
v = _[joC,| joL, + j—wCI = jo_ |L;Cy| 1 — E (1)
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(a) (d)
Fie. 5.12 (a) Filter-type distributed circuit. (b) Its w—f diagram, showing phase velocity.

where
w, = (L,C))~'/? 2

The interesting characteristic of this system is that for the lower range of frequencies,
o < w,, 7 is purely real, representing an attenuation without losses in the system

f 2
y=a=w LlCz(-@f - 1), o < w, 3)
o

The attenuation in this circuit occurs below the cutoff frequency defined by (2), so that
the system is a distributed high-pass filter. The reactive attenuation which occurs arises
essentially because of continuous reflections in the system, and is of the same nature
as the attenuation in a loss-free, lumped-element filter in the attenuating band.

For frequencies above w,, the propagation constant vy is purely imaginary so y = jB8
and is given by (1). It is found useful to plot relations between 3 and w with 3 on the
abscissa and w on the ordinate. These are called w—f diagrams. Figure 5.12b shows
the w—p relation (1) for the line discussed here. Note that 3 goes to zero for w = w,
and does not exist for w < w,.. We saw in (3) that, for this line, there is only attenuation
for w < w,.. An important reason for choosing the coordinates of the w—@ diagram as
done is that the phase velocity at any frequency, which from Eq. 5.7(6) is v, = /B,
can be seen immediately as the slope of a line to the origin from the curve, as illustrated
in Fig. 5.12b. We see that the phase velocity for the line under consideration is

1 5 -1/2

o
v = 1 - =< )
P VL,CZ[ wz}

which is seen to vary strongly for frequencies just above cutoff. Signals with several
frequency components propagating in this range will thus have large dispersion, as will
be discussed more in Sec. 5.15.
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Resonant Transmission Lines

5.13 PURELY STANDING WAVE ON AN IDEAL LINE

An important special case of standing waves on a transmission line, introduced in
general in Sec. 5.8, is one in which all the incident energy is reflected. The reflected
wave has the same amplitude as the incident wave so S = o, It is clear from Eq. 5.7(8)
that |p| = 1 so that [V_| = |V_| if any of the following conditions exist: (1) short-
circuit load, Z; = 0; (2) open-circuit load, Z, = o; (3) purely reactive load. The last
is less obvious than the others but is easily shown (Prob. 5.13b). In each case |V_| =
|V..| because the load cannot dissipate power and it must, therefore, be fully reflected.
Suppose that a transmission line, shorted at one end, is excited by a sinusoidal voltage
at the other. Let us select the position of the short as the reference, z = 0. The short
imposes the condition that, at z = 0, voltage must always be zero. From Eq. 5.7(4),

VO) =V, +V_=0

If V_ = -V, is substituted in Eqs. 5.7(4) and 5.7(5),
V= V,[e /% — e/F] = —2jV, sin Bz )
1 , , 1%
I = Z‘— [e ™ + oiF] = 2 z_; cos Pz )

These results, typical for standing waves, show the following.

1. Voltage is always zero not only at the short, but also at multiples of A/2 to the

left; that is,
A
V=0 at —Bz=nwm or z= —nE

2. Voltage is a maximum at all points for which Bz is an odd multiple of 7r/2. These
are at distances odd multiples of a quarter-wavelength from the short circuit.
Figure 5.13 shows this and also the time evolution of the voltage found by mul-
tiplying (1) and (2) by ¢/’ and taking the real part. Time origin is chosen so that
V., is real.

3. Current is a maximum at the short circuit and at all points where voltage is zero;
it is zero at all points where voltage is a maximum: Figure 5.13 shows the time
variation of current along the line.

4. Current and voltage are not only displaced in their space patterns, but also are 90
degrees out of time phase, as indicated by the j appearing in (1) and as seen in
Fig. 5.13.

5. The ratio between the maximum current on the line:and the maximum voltage is
Zj, the characteristic impedance of the line.

6. The total energy in any length of line a multiple of a quarter-wavelength long is
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Fic. 5.13 Time evolution of voltage and current on a shorted transmission line. The zeros and
extrema remain at the same locations.

constant, merely interchanging between energy in the electric field of the voltages
and energy in the magnetic field of the currents.

To check the energy relation just stated, let us calculate the magnetic energy of the
currents at a time when the current pattern is a maximum and voltage is zero everywhere

along the line. Current is given by (2). The energy is calculated for a quarter-wavelength
of the line, assuming V to be real.
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Lf L 4V2
I?dz = — —£ cos? Bz dz
/\/4I | a4 Z§ A

0
2ViL 1
= + — sin 2,82}
22 |: 4B —-A/4
Since 8 = 2#/A by Eq. 5.7(7), the foregoing is
VLA

4z3

Up= 3)

The maximum energy stored in the distributed capacitance effect of the line is cal-
culated for the quarter-wavelength when the voltage pattern is a maximum and current
is everywhere zero. Voltage is given by (1).

0 0
Up = —C-f VI dz = ¢ f 4V2 sin® Bz dz
2 x4 2 a4
2072 [ L in2p T CViA @
= - — —sin 2f3z =—
2 4B e 4

By the definition of Z;, (3) may also be writien

VzL)L VZC/\
Uy ="17~=—" =Ug 6]

Thus, the maximum energy stored in magnetic fields is exactly equal to that stored
in electric fields 90 degrees later in phase. It can also be shown that the sum of electric
and magnetic energy at any other part of the cycle is equal to this same value.

Expressions (1) and (2) are also valid for a transmission line with short circuits both
at z = 0 and another point where z = n(— /), for any integer n. With some way to
couple energy into a section of line short-circuited at both ends, at a frequency such
that the above criterion on z is satisfied (recall that 8 = w/v), there will be voltages
and currents satisfying (1) and (2). At each such frequency, the line is said to have a
resonance. This idea will be developed further in Sec. 5.14.

5.14 INPUT IMPEDANCE AND QUALITY FACTOR
FOR RESONANT TRANSMISSION LINES

Resonant systems play a very significant role in communication systems for impedance
matching and filtering and we have already seen some aspects of this in Ex. 5.104d,
where resonant sections of lines were used for matching impedances. In Sec. 5.13 we
analyzed standing waves on short-circuited ideal lines. In the present section we con-
sider a low-loss line shorted at either one or both ends so that standing waves similar
to those discussed in Sec. 5.13 occur. The line is supplied by a voltage source connected
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Fic. 5.14a Resonant transmission lines driven by voltage sources at positions of maximum
voltage.

at a voltage maximum in either of the ways shown in Fig. 5.14a. We will find approx-
imate expressions for the resistance seen by the source and for the quality factor Q of
the line, considered as a resonant circuit.

For an ideal line, there are points of voltage maximum and zero current at odd
multiples of a quarter-wavelength from the short-circuited ends so the impedance is
infinite there. When losses are present, however, the impedance at these positions is
high but finite, representing the energy dissipated in the losses of the line. Let us find
these losses approximately for a line of n quarter-wavelengths using the expressions
for voltage and current derived for an ideal line, Egs. 5.13(1) and 5.13(2), assuming

that they are not greatly changed by the small losses. The average power dissipated in
the shunt conductance is then

niA/4 2
_ 2 G g o (472G (mA
W, = fo @V, sin oy S dz = | — " )

and the average power dissipated in the series resistance is

. J’"*/“ 2V, cos B\ R _ (4V3R\(mk -
R Zy 27 472 J\ 4

The input resistance (at a voltage maximum) must be such that the voltage appearing
across this resistance will produce losses equal to the sum of (1) and (2). The magnitude
of voltage there is 2V, . Thus

1(2V+)2 _ nVia G+ &7
2 R 4 Zj

4
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or
B 87,
R, = nA[GZy + R/Zy)] ®)

A general expression for the quality factor Q of any resonant system is

w, (energy stored wU
oL o (energy ) _ @ @

average power loss W,

For a resonant transmission line of n quarter-wavelengths, the stored energy for each
quarter-wavelength is taken as that for the ideal line, Eq. 5.13(5), and the power loss
is given by the sum of (1) and (2). The result is

woU 4w, CV2nA _ w,CZ,
W,  4VZmAG + (R/Z3))  GZy, + R/Zy)

We see that Q is independent of #; this results from the fact that both the stored energy
and the power dissipated are proportional to the length. Thus, Q is a property of the
line, independent of the number of resonant quarter-wavelengths.

The input resistance for a shorted quarter-wavelength section or at the maximum
voltage point of a line nA/4 (n even) long shorted at both ends can be rewritten using
(3) and (5) with Egs. 5.2(8) and 5.2(14) and 5.7(6) and 5.7(7):

80 407,
Ri = _
nAwyC n

Q= ®

©)

The input resistance measures the power supplied to maintain a given voltage level; Q
increases as the losses decrease, leading to a higher input resistance.

If the frequency and, therefore, A are changed so the distance from the input point
to the short circuit differs from A/4, the input impedance acquires a reactive component
of first-order importance. With the same amount of frequency change, the voltage and
current patterns do not change much, so the resistive part (6) does not change much.

It will be convenient to complete the analysis in terms of admittance. The susceptance
that arises is in parallel with the conductance equivalent of (6). Let us calculate it for
the lower circuit in Fig. 5.14a. It consists of two susceptances in parallel, that for the
A/4 section on the left and that of the remaining (= — 1)A/4 portion on the right. For
each section, the load admittance is infinite so Eq. 5.7(14) gives, in the lossless
approximation,

JB; = —j¥Yq(cot Bi, + cot Blg) 0

where Y, = 1/Z, and I; and [, are the lengths of the left and right sides of the line.
Letting 8 = /v, = wyl + 8)/v, = By + Byd and taking By, = /2 and Byl =
(n — 1)7/2, the cotangents in (7) can be approximated for small 8 to give

(n — Dmr 6] nar

v
B. = = 7
; YOI:Z 8+ > 2 oY, 8)
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Then using (6) and (8), we have the admittance at the feed point in the nA/4 line in the
lower circuit of Fig. 5.14a:

nir 1
Y= —Yy|-—= + jo
[ o<2Q J ) ®
For the upper circuit in Fig. 5.14a the cot Bl terms in (7) and (8) are missing so (9)
describes that circuit with n = 1. From this we see that the fractional frequency shift
for which the susceptance becomes equal to the conductance, a common measure of
circuit sharpness, is

1
8 = 20 (10)
or
_ Wy _ fo
e=3 Aw, 2 Af, (1D

where 2 Af, is the frequency width between points where the admittance magnitude
reaches V2 times its value at resonance (w = ). Thus Q, as defined by (4), is useful
as a measure of sharpness of frequency response, as it is for lumped-element circuits.
Resonant low-loss transmission lines can have Q’s of thousands in the UHF range of
frequencies.

Example 5.14
OPEN-ENDED PARALLEL-PLANE TRANSMISSION LINE

Consider standing waves in an open-circuited section of transmission line and the con-
tribution to Q from radiation at the ends. Radiation loss may be expressed in terms of
load conductances G, at each end, as pictured in Fig. 5.14b, and when radiation is

Gy § G

I
2 = - —— Z-"—‘O

Fic. 5.14b Model for open-ended transmission line.
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small, G, << 1/Z,, fields in the line are essentially those of a completely open-circuited
line,

V = 2V, cos Bz (12)
2V
[ = —j =% sin Bz 13)
Z,
Power loss from the two end conductances is then
2V, )?
W, = 2( 2‘*) G, (14)

Energy storage for a length some multiple of a haif-wavelength is

0 2
c CV2mA
U= Z @V, ) cos?Bz dz = — (15)
—mA/2 2 2

Using (4), the Q from the radiation component is found to be
wCmA  mm
8G, 424G,
There may also be contributions to Q from conductor and dielectric losses, as in (5).
Losses, when small, add, so reciprocals of Q’s add also:

1 1 1
= — 4 ... 17
O 0707 an

Q= (16)

Special Topics

5.15 (GROUP AND ENERGY VELOCITIES

A function of time with arbitrary wave shape may be expressed as a sum of sinusoidal
waves by Fourier analysis. If it happens that v, is the same for each frequency com-
ponent and there is no attenuation, the component waves will add in proper phase at
each point along the line to reproduce the original wave shape exactly, but delayed by
the time of propagation z/vp. The velocity vy, in this case describes the rate at which
the wave moves down the line and could be said to be the velocity of propagation. This
case occurs, for example, in the ideal loss-free transmission line already studied for
which v, is a constant equal to (LC YTV 0f v, changes with frequency, there is said
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to be dispersion and a signal may change shape as it travels. This causes distortion of
analog signals and limits data rates because of the spreading of pulses in digital signals.

In the nondispersive situation described above, a wave of a given shape propagates
along a line without distortion. The velocity of the group of frequency components is
the same as the phase velocity of any one. In many transmission systems the velocity
of the envelope of the wave such as that in Fig. 5.15a can be different from the phase
velocities of the frequency components, and it is useful to introduce a so-called group
velocity to describe the motion of the group, or envelope of the wave. This is the typical
case when a high-frequency carrier is modulated by a digital or analog signal.

Let us consider the simplest possible group, a wave having two equal-amplitude
sinusoidal components of slightly different frequency. The voltage at z = 0 with unity-
amplitude components is

V(@) = sin(wy, — dw)t + sin(wy + dw)t ¢))
Then for a lossless line, the voltage at any point is
V(t, z) = sin[(wy — dw)t — (By — dP)z] + sin[(wy + dw)t — (By + dB)z] (2)

in which B is to be regarded as a function of w; df corresponds to dw. Expression (2)
can be put in the form

V(t, ) = 2 cos[(dw)t — (dB)z] sin(wyt — Bo2) 3)

From (3) we see that the voltage in this wave group has the form shown in Fig. 5.15b
for one instant of time. The sinusoid of center frequency moves at the phase velocity
v, = wo/ By Whereas the envelope, described by cos[(dw)t — (dB)z], has the form of a
wave but it moves at a different velocity. This is found by keeping the argument of the
cosine term a constant:

dw
4
Y% = 18 @
Velocity v, is called the group velocity and is shown in Fig. 5.15b. Note that v, is the
slope of w— B curve at the center frequency of the group. Forming the derivative a'v / dw
using u, = w/ B, another useful form for group velocity can be derived:

Yp

% T 1 —(0/u)dv,/dw)

&)

———— Group velacity

Fie. 5.15a Envelope or group velocity.
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Ug Up

VTR UUU

Fie. 5.15b Phase and group velocities for a group of two sinusoids of slightly different
frequencies.

For groups more complicated than the two-frequency one considered above, we will
show later by Fourier analysis that the envelope of a modulated wave retains its shape
so long as v, is constant (i.e., the w—f curve is linear) over the range of frequencies
required to represent the wave. In that case, a pulse such as that illustrated in Fig. 5.15a
would retain its envelope shape and propagate with delay time 7, over distance [:

L_ 48
Ug dow
If dB/dw is not constant over the frequency band of the signal, there is a broadening
or distortion of the envelope. This is known as group dispersion and will be seen in
several later examples.

Group velocity is often referred to as the “velocity of energy travel.” This concept
has validity for many important cases, but is not universally true.5” To illustrate the
basis for the concept, let us define here a separate velocity v based on energy flow so
that power transfer is stored energy multiplied by this velocity. That is,

= Wr

vp =~ @)

©

T, =

¢ . A Sfratton, Electromagnetic Theory, pp. 330-340, McGraw-Hill. New York, 1941.
7 L. Brillouin, Wave Propagation and Group Velocity, Academic Press, New York, 1960.
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where W7 is average power flow in a single wave and u,, is average energy storage per
unit length. If this definition is applied to the ideal transmission line of Sec. 5.7, we
find that vy = v, = v,. More interesting is the case of the filter-type circuit of Fig.
5.12a, which is a case of normal dispersion (av, /dw < 0). Here

1/2
1 | L w?
Wrp=2=Zl* = — | =1 - =
To2™ 2{cz< aﬂﬂ

1 (CVVE LI C, II*
2 - T2

Uy, =

2 2 w’Cy
L, (C,Z2 PR /i
=220 4+ = =
4 ( L T 2
SO
2 1/2
£ = (Llczr‘“[l - -“’—} ®)

=

This is equal to group velocity dw/dp, as can be found by differentiating Eq. 5.12(1),
and is different from phase velocity.

The identity of group velocity and energy velocity can also be shown to be true for
simple waveguides, and it also applies to many other cases of normal dispersion. It
does not usually apply to systems with anomalous dispersion (dvp/ dw > 0), including
the simple transmission line with losses. In any event the concept of an energy velocity
is useful only when there is limited dispersion so that the input signal can be recognized
at the output.

516 BACKWARD WAVES

A wave in which phase velocity and group velocity have opposite signs is known as a
backward wave. Conditions for these may seem unexpected or rare, but they are not.
Consider for instance the distributed system of Fig. 5.16a in which there are series
capacitances and shunt inductances—the dual of the simple transmission line of Sec.
5.2. From Sec. 5.11,

1 1 J

oo [ e o
Ve joc)\je) = " uVic )

This w-p relation is shown in Fig. 5.16b. The phase and group velocities are
v, = % = —?VIC @)

and
dw 5

v, = — = wVLC 3)
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fa)

\
7/ \
Slope = vp < o

{b)

FiG. 5.16 (a) Equivalent circuit for a transmission line which propagates backward waves.
(b) w—p relation for line of (a) showing phase and group velocity directions discussed in the
text.

So it is seen that this very simple transmission system satisfies the conditions for back-
ward waves. If energy is made to flow in the positive z direction, group velocity will
be in this direction, as this is a case where v, does represent energy flow (see Prob.
5.16c). However, the phase becomes increasingly negative or “lagging” in the direction
of propagation because of the C—L configuration. Thus there is a negative phase
velocity.

There are many other filter-type circuits having other combinations of series and
shunt inductances and capacitances on which can exist waves with increasingly lagging
phase in the direction of energy propagation. Also, all periodic circuits (Sec. 9.10) have
equal nombers of forward and backward *“space harmonics.”

5.17 NONUNIFORM TRANSMISSION LINES

For a transmission line with varying spacing or size of conductors, as illustrated in Fig.
5.17, a natural extension of the transmission-line analysis would lead one to consider
impedance and admittance as varying with distance in the transmission-line equations.
Actually, fields may be distorted so that the formulation is not this simple, but it is a
good approximation in a number of important cases, and the methods discussed apply
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Fic. 5.17 Nonuniform transmission line.

to some wave problems with spatial variations of the medium (i.e., inhomogeneous
materials). The remainder of this section will consider cases where such nonuniform
transmission-line theory yields a good approximation.

If impedance and admittance per unit length vary with distance, the transmission-
line equations corresponding to Egs. 5.11(1) and 5.11(2) are

dav(z
—di—) = —Z(2)(2) (1
dl(z
29— —vove @

Differentiate (1) with respect to z, denoting z differentiation by primes:
V' = ~[ZI' + Z'I] 3)

To obtain a differential equation in voltage alone, / may be substituted from (1) and /'
from (2). The result is

V" - <ZE’>V' - ZY)W =20 @)

A similar procedure, starting with differentiation of (2), yields a second-order
differential equation in /:

I — (%)1 - @ZNI =0 5)

If Z' and Y’ are zero, (4) and (5) reduce, as they should, to the equations for a uniform
line (Sec. 5.11). When these derivatives are nonzero, representing the nonuniform line
discussed, the equations may be solved numerically for arbitrary variations of Z and Y
with distance. A few forms of the variation permit analytic solutions, including the
“radial transmission line,” where either Z or Y is proportional to z, and their product is
constant. Another important case is the “exponential line,” which is taken as the ex-
ample for this article.
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Example 5.17
LINE WITH EXPONENTIALLY VARYING PROPERTIES

Let us consider a loss-free exponential line with Z and Y varying as follows:
Z = jwLyeT, Y = juCye™ % (6)

These variations yield constant values of Z¥, Z'/Z, and Y' /Y so that (4) and (5) become
equations with constant coefficients,

V' — gV + @PLyCV = 0 )
" + gI' + LyCol = 0 ®)

These have solutions of the exponential propagating form,

V= Ve ", I=le* ©)
where
g g\*
n= -5 <5> — «’LoCo 10)
3
¥y, = +g + (g) — &LyC, an

We see the interesting property of “cutoff” again, for vy, and vy, are purely real for

low frequencies w < w, where
2

W2LoCo = (g) (12)

The attenuation represented by these real values, like that for the loss-free filter-type
lines, is reactive. This represents no power dissipation but only a continuous reflection
of the wave. For w > w,, however, the values of vy have both real and imaginary parts,
which is a behavior different from that of the loss-free filters. Again the real parts
represent no power dissipation (see Prob. 5.17b). The values of y approach purely
imaginary values representing phase change only for o >> w..

The greatest use of this type of line is in matching between lines of different char-
acteristic impedance. Unlike the resonant matching sections (Prob. 5.7c), this type of
matching is insensitive to frequency. Note the variation of characteristic impedance:

z Vo i .
7z = = 2 = O -2 = 7 (0)e? 1
D=7 "I 1° o0 1

Thus Z, can be changed by an appreciable factor if gz is large enough. The transmission-
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line approximation will become poor, however, if there is too large a change of Z and
Y in a wavelength or in a distance comparable to conductor spacing.
The design of nonuniform matching sections is explored in detail by Elliot.?

PROBLEMS

5.2a Sketch the function

z 1 z
V(z, t) = cos w(r + -—) + — cos 2w<t + —)
v 2 v

versus wz/v for values of wt = 0, 7/2, , 37/2 and explain how this shows
traveling-wave behavior.

5.2b (i) Derive an expression for the characteristic impedance of the parallel-plate line in
Fig. 5.2 having a width w and spacing a neglecting the internal inductance of the
conductors. Thin-film transmission lines in some computer circuits can be mod-
eled approximately by the parallel-plane line. The line width is usually about
5 wm and the spacing is by means of dielectric of 1-um thickness and relative
permittivity 2.5 (as is usually true for dielectrics, the relative permeability can be
taken as ~1.0).

(ii) Calculate the characteristic impedance Z; and wave velocity v.

(iii) Suppose the dielectric thickness is halved and find the new values of Z; and v.
A better model for such lines is given in Chapter 8.

5.2¢ The capacitance per unit length of a parallel-wire line having radii R with distance 24
between axes is C = we/cosh™'(d/R). Find characteristic impedance of a line with
air dielectric and spacing between axes 1 cm if (i) wire radius is 2 mm and (ii) wire
radius is 0.5 mm.

5.2d Calculate propagation time along the following transmission lines interconnecting
computer elements:
(i) A thin-film line on GaAs (g, = 11) between circuit elements 100 um apart

(if) Transmission line interconnecting two devices on a silicon computer chip 1 mm
apart, g, = 12

(iii) Coaxial cable 100 m long with g, = 2.4, used to interconnect computer terminal
and central processor

5.2e A second type of solution to the wave equation, to be studied later in the chapter, is
the standing wave solution. Find under what conditions the following such solution
satisfies Eq. 5.2(7):

V(z, t)y = V, cos wt sin Bz

Find the current /(z, t) corresponding to this voltage distribution.

R. S. Elliott, An Introduction to Guided Waves and Microwave Circuits, Chap. 8, Prentice
Hall, Englewood Cliffs, NJ, 1993.
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5.2f Expand the cosine and sine in the expression of Prob. 5.2¢ in terms of complex expo-

5.2g

5.2h

5.2i

53

54a
5.4b

5.5a

5.5b

5.5¢

5.5d

5.5e

nentials, cos x = ¥e” + e~ %), and so on, and after multiplying out, show that the
products can be interpreted as traveling waves of the form of Eq. 5.2(10).

Examine the expression for characteristic impedance of a coaxial transmission line,
Eq. 5.2(15),and explain why it is difficult fo obtain high characteristic impedances for
such a line without having unreasonable dimensions or very high losses. Plot dc resist-
ance per unit length for such a line versus Zj if the outer conductor is a tubular copper
conductor of inner radius 1 cm and wall thickness 1 mm, and the inner conductor a
solid copper cylinder.

Repeat Prob. 5.2g but plot ac resistance at 100 MHz using the approximation of Ex.
3.17.

Use Egs. 5.2(3) and (4) to show that the spatial rate of change of power flow on an
ideal line is equal to the negative of the time rate of change of the stored energy per
unit length.

To show some simple properties of transverse electromagnetic (TEM) waves, utilize
Maxwell’s equations in rectangular coordinates (though the boundaries need not be
rectangular). Take the dielectric as source-free and without losses. Show that if

H =0andE, = 0,

(i) Propagation must be at the velocity of light in the dielectric.
(ii) Both E and H (which are transverse) satisfy the Laplace equation in x and y.

Derive Eq. 5.4(7) directly from voltage and current for the load.

Plot p*> and 1 — p” as functions of R; /Z, and note region of reasonable power transfer
to the load.

Analyze, as in Ex.5.5a and with drawings like those in Fig. 5.54, the case of a pulse of
length #,/5 reaching a termination at / = vt, with R, = 2Z,. Find an expression for
the energy dissipated in the load in terms of the voltage of the incident pulse.

A transmission line of characteristic impedarice Z,, = 50 () and length [ = 200 m is
connected to a second line of characteristic impedance Z,, = 100 ) and infinite
length. Velocity of propagation in both lines is 2 X 10® m/s. Voltage V, = 100 V is
suddenly applied at the input to line 1 at t = 0. Sketch current versus distance z at

t = 1.3 us. Calculate power in the incident wave, the reflected wave, and the wave
transmitted into line 2, showing that there is a power balance.

Plot the reflected wave from the terminal of computer No. 2, as in Fig. 5.4g, if Z, =
50 Q and R, = 10 Q.

Att = 0 a charge distribution is suddenly placed in the central portion of an infinite
line as in Ex. 5.5¢ except that the voltage distribution in z is triangular, with maximum
voltage V, at z = 0, falling to zero at z = =*1 m. Find voltage and current distribu-
tions at f = 1.667 ns and at ¢ = 5 ns, as in Ex. 5.5c.

Repeat Ex. 5.5¢ but with the transmission line terminated with inductor L.

5.5f The problem is as in Ex. 5.5e except that the transmission line continues beyond the

5.6a

capacitor, where it is terminated by its characteristic impedance. Find V_(¢), V_(z), and
V,() in this case, where V,(¢) is the voltage at the input to the continuation transmis-
sion line.

An ideal open ended line of length / is charged to dc voltage V and shorted at its input
at time ¢ = 0. Sketch the current wave shape through the short as a function of time.
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A charged cable is connected suddenly to a load resistor equal to its 50-{) characteris-
tic impedance. If its length is 3 m and its phase velocity is one-half the velocity of
light, how long is the pulse in the load? Sketch the waveform at the midpoint of the

line assuming the cable is initially charged to 100 V and the load is 25 {} instead of
50.

The circuit shown in Fig. P5.6¢ is a so-called Blumlein pulse generator (A. T. Starr,
Radio and Radar Technique, Pitman & Sons, London, 1953) and has the property that
it produces a voltage pulse equal to the voltage to which the lines are initially charged
by the source V_. The resistor R, can be considered essentially infinite. At a time 7
after the switch is closed, a voltage V, appears across the output line terminals 00’
and that voltage remains across the terminals 0—0' for a time 27. The initially charged
lines are of equal length. Analyze the behavior of the circuit to show the above-de-
scribed behavior, treating the output line as a lumped resistor R, = 2Z,.

O-

o—

R
i 2y Zo
“T e 3
2Zg
Ry, =220
Fic. P5.6¢c

The alternative approach to derivation of the phasor forms for voltage and current
along a transmission line is to replace 3/dt by jo in Egs. 5.2(3) and (4). Write such
equations and show that Egs. 5.7(4) and (5) satisfy them.

Find the special cases of Eq. 5.7(13) for a shorted line, an open line, a half-wave line
with load impedance Z;, and a quarter-wave line with load impedance Z, .

When two transmission lines are to be connected in cascade, a reflection of the wave
to be transmitted from one to the other will occur if they do not have the same charac-
teristic impedances. Show that a quarter-wavelength line inserted between the cas-
caded lines will cause the first line to see its characteristic impedance Z;, as a
termination and thus eliminate reflection in transfer if B/, = /2 and Zy, = VZy,Zys,
where Z,, and Z,; are the characteristic impedances of the quarter-wave section and
the final line, respectively.

Derive an expression for a reflection coefficient for current p; = I_/I, and show that
it differs in phase from the voltage reflection coefficient by 7 rad.

A television receiving line of negligible loss is one-third of a wavelength long and has
characteristic impedance of 100 (). The detuned receiver acts as a load of 100 + ;100
). Find the input impedance. Sketch a phasor diagram showing the values of V., V_,
I,,and ] _ at both the load and input, and check the calculated results for impedance
from this diagram.

A strip transmission line of characteristic impedance 20 ) is used at a frequency of
10 GHz with a load that is a microwave diode with conductance 0.05 S in parallel
with a 1-pF capacitor. The line is one-eighth wavelength long at the design frequency.
Find reflection coefficient at the load and the input admittance.
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5.7h

5.8a

5.8b

5.8¢c

5.8d

5.8e*
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If Z, << Z, and the line not near a multiple of quarter-wavelength in length, show
that the first-order terms of a binomial expansion for Eq. 5.7(13) give the following
approximate expression for input impedance:

Z;, ~ jZy tan B + Z; sec® Bl

If Z, >> Z, and the line not near a multiple of quarter-wavelength in length, show
that the first-order terms of a binomial expansion for Eq. 5.7(13) give the following
approximate expression for input impedance:

Z?.
Z ~ —jZy cot Bl + =2 csc? Bl
Zy

An impedance of 100 + 7100 () is placed as a load on a transmission line of charac-
teristic impedance 50 (). Find the reflection coefficient in magnitude and phase and the
standing wave ratio of the line.

Suppose that reflection coefficient is given in magnitude and phase as |ple/# at the load
at z = (. Find the value of (negative) z for which voltage is a maximum. Show that
current is in phase with voltage at this position, so that impedance there is real, as
stated. Calculate the position of maximum voltage for the numerical values of

Prob. 5.8a.

A slotted line measurement shows a standing wave ratio of 1.5 with voltage minimum
0.1A in front of the load. Find magnitude and phase of reflection coefficient at the load
and the input impedance for a length 0.2A of the line.

An ideal transmission line is terminated by a resistance with value half the characteris-
tic impedance, R, = Z,/2. What resistance can you put in parallel with the line A/4
in front of the load to eliminate reflections on the generator side of that resistance?
Can you find a value for such a parallel resistance if the load resistance is 2Z,?

Give two designs for a power splitter consisting of one 50-() input line T-connected to
two 50-() lines with matched terminations, using quarter-wave transformers (see Prob.
5.7c) as necessary to ensure unity standing wave ratio at the input at the design fre-
quency and an equal power split. Plot power reflected:in the input line as a function of
frequency.

5.8f Show that Eq. 5.8(1) can be written in phasor notation in the form of a standing wave
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5.10a

5.10b

plus a traveling wave. Rewrite as a real function of time and, for the example in Fig.
5.8, calculate V(z) at a value of et shifted in phase by /4 rad from wt;.

The Smith chart uses loci of constant resistance and reactance on the reflection coeffi-
cient plane. Other charts have used loci of reflection coefficient magnitude and phase
plotted on the impedance plane. Show that curves of constant |p|? are circles on the
impedance plane, and give radii and position of the centers as functions of |p|% Simi-
larly define the circles corresponding to constant phase of p. Explain the advantages of
the Smith chart.

A 50-Q line is terminated in a load impedance of 75 — j69 (). The line is 3.5 m long
and is excited by a source of energy at 50 MHz. Velocity of propagation along the line
is 3 X 10® m/s. Find the input impedance, the reflection coefficient in magnitude and
phase, the value of the standing wave ratio, and the position of a voltage minimum,
using the Smith chart.

The standing wave ratio on an ideal 70-() line is measured as 3.2, and a voltage mini-
mum is observed 0.23 wavelength in front of the load. Find the load impedance using
the Smith chart.
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5.10c Show that the Smith chart for admittance has the form in Fig. 5.10b, developing equa-
tions corresponding to Eqgs. 5.9(1)~(8).

5.10d Repeat Prob. 5.10b using the chart to determine load admittance. Check to see if the
result is consistent with the impedance found in Prob. 5.10b.

5.10e A 70-() line is terminated in an impedance of 50 + j10 £). Find the position and
value of a reactance that might be added in series with the line at some point to elimi-
nate reflections of waves incident from the source end. Use the Smith chart.

5.10f Repeat Prob. 5.10e to determine the position and value of shunt susceptance to be
placed on the line for matching,.

5.10g* A 50-() transmission line is terminated with a load of Z; = 20 + j30. A double-stub
tuner consisting of a pair of shorted 50-(} transmission lines connected in shunt to the
main line at points spaced by 0.25) is located with one stub at 0.2A from the load.
(See Fig. P5.10g.) Find the lengths of the stubs to give unity standing wave ratio for

W qif
n | | z l
| ;

{ 0.251 f«—o0.21 —>]
Fic. P5.10g

5.10h* Two antennas have impedances of 100 + ;100 () for a particular frequency and are
fed by transmission lines of characteristic impedance 300 {). By inspection of the
Smith chart, show that it is possible to choose different lengths for the two feed lines
so that when combined in series at the input, the series combination perfectly matches
the 300-Q line to which they are connected. Give the lengths of the two lines in frac-
tions of a wavelength. By study of the procedure you have used, state whether or not
this compensation approach will work if the two antennas have arbitrary but equal
impedances.

5.10i* The problem is as in Prob. 5.10h except that the two transmission lines are connected
in parallel.

5.10j A certain coaxial line has an alternating dielectric of vacuum and a material with ¢ =
4gqand u = u, and is terminated at the end of a vacuum section by an impedance
equal to the characteristic impedance of the vacuum regions. At frequency f, the die-
lectric and vacuum regions are each A/2 long (A appropriate to each region). Show on
a Smith chart the path of impedance variation along the line for operating frequencies
fo and fo/2. Also plot the standing wave ratio as a function of distance from the load.

5.10k* Show on the Smith chart regions of admittance which cannot be matched by the
double-stub arrangement of Prob. 5.10g. Repeat for a spacing of /8 between stubs.
Repeat for a three-stub arrangement with spacing A/8 between stubs.

5.11a Use the formula for input impedance of a transmission line with losses to check Eq.
5.11(22), making approximations consistent with R/wlL << 1 and G/wC << I.
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Defining ¢, from conductor losses aﬁd a, from dielectric losses by identifying the ap-
propriate parts of Eq. 5.11(13), write the approximate expressions, Egs. 5.11(14) and
(15) for B and Z, in terms of a, and ay.

If the transmission line of Ex. 5.11 is made with thinner films, the currents in the
metal films can be almost uniform. With that approximation for films 0.2 um thick,
calculate the characteristic impedance and attenuation. Comment on the effects of
using thinner films.

Show that the variation of complex power along a lossy transmission line carrying
sinusoidal waves can be written as (d/dz)GVI*) + HRII* + GVV¥) +

(j/2)(Xir* — BVV*) = 0, where X and B are the imaginary parts of Z and Y, respec-
tively. Also, show that a direct term-by-term identification with the complex Poynting
theorem can be made by multiplying the above expression by dz and considering the
volume for Eq. 3.13(6) to be of dz thickness and infinite width.

Calculate for frequencies 1 MHz and 1 GHz the attenuation in decibels per meter for
an air-filled coaxial transmission line with copper conductors using the skin-effect ap-
proximations for high-frequency resistance of Ex. 3.17. The inner conductor is a solid
cylinder of radius 2 mm and the outer conductor is a thick tubular cylinder of inner
radius 1 cm.

5.11f Repeat Prob. 5.11e if the transmission line is now filled with a polystyrene dielectric.

5.12a

5.12b

5.13a

5.13b

5.13c

5.13d

The equivalent conductances of polystyrene at 1 Mz and 1 GHz are, respectively,
0y = 1078 S/m and 2.8 X 107° S/m.

For the filter-type circuit studied in Sec. 5.12, find expressions for characteristic
impedance Z,. Show that this is real in the propagating region and imaginary in the
attenuating region. What does this signify with respect to power flow in a single
traveling wave?

A certain continuous transmission line has an equivalent circuit consisting of series
inductance L, H/m and a shunt element consisting of capacitance C F/m and
inductance L, H - m in parallel. Let w? = 1/L,C and

(i) Obtain expressions for vy, a,and B in terms of L,, L,, w,, and w.
(ii) Plot y* versus .
(iii) Replot with @ versus a, where « is real, and versus 8, where S is real.

Write the instantaneous expressions for voltage and current represented by the com-
plex values in Egs. 5.13(1) and (2). Make an integration of total energy, electric plus
magnetic, for a quarter-wavelength of the line and show that it is independent of time.

Show that |p| = 1 for a purely reactive load on an ideal transmission line. Find and
sketch as in Fig. 5.13 suitably normalized V(z, ) and I(z, t) for a line terminated in a
pure inductive reactance equal in magnitude to the characteristic impedance.

Calculate the instantaneous power flow for a short-circuited line Wi-(t, z) =
V(t, 2)I(t, z) and plot the results in a diagram like Fig. 5.13. Discuss this Wi(z, z) in
connection with conclusion 6 reached from (1) and (2) in Sec. 5.13.

One of the limitations of energy-storage systems for large energies is the breakdown
of air, unless the system can be evacuated. For air with breakdown strength 3 X 10°
V/m, estimate the maximum energy storage in a resonant air-filled half-wave parallel-
plate line. Spacing between plates is 2 cm and characteristic impedance is 50 Q. Is
there any advantage with respect to breakdown over the use of a parallel-plate capaci-
tor? Discuss an inductor as an energy-storage system from the same point of view.
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Plot Eq. 5.14(7) normalized to Y, as a function of frequency near where n = 1 and
see over what range (8) is a reasonable approximation.

A half-wavelength coaxial transmission line with air dielectric has copper conductors

with the dimensions of Prob. 5.11e, and is designed for resonance at 6 GHz. Find the
bandwidth 2Af,.

Is phase or group velocity the larger for normal dispersion (dv, /dw < 0)? For
anomalous dispersion (dv,/dw > 0)?

Find the phase and group velocities for a transmission line with small losses.

Consider a transmission line with very high leakage conductance G per unit length so
that series resistance R and shunt capacitance C are negligible. Find phase and group
velocities.

For Probs. 5.15b and 5.15c, show that an energy velocity as defined by Eq. 5.15(7) is
not equal to group velocity.

Certain water waves of large amplitude have phase velocities given by v, = glo,
where g is acceleration due to gravity and o is angular frequency. Determine the ratio
of group velocity to phase velocity for such a wave.

5.15f For Prob. 5.12b, plot v, and v, versus w and show that v,v, = 1/L,C for all

5.16a

5.16b

5.16c

517a

5.17b

5.17¢

5.17d

frequencies.

Plot the w—p diagram for a distributed transmission system with series inductance L,
per unit length, and a shunt admittance made up of L, in parallel with C,, for a unit
length of the system. Is this a backward or forward wave system? Show cutoff
frequency and illustrate phase and group velocity on the plot.

Repeat Prob. 5.16a for a system made up of a series impedance per unit length of L,
and C, in parallel and the shunt admittance resulting from inductance L,.

Calculate the velocity of energy propagation, as defined in Sec. 5.15 for the backward
wave line of Fig. 5.16a. Show that it does correspond to group velocity for this line
and discuss the concepts of normal and anomalous dispersion for backward waves.

Show that Egs. 5.17(9) with definitions (10) and (11) do give the solutions of (7) and
(8) with the variations (6). Describe ways in which the exponential variation of L and
C might be achieved, at least approximately, (i) for a parallel-plane transmission line
and (ii) for a coaxial line.

Show that average power transfer is independent of z in the loss-free exponential line
considered here for frequncies above cutoff, @ > ..

There are two values of Egs. 5.17(10) and 5.17(11) representing positively and nega-
tively traveling waves, as expected. Write the complete solutions for V(z) and /(z),
showing both waves, using as constants the voltage amplitudes in positively and nega-
tively traveling waves at z = 0. Note the interchange of behavior of positive and
negative waves if the sign of ¢ is changed, and explain physically.

Modify the analysis for the exponential line to include losses, retaining constancy of
ZY,Z'/Z, and Y'/Y, and interpret the effect of attenuation constant. Assume Ry/X, and
Go/Bg small.



6.1 INTRODUCTION

The first example of the application of Maxwell’s equations in Chapter 3 was that of
electromagnetic wave propagation in a simple dielectric medium. We now return to the
plane wave example and extend it in this chapter, before considering the more general
guided, resonant, and radiating waves.

Plane waves are good approximations to real waves in many practical situations.
Radio waves at large distances from the transmitter, or from diffracting objects, have
negligible curvature and are well represented by plane waves. Much of optics utilizes
the plane-wave approximation. More complicated electromagnetic wave patterns can
be considered as a superposition of plane waves, so in this sense the plane waves are
basic building blocks for all wave problems. Even when that approach is not followed,
the basic ideas of propagation, reflection, and refraction, which are met simply here,
help the understanding of other wave problems. The methods developed in the preced-
ing chapter on transmission lines will be very valuable for such problems. A large part
of this chapter is concerned with the reflection and refraction phenomena when waves
pass from one medium to another, with examples for both radio waves and light.

274
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ST

Plane-Wave Propagation
6.2 UNIFORM PLANE WAVES IN A PERFECT DIELECTRIC

The uniform plane wave was given in Chapter 3 as the first example of the use of
Maxwell’s equations. We now discuss its properties in more detail, restricting attention
to media for which w and e are constants. For a uniform plane wave, variations in two
directions, say x and y, are assumed to be zero, with the remaining (z) direction taken
as the direction of propagation. As in Sec. 3.9, Maxwell’s equations in rectangular
coordinates then reduce to

oH dE
VXE=—u— VXH=¢—
ot ot
In component form these are
OE, OH, oH, E,
Y X Yy X
oz H ot M oz € ot “
oE.. 0H, oH.. ok,
— = -y — 2 * = g — 5
8z r” @ iz " ar ©)
dH. 9E,
0=pu— 3 0=¢— 6
Py 3) £ (6)

As noted in Sec. 3.9, the above equations (3) and (6) show that both E. and H, are zero,
except possibly for constant (static) parts which are not of interest in the wave solution.
That is, electric and magnetic fields of this simple wave are transverse to the direction
of propagation.

In Sec. 3.9 we showed that combination of the above equations (2) and (4) leads to
the one-dimensional wave equation in E_,

OE, OE,

s
2z M

)

which has a general solution

a2 e af?)

9
= ©)

which is the velocity of light for the medium. The first term of (8) can be interpreted
as a wave propagating with velocity v in the positive z direction, and the second as a

where
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wave propagating with the same velocity in the negative z direction. That is,

z z
E., = fl(t - ;): E._ = fz(t + ;) (10)
By use of either (2) or (4), magnetic field H,, was found to be
E.. E._
Hy=Hy++Hy_=#——n— (11)
where
n= |5 (12)
&

The quantity 7 is thus seen to be the ratio of E, to H,, in a single traveling wave of this
simple type, and as defined by (12) it may also be considered a constant of the medium,
and will be a useful parameter in the analysis of more complicated waves. It has di-
mensions of ohms and is known as the intrinsic impedance of the medium. For free
space

m = |2 = 37673 ~ 1207 Q (13)

€o
Now looking at the remaining two components, E, and H,, combination of (1) and (5)
leads to the wave equation in E|
2
°E,

2z M

2
PE,
ar?

(14)

which also has solutions in the form of positively and negatively traveling waves as in
(8). We write this

z z
E = fs(t - ;) + f4<t + ;) =E,, +E,_ as)
Either (1) or (5) then shows that magnetic field is
E E, _
H = -2+ 2= (16)
n Ui

To stress the relationship of electric and magnetic fields for the waves we write the
results of (11) and (16) as

E, E,, E_ E,_
W i W
y+ X+ y— x—

These results show a number of things. First, relations (17) are sufficient to require that
E and H shall be perpendicular to one another in each of the traveling waves. They
also require that the value of F at any instant must be 7 times the value of H at that
instant, for each wave. Finally we note that, if E X H is formed, it points in the positive
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Fic. 6.2a Relations between E and H for a wave propagating in positive z direction (out of
page).

z direction for the positively traveling parts of (17) and in the negative z direction for
the negatively traveling part, as expected. These relations are indicated for a positively
traveling wave in Fig. 6.2a.

The energy relations are also of interest. The stored energy in electric fields per unit
volume is

eE?

€
Ug = —= =3 (EX + E3) (18)
and that in magnetic fields is
pH? p
Uy = 2 =3 (H? + H)z,) (19)

By (17), uz and u,, are equal for a single propagating wave, so the energy density at
each point at each instant is equally divided between electric and magnetic energy. The
Poynting vector for the positive traveling wave is

1
P:+ = E.\'+Hy+ - E_\'+H\'+ = -1; (E.%-}- + E3+) (20)

and is always in the positive z direction except at particular planes where it may be
zero for a given instant. Similarly, the Poynting vector for the negatively traveling wave
is always in the negative z direction except where it is zero. The time-average value of
the Poynting vector must be the same for all planes along the wave since no energy
can be dissipated in the perfect dielectric, but the instantaneous values may be different
at two different planes, depending on whether there is a net instantaneous rate of in-
crease or decrease of stored energy between those planes.

In Sec. 3.10 we also studied the important phasor forms for a plane wave with E,
and H,. Extending that analy§is to include the remaining components, we have

E(2) = E\e ™ 4+ E el (21
nH(z) = Eje™ — E,el® (22)
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Ef(z) = Eje /% + E, e (23)
NH(z) = —Ese ™ + E 24)

where
k= % = oVge m™! (25)

This constant is the phase constant for the uniform plane wave, since it gives the change
in phase per unit length for each wave component. It may also be considered a constant
of the medium at a particular frequency defined by (25), known as the wave number,
and will be found useful in the analysis of all waves, as will be seen.

The wavelength is defined as the distance the wave propagates in one period. It is
then the value of z which causes the phase factor to change by 27:

2
kA = 27 or k=777 (26)
or
2
A= —2r =Y @7
oVue f

This is the common relation between wavelength, phase velocity, and frequency. The
free-space wavelength is obtained by using the velocity of light in free space in (27)
and is frequently used at the higher frequencies as an alternative to giving the frequency.
It is also common in the optical range of frequencies to utilize a refractive index n
given by

S (28)

For most materials in the optical range u = p,, so that n is just the square root of the
relative permittivity for that frequency.

To summarize the properties for a single wave of this simple type, which may be
described as a uniform plane wave:

. Velocity of propagation is v = 1/V pe.

. There is no electric or magnetic field in direction of propagation.

. The electric field is normal to the magnetic field.

. The value of the electric field is ) times that of the magnetic field at each instant.
. The direction of propagation is given by the direction of E X H.

Energy stored in the electric field per unit volume at any instant and any point is
equal to energy stored in the magnetic field.

7. The instantaneous value of the Poynting vector is given by E2/n = nH?, where
E and H are the instantaneous values of total electric and magnetic field strengths.

A W
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Example 6.2
PROPAGATION OF A MODULATED WAVE IN A NONDISPERSIVE MEDIUM

If a radio wave of angular frequency wy is amplitude modulated by a sine wave of
angular frequency w,,, the resulting function may be written

E@) = A[l + m cos w,,t]cos wyt 29)

Suppose this function at z = 0 excites a uniform plane wave propagating in the positive
z direction. To obtain the form of the propagating wave it is straightforward to replace
tby t — z/v to obtain

EG 1) = A[l + m cos w,,,(t - 5):1005 w0<t - 225) (30)

The interpretation of this expression is that the entire function propagates in the z
direction with velocity v as illustrated in Fig. 6.2b. All this is correct provided that the
medium is nondispersive (i.e., that v is independent of frequency). If there is dispersion,
an expansion of (29) shows that different frequency components are present and that
each component then propagates at its appropriate v. The result then is that the envelope
moves with a different velocity than the modulated wave as shown in the discussion of
group velocity (Sec. 5.15).

Envelope
- s/\‘ N~
-~
~ Modulated wave P
~
~ Ve
~ //
1+ m)A ~N (1 ~mA .~
(1 + m) Ny
~ L
Z
/”.—— -~
~
~
s ~
7 ~
// ~
H] \\
i ~
4 - —_—— N

Fic. 6.2b Simple modulated wave having form of Eq. (30). The wave is plotted versus z at
time ¢ = 0. In a nondispersive medium, envelope and modulated portion move with velocity v
in z direction.
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6.3 POLARIZATION OF PLANE WAVES

If several plane waves have the same direction of propagation, it is straightforward to
superpose these for a linear medium. The orientations of the field vectors in the indi-
vidual waves and the resultant are described by the polarization® of the waves. In this
discussion we are concerned primarily with sinusoidal waves of the same frequency.

Let us take a positively traveling wave only, use phasor representation, and assume
there are both x and y components of electric field. The general expression for such a
wave is then

E = @E + )A’Ezejw)e_jkz 1)

where E; and E, are taken as real and i is the phase angle between x and y components.
The corresponding magnetic field is

1 . .
H = — (—%E,e/ + §E))e™* @)
n

The several classes of polarization then depend upon the phase and relative amplitudes
E, and E,.

Linear or Plane Polarization If the two components are in phase, ¢ = 0, they
add at every plane z to give an electric vector in some fixed direction defined by angle
« with respect to the x axis, as pictured in Fig. 6.3a:

E E

a =tan" ' =2 = tan~! 2 3

E. E, ©)
This angle is real and hence the same for all values of z and ¢. Since E maintains its
direction in space, this polarization is called linear. 1t is also called plane polarization
since the electric vector defines a plane as it propagates in the z direction. In commu-

x

Fie. 6.3a Components of a linearly (plane) polarized wave.

1 The term polarization is used in electromagnetics both for this pdrpose and for the un-
related concept of the contribution of afoms and molecules to dielectric properties as
described in Secs. 1.3 and 13.2. Usually, the infended usage is clear from the context.
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nications engineering it is common to describe polarization by the plane of the electric
vector, so that the term vertical polarization implies that E is vertical. In older optics
texts the magnetic field defined the plane of polarization, but it is now also common in
optics to use electric field.®> To avoid ambiguity in either case it is best to specify
explicitly, ‘‘polarized with electric field in the vertical plane.”’

Circular Polarization A second important special case arises when amplitudes E,
and E, are equal and phase angle is y = * /2. Equation (1) then becomes

E = & % j§)Ee s “@
The magnitude of E is seen to be V2E , from the above, and it may be inferred that it
rotates in circular manner, but to see this clearly let us go to the instantaneous forms:
E(z, 1) = Re[(X * j§)E,e/e ]
= E,[X cos(wt — kz) ¥ § sin(wt ~ kz)] ©)
The sum of the squares of instantaneous £, and E,,
E%z, 1) + Ei(z, t) = E?[cos*(wt — kz) + sin*(wt — kz)] = E} (6)

does define the equation of a circle. The instantaneous angle a with respect to the x
axis is

a = tan~

VEfz ) ~,<_sin(wt - kz)>

E(z 1) an +cos(wt — kz) = Fot = k) (7)_

In a given z plane, the vector thus rotates with constant angular velocity with ¢ = Fwt.
For a fixed time, the vector traces out a spiral in z as pictured in Fig. 6.3b. The
propagation may be pictured as the movement of this “corkscrew” in the z direction
with velocity v.

Note that y = + /2 leads to « = —wt (for z = 0) and ¢ = — /2 leads to
rotation in the opposite direction. The first case is called the left-hand or counterclock-
wise sense of circular polarization (looking in the direction of propagation) and the
latter, the right-hand or clockwise. The magnetic field for the circularly polarized wave,
using £, = E, and ¢ = *7/2,is

E .
H =1 (Fj& + e /* (8)
n

Elliptic Polarization For the general case, with E, ¥ E,, or E; = E, but i other
than 0 or =+ /2, the terminus of the electric field traces out an ellipse in a given z
plane so that the condition of polarization is called elliptical. To see this, again let us

take instantaneous forms of (1),
E(z, t) = Re[(RE, + JE,e/¥)ele=/*] ©
= RE, cos(wt — kz) + JE, cos(wt — kz + )

2 M. Born and E. Wolf, Principles of Optics, 6th ed., p. 28, Macmilian, New York, 1980.
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Fie. 6.3b Circularly polarized wave. Terminus of the electric field vectors forms a spiral of
period equal to the wavelength at any instant of time. This spiral moves in the z direction with
velocity v, so that the vector in a given z plane traces out a circle as time progresses.

or in a given z plane, say z = 0,
E(z,t) = E, cos wt
E(z, 1) = E, cos(wt + ¢)

These are the parametric equations of an ellipse. If = =+ /2 the major and minor
axes of the ellipse are aligned with the x and y axes, but for general s the ellipse is
tilted as illustrated in Fig. 6.3c.
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Fie. 6.3¢ Elliptically polarized wave. The locus of the terminus of electric and magnetic field
vectors is in each case an ellipse for a given z plane as time progresses.
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Unpolarized Wave We sometimes also speak of an unpolarized wave in which
there is a component in any arbitrary direction for each instant of time. Note that this
concept applies only to the superposition of waves of different frequency, or of random
phases, since superposition of any number of components of the same frequency and
defined phase reduces to one of the three cases described above. We may meet unpo-
larized waves when we have a frequency spectrum (as in sunlight) or a random variation
of phase between components, as in the propagation of a radio wave through the
ionosophere.

Example 6.3
LINEARLY POLARIZED WAVE AS SUPERPOSITION
OF TWO CIRCULARLY POLARIZED WAVES

Just as the circularly polarized wave may be looked at as the superposition of two
linearly polarized waves, so may a linearly polarized wave be considered a superposition
of two oppositely circulating circular polarized waves. To show this, let us add right-
hand and left-hand circularly polarized waves of the same amplitude. Using (4),

E =@+ NEe* + & — jHE e = 2%E e

and magnetic field, using (8), is
E ) E . 2E
H==(—j&k + e + 2L (& + et = —L ge ik
n Ui N
The results are the expressions for E and H in a wave polarized with electric field in

the x direction. To obtain E in the y direction, we have only to subtract the two circularly
polarized parts.

6.4 WAVES IN IMPERFECT DIELECTRICS AND CONDUCTORS

Materials properties and their effect on wave propagation will be dealt with extensively
in Chapter 13. Here we consider only isotropic, linear materials and bring in the effect
of losses on the response of applied fields. The effect of losses can enter through a
response to either the electric or magnetic field, or both. An example of a material in
which the response to the magnetic field leads to losses is the so-called ferrite (or
ferrimagnetic materials), and in this case the permeability must be a complex quantity
p = p' — ju'. For most materials of interest in wave studies, magnetic response is
very weak and the permeability is a real constant that differs very little from the perme-
ability of free space; this will be assumed throughout this text unless otherwise specified.
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A study of the response of bound electrons in atoms and ions in molecules (Sec. 13.2)
shows that the total current density resulting from their motion is

J = jweE = jow(s' — jep)E
If, in addition, the material contains free electrons or holes, there is a conduction current
density

J = oE

At sufficiently high frequencies, o can be complex (Sec. 13.3), but we will assume that
frequency is low enough to consider it real (satisfactory through the microwave range).
Then the total current density is

)= jw(s’ — jel — ,i;>E )

In materials called dielectrics, there are usually few free electrons and any free-electron
current component is included in &” and o is taken as zero. On the other hand, in
materials considered conductors such as normal metals and semiconductors, the con-
duction current dominates and the effect of the bound electrons &}, is subsumed in the
conductivity. Although different physically, the two loss terms enter into equations in
the same way through the relation o = we".

For dielectric materials with real permeability and complex permittivity,

V X H = jweE = jo(e' — je")E 2)

where conduction currents are included in the loss factor &”.
The wave number, Eq. 6.2(25), is complex in this case and is

= oVu(e' — je") 3)

The wave number & may be separated into real and imaginary parts:

o+ jB = jw\//w’[l - f(i‘ﬂ )

Jjk

where

and

- JE T e
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According to Sec. 6.2, the exponential propagation factor for phasor waves is e~ /*
which becomes, when & is complex,

ek = e—aze——j,B:

Thus the wave attenuates as it propagates through the material and the attenuation
depends upon the dielectric losses and the conduction losses, as would be expected.
The intrinsic impedance, or ratio of electric to magnetic field for a uniform plane

wave, becomes
P )
= - = 11 . n 12 7)
K \/; e[l ~ j&'/e)] (

An important parameter appearing in (4) through (7) is the ratio £”/¢’. For low-loss
materials such as the examples given in Table 6.4a, this ratio is much less than unity.
We may refer to such a material as an imperfect dielectric. Under these conditions, the
attenuation constant (5) and the phase constant (6) may be approximated by expanding
both as binomial series:

ke"
@~ ®

ﬁw[l +%<Z>] ©

where k£ = oV ueg'. Dielectric losses are usually described by the “loss tangent”
tan § = &"/e'. It is seen that there is a small increase of the phase constant and,

Table 6.4a
Properties of Common Dielectrics at 25°C
g'/g, 10* tan &
Material® F=10° f=10° f=10° f=10° f=10® f= 10"
Fused quartz (SiO,) 3.8 3.8 3.8 1 2 2
Alumina (96%) 8.8 8.8 8.8 33 3.0 14
Alsimag ceramic 5.7 5.6 52 30 16 20
MgO 9.6 9.6 —_ <3 <3 —
SrTi0, 230 230 — 2 1 —
Polyethylene 23 2.3 23 <2 2 5
Polystyrene 2.6 2.6 2.5 0.7 <1 10
Teflon 2.1 2.1 2.1 <2 <2 5

“tan § = g"/¢’.
5A microwave-absorbing material, Eccosorb, is available with 1.5 < (g'/gy) < 50 and 0.08 < (&"/go) < 1.
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therefore, decrease of the phase velocity when losses are present in a dielectric. The
intrinsic impedance in this case is, from (7),

2
3 8" 8”
~ail1=2(Z) |+ 10
where n' = Vu/e'.

In a material such as a semiconductor where the losses are predominantly conductive,
. . o

VX H = (jwg' + 0)E =]w8’[1 *j—;]E 1n
we

For radian frequencies much larger than ¢ /¢’ the loss term is small and the approxi-
mations (8) to (10) may be used with £"/&’ replaced by o/we’. For frequencies much
below o /&' the material may be considered a good conductor. If we make use of the
fact that

ag
—>>1
wWE
in (4), we find
. . uo . 1+
Jk = jo P =1 + pHVafuo = 5 (12)

where & is the depth of penetration defined by Eq. 3.16(11) and used extensively in
Chapter 3. The propagation factor for the wave shows that the wave decreases in mag-
nitude exponentially, and has decreased to 1/e of its original value after propagating a
distance equal to depth of penetration of the material. The phase factor corresponds to
a very small phase velocity

278
= ws = ¢ (13)

v, = AO

P

™ie

where c¢ is the velocity of light in free space and A, is free-space wavelength. Since
8/ Ay is usually very small, this phase velocity is usually much less than the velocity of
light.

Equation (7) gives, for a good conductor,

n= o [T+ R, (14)
o o

where R, is the surface resistivity or high-frequency skin effect resistance per square
of a plane conductor of great depth. Equation (14) shows that electric and magnetic
fields are 45 degrees out of time phase for the wave propagating in a good conductor.
Also, since R, is very small (0.014 () for copper at 3 GHz), the ratio of electric field
to magnetic field in the wave is small.
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Table 6.4b
Material Parameters for Microwave Frequencies and Below
Conductivity £ Frequency at which
Material (S/m) € o = we' (Hz)
Copper 5.80 x 107 — (Optical)
Platinum 0.94 x 107 — (Optical)
Germanium (lightly doped) 10? 16 1.1 x 10"
Seawater 4 81 8.9 x 10%
Fresh water 1073 81 2.2 X 10°
Silicon (lightly doped) 10 12 1.5 x 10%°
Representative wet earth 1072 30 6.0 X 108
Representative dry earth 1073 7 2.6 X 108

The above-mentioned results for the good conductor agree with those found in Chap-
ter 3 by using what appeared to be a different analysis. In Sec. 3.16 the assumption that
the conduction current greatly exceeds the displacement current is made at the outset,
with the result that the differential equation is not the wave equation but the so-called
diffusion equation. The assumptions in both approaches are identical, however, so it is
to be expected that the results would be the same.

Table 6.4b lists several materials for which the dominant losses are those resulting
from finite conductivity. The values listed for conductivity and real part of permittivity
are those applicable up through the microwave frequency range. The frequencies at
which displacement currents equal conduction currents are listed and serve to indicate
the range of frequencies in which the two above-mentioned approximations are valid.

Plane Waves Normally Incident omn Dnscontinuities

6.5 REFLECTION OF NORMALLY INCIDENT PLANE WAVES
FROM PERFECT CONDUCTORS

If a uniform plane wave is normally incident on a plane perfect conductor located at
z = 0, we know that there must be some reflected wave in addition to the incident
wave. The boundary conditions cannot be satisfied by a single one of the traveling wave
solutions, but will require just enough of the two so that the resultant electric field at
the conductor surface is zero for all time. From another point of view, we know from
the Poynting theorem that energy cannot pass the perfect conductor, so all energy
brought by the incident wave must be returned in a reflected wave. In this simple case
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the incident and reflected waves are of equal amplitudes and together form a standing
wave pattern whose properties will now be studied.

Let us consider a single-frequency, uniform plane wave and select the orientation of
axes so that total electric field lies in the x direction. The phasor electric field, including
waves traveling in both the positive and negative z directions (Fig. 6.5), is

E,=E,e ™ + E_¢*
If E, = 0 at z = 0 as required by the perfect conductor, E_ = —E,:
E .= E (e — ¢/ = —2jE, sinkz 1)

The relation of the magnetic field to the electric field for the incident and reflected
waves is given by Eq. 6.2(11). Hence

_ (E_+ e _ E= L)
n n

H,

y
@)

E . ] 2F
= =L (e + ) = —* cos k2
mn

Equations (1) and (2) state that, although total electric and magnetic fields for the
combination of incident and reflected waves are still mutually perpendicular in space
and related in magnitude by 7, they are now in time quadrature. The pattern is a standing
wave since a zero of electric field is always at the conductor surface, and also always
atkz = —nmworz = —nA/2. Magnetic field has a maximum at the conductor surface,
and there are other maxima each time there are zeros of electric field. Similarly, zeros
of magnetic field and maxima of electric field are at kz = —(2n + 1)7/2,0rz =
—(2n + 1)A/4. This situation is sketched in Fig. 6.5, which shows a typical standing
wave pattern such as was found for the shorted transmission line in Sec. 5.13. At an
instant in time, occurring twice each cycle, all the energy of the line is in the magnetic
field; 90 degrees later the energy is stored entirely in the electric field. The average

Perfect conductor

Emax =2jE e jut

2E, -
N meax;' 7 esut

|
|
|

Incident wave —>E . e J(wt = k)
Reflected wave<— —E 4 e (0t + k2)

Fie. 6.5 Standing wave patterns of electric and magnetic fields when a plane wave is reflected
from a perfect conductor, each shown at instants of time differing by one-quarter of a cycle.
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value of the Poynting vector is zero at every cross-sectional plane; this emphasizes the
fact that on the average as much energy is carried away by the reflected wave as is
brought by the incident wave.

These points are also shown by the instantaneous forms for fields:

E(z, t) = Re[—2jE, sin kze/®'] = 2E + Sin kz sin wt 3)

2E . 2E
Hyz, t) = Re{——t cos kzef“”] = —* cos kz cos wt 4)
i mn n

6.6 TRANSMISSION-LINE ANALOGY OF WAVE PROPAGATION:
THE IMPEDANCE CONCEPT

In the problem of wave reflections from a perfect conductor, we found all the properties
previously studied for standing waves on an ideal transmission line. The analogy be-
tween the plane-wave solutions and the waves along an ideal line is in fact an exact
and complete one. It is desirable to make use of this whether we start with a study of
classical transmission-line theory and then undertake the solution of wave problems or
proceed in the reverse order. In either case the algebraic steps worked out for the
solution of one system need not be repeated in analyzing the other; any aids (such as
the Smith chart or computer programs) developed for one may be used for the other;
any experimental techniques applicable to one system will in general have their coun-
terparts in the other system. We now show the basis for this analogy.

Let us write side by side the equations for the field components in positively and
negatively traveling uniform plane waves and the corresponding expressions found in
Chapter 5 for an ideal transmission line. For simplicity we orient the axes so that the
wave has E, and H, components only:

E(z) = E,e ™ + E e (1) V(@) = V,eF +V_ e ©)
H(z) = L [Eye ™™ —E_e& 2 1) = ~ (Vie P — V_EF] (6)
3 7 Zy

k= wVue 3) B = wVLC @

_ | L
7]—\/; 4) ZO— E ®

We see that if in the field equations we replace E, by voltage V, H, by current /,
permeability u by inductance per unit length L, and dielectric constant € by capacitance
per unit length C, we get exactly the transmission-line equations (5) to (8). To complete
the