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[Mpennaranuar monyn 2 Mudpepernmasinoe cMATaHe Ha (pyHKIMA Ha equa npo-
MEHJIMBA € NpeHa3HaveH 3a cTyaeHTHTe oT TY - Codus, pumaaure My U Apyru
TeXHUUECKHN BUCUIM yueOGHH 3aBefieHnst. MonyJIbT MOXeE Ja Ce U3M0/I3Ba OT peAOBHU
¥ 33[JOYHH CTYJCHTH, KAKTO U OT MHXKEHEPH, aClIUPAHTH U Jp.

MarepnaJbT € CTPYKTYpHpaH B [AEBETHANECET IJIaBM, KaTO BbB BCSIKA OT TSX CE
npensiaraT HEOOXOAUMUTE TEOPETHUHH MMOCTAHOBKM H (DOPMYJIH, PELIEHH IPUMEPH
3a HJIOCTPHPAHE HA TEOPETHUYHHS MaTepHasl, KaKTO W 3afaud 3a CaMOCTOATEJIHA
paborTa.

TeopeTH4HUAT MaTepHasl H YacT OT pEelIeHHTe MPHMEPH Ca HANHUCAHW OT JOU. A-P
JIroBomup Ilerpos, a Bcuuku ocTaHasn 3agaun ot ru.ac. Jonka beesa.

Moay.rbT € Bropa yact ot CGOpHHK 3amaun No BUCIA MaTeMaTHKa, pa3paboTen
OT CbLIMTE ABTOPH.

ABTOPCKHSIT KOJIEKTHB M3Ka3Ba ropeua 6,1aroaapHoct Ha

l npod. a-p HukoJaii mOI'lOJ'IOBJ 3a mpeun3HaTa paGoTa [pH PELEH3MPAHETO Ha MaTe-
pHasia i UEHHUTE NPENOPBLKH Mo 0POPMIIEHUETO MY.
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TJIABA 1
MATEMATHYECKA HHAYKIHWA. HIOTOHOB BUHOM

I. MATEMATHYECKA HHAYKIHA

Heka T'(n) e MaTeMaTHYECKO TBbPAEHHE, KOETO MOXE [1a Ce pasrJieX/a KaTo (hyH-
KIys, olpelesieHa B MHOXECTBOTO Ha ecrecTBeHuTe uuciaa N. [Ipuuyunem ha
Mamemamuueckama undykyus rnacu: Axo Tppaenuero T'(n) e BIpHO 3a n = ng
(sanpumep 1 = 1; 2) n or npennosioxeHuero, ue e BapHo 3a n = k (k € N), ciensa,
ye e BApHO U 32 n = k + 1, To TBbpAeHueTo 1 (n) e BIPHO 32 BCSIKO ECTECTBEHO
YHKCJIO.

MeroobT Ha MaTeMaTHUeCKaTa HHAYKIUA Ce MIPUJIAra o CJIeAHHsI HaulH;

1. IMposepsaa ce TBbpAeHneTo T' (1) B eAMH YacTeH ciydail npu n = ng (Hanpu-
mep n = 1).

2. [onycka ce, ue TBbPAEHNETO € BAPHO 3a MPOHM3BOJIHA CTOMHOCT Ha n: . = k,
keN.

T
3. Or ponyckauero, ye T'(n) e BsipHO 3a n = k, ce dokasaa, ue e BAPHO H 3a
n=>FLk41.

CrienoBatesHO TBbpAeHMeTO T (1) € BSIPHO 3a BCSIKO 1 > M.

Ipumep 1.1. [okaxceme c MeToa Ha MbJIHATA MATEMaTHUECKa HHOYKLMS CJIe[1-
HHUTE THXKAECTBA!

. ) 1)(2 1
a) 12+22+‘..+,12:Mi_).

6 k]
6) ot e et . =
1.4 47 ' 7.10 (Bn—2)(3n+1) 3n+1
. cos(2na) — S a)
B) cos acos(2ar) cos(4a) - - - cos(2"a) = St Tsim g

Pewenue. a) * [IpoBepsBaMe paBeHCTBOTO Mpu m = 1 M mosiyuaBame 12 =
1(1+1)(2+1)

6
* Jlomyckame, Ye paBEHCTBOTO € BAPHO IIPK HIKOE N = k, T.€.

<= 1 =1, K0eTO BSIPHO YUCJIOBO PAaBEHCTRO.

_ k(k+1)(2k+1)

P24+22 4 kP 5
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* Ille moxa’keM, Ue paBEHCTBOTO € BAPHO npu nn = k + 1, T.e. NpH cJIe8anioro

(k+D)[(k+1)+1]2(k+1)+1]
6

24224+ kP (k4 1) =
k(k+1)(2k+1)

6
_ k+1)(k+2)(2k+3)
6 .

Haucruna
k(k+1)(2k+ 1) . o (k+1)[k(2k+1)+6(k+1)]
% +(k+1)° == 5

_ (et 1)(2k% + 4k + 3k + 6) _ (k+1D)[2k(k +2) + 3(k + 2)]

6 6
_ (k+1)(k+2)(2k + 3)
6

Twit xato n € N ciensa, 4e THXASCTBOTO € BAPHO NpH Vn, T.€. THXAECTBOTO €
Bspro nnpn (k + 2), (k+3),...
1
< = =, KOETO € BAPHO YMCJIOBO PABEHCTBO.
14 4" 4 1 P
* Jlomyckame, ue paBeHCTBOTO € BSPHO NpH HAKoe 1 = k, T.e.

6) *Ilpun = lumaMe — = — &=

L RIS S 1 _k
WA (2k—1)(2k+1)  3k+1

* [Ile noxasceM, ue paBeHCTBOTO € BIpHo npu o = k + 1, T.e.

11 1 1 1
ot T T T oGk ) T BEF DGR )
ko
3k + 1
 k+1 k41
T 3(k+1)+1  3k+4°
Hancruna
k 1 3k%+4k+1 3k+Hk+1)

k1 BE+0BE+d) Bkt D(BE+4) BRI L3k 14)
Gk D(k+1)  k+1
N (3k +1)(3k +4) 3k + 4
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Toit kato n € N crefpa, ye THKAECTBOTO € BAPHO Vn, T.. BSIPHO € W TpH
(k+2), (k+3),...
B) * [IpoBepsiBaMe paBEHCTBOTO NpH 1 = 1 1 NoJiyyaBame
sinda 4 sin o cos o cos 2a

- <= cosa cos2a = -
4sina 4sin o

<= cos acos 2a = COS & cOs 20,

COS (L CoS 2cx =

KOETO € BAPHO YHUCJIOBO PABEHCTBO.
* HOHYCKaMe, Y€ PaBEHCTBOTO € BapHO NPH HAKOE N = k, T.C.

sin 2k +1q
T %k Hsing’

x IIle moKaxeM, ue PaBEHCTBOTO € BAPHO NpH 1 = k -+ 1, T.e. npu crienBaioro

cos a cos 2a cosda - - - cos 28

n:
in 2K+2,
sin 2
cosacos2acosda - - cos Zka cos 2k W
~— 2k+2gin o
sin 2kt
2k+1gip o
Hancruna

2 sin2ftlacos2%tla  sin28t2q

2 2k+1 sin o 2k+2 sin o
u, Thit KaTo n € N, ciensa, ue p’lBClICTBOTO € BSAPHO npu Vn, T.e. BSIPHO € M mpH

(k+2),(k+3),.

Ipumep 1.2. [la ce noxaxe, ue HEPaBEHCTBOTO 2" > n? € U3NBJIHEHO 3a BCAKO
€CTECTBEHO YMCJIo 1 > .

Pewenue. * Ilpu n = 5 nmame: 25 > 52 <= 32 > 25 - psapuo yucsoBo
HEPaBEHCTBO.

* Hexa HepaBeHCTBOTO € BApHO 32 . = k, k > 5, T.e. 28 > k2,

* Tpa6sa ma nokaxewm, ue 28+ > (k +1)2,

Haucryuna 25t = 2.2F > 2k2%2 = k2 + k2 > k2 45k = k% + 2k + 3k >
kE*+2k+1=(k+1)? = 281 > (k+1)%, xppeto k > 5 <= k? > 5k. Torasa
HepaBeHCTBOTO e BsipHo u ipH (k + 2), (K +3), ... ,T.e. Vn € N.

IIpumep 1.3. [loxaxeTe HEpaBEHCTBOTO

1 1 1 1
AR
Joxazamencmeo.  Tlpu n = 2, CJIen KATO 3aMECTHM B HEPABEHCTBOTO, MOJIy-

yaBaMe V3
1 1 - 2

e = > V2= 1+ 22 > V0,
1 V2 2

>+/n, n>2.
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KOETO € BIPHO YHCJIOBO HEPABEHCTBO, Thi KaTo V2r1,4(1,7> 1, 4).
* {onyckame, ue HEpaBEHCTBOTO € M3I'bJIHEHO [IPH HAKOe N = k, T.e.

1 1 1 1
W+E+ﬁ+.”+ﬁ>ﬁ'

* Ille mokaceM, ue HEpaBEHCTBOTO € U3IIbJIHEHO mpu 1. = k + 1, T.e.

1 1 1 1 1
— e — — i = ——— > VE+1.
Vi V2 V3 vk VE+1

Haucrura, cien kato npubaBuM K'BM ABETE CTPAHH Ha HEPABEHCTBOTO T
+

noJjyvasame

RS S L Vi _ VEEFD +1
v A R S == S S
\/ k-I-O +1  k+1 — JET
VETT  VET1
Taka Mo METOMA HA IbJIHATA MATEMATUIECKA HHAYKLMA JOKAa3aXMe, ue HepaBeH-
cTBOTO € u3mbsHeno npu (k + 2), (k+ 3), ... ,1e. Vn € N.

3
:

—

Ipumep 1.4. [lokaxeTe HEPABEHCTBOTO

1 + 1 n 1 4 +1>13
n+l n+2 n+3 oan = 247

1

Pewenue. 1°. TlpoBepsiBaMe BEpHOCTTa Ha TBbPAEHMETO 3a N = 1: 151 >

13 1 13 g
22 = 3 > o OueBHAHO N0/1yYEHOTO YHC/I0BO HEPABEHCTBO HE € BAPHO. 3aTOBA
1 1 13

NMpoBEpABAME 3a CJIeBallaTa CTOHHO =2 —F —— > — = >
1[;BpH7M JIeBalaTa CTOHHOCT 71 2+1+2+2 4 3+

1
2—4 — ﬁ > ﬁ’ KOETO € BPHO YNCJIOBO HEPABEHCTBO. Cﬂe)Z[OBaTeJ'IHO 3an =2

TBBPAECHHUETO € BSIPHO.
2°. lonmyckaMe, 4e HEPABEHCTBOTO € U3MbJIHEHO 3a . =k, k > 2, T.e.

1 1 1 1 13
K+l ez Ey3 T Tm T
€ BSIPHO HEPaBEHCTBO.
3°. e nokaxewm, ue HEPABEHCTBOTO € BsIpHO 3a 1w = k + 1, T.e.
1 1
krD+1 CENETA
1 1 1 13

TEIDFGE-D xR GiDt ki) 4
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TlocnegHoro HEPaBEHCTBO € €EKBUBaJIEHTHO Ha

l+1+1++1
k+1 k+2 k+3

1 + 1 1 >13
2k 2k+1  2k4+2 k+1° 24

(npubaBsMe U M3BaXAaMe CbOUpaeMo

P 1). ITpeobpa3yBaMe JisiBaTa CTpaHa:

1ot b 1 2k 24 2k 1202k )
K+l E+2 k+3 2% k+1)(2k 1 2)
1 1 1 1 1
“hrl krztEes T T m T a@m Dkt D)
1 1 1 1
TSR R ST
sam0Tom>OVk€N.
Torasa (BX. 2°) or
1 1 1 1 1 113
GrD+1 T Grnz Ut TRrl T2t T T m
= 1 it .B
(k+1)+1 (k+1)+2 2(k+1) = 24

U Taxa, HepaBEHCTBOTO € BSpHO Vn > 2.

pumep 1.5. [la ce qoxaxe, ue 3a BCIKO NOJIOXKHUTENHO kK < n e B CHJIa

k 1\ koK
1+2< (14 ) <1+-+ .
n n n n

Pewuerue. VIHAyKIMOHHATA IPOMEHHBA TYK € k.

1
*3ak =1lumame 1+ — =1+ — <1+ — 4 —;, KOETO € BIPHO HEPABEHCTBO.
n n n n
* Hexa 3a k = p e u3nb/HeHo

1\P 2
1+33<1+—) <1+24 2
n n n n

* Ille nokaxewm, ue 3a k = p + 1 e U3BJIHEHO

1 1\P+L 1 1)2
1+ 2 < (14 ) <14 BT P
n n n

n?2
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1 .
YMHOXaBaMe NPHETHTE 3a BEPHU HEPABEHCTBA C (1 + —) > 0:
n

1 1y\p+1 2 1
1+ 81+ )< (1+2) 7 <(1+2+5)(1+ ).
n n n? n

n

T
1 1 1
(1+3)(1+—):1+i+—p—>1+1i (vt xato £ > 0);
n n n n n n
)

1 1 2 2p+1 2 1 2
(1+2+%) 1+_)_1+1i+p_ PR T BEL P
n o n n n2 n on n n? n3
1 1)2 2 _9pm—n
4Pt +(p+2)+p p
n 7 7
1 1)?
<1+ZL7:—+(pn%),
p? —2pn —n
3aMOT0 ————— < 0Vp < n. CnepoBaresiHO

n

1 1\P+1 1 1)?
1+ P (14 )T B2 b

= P k<,
n n n

IIpu k = n ce nosiy4aBaT HEPABEHCTBATA
1\
2< (1 n —) <3.
n

Ilpumep 1.6. Hekazi,za,... , Ty can NOJOXATE/HH YUCTIA, 3a KOUTO L1 2y« * + Ty, =
1. [lokaxeTe, ue £ + T2 + - -+ + T, > M, KaTO PaBEHCTBOTO CE JIOCTHra CaMo 3a
Ty =Tg ="+ =2Tnp.

Pewerue. * Akon = 1, OT ycJIOBHETO CJiefiBa 1 = 1 ¥ TBBPACHUETO € BSPHO.

* Jlonyckame, 4e TBbPACHHETO € BIPHO 33 KOH Aa Ca K YiCJIa, YAOBJIETBOPABALIH
YCJIOBHETO, HJIM

T1Ta- Tk =1 m zy+T2+ -+ >k

* Heka n = k+ 1, re. umame (k + 1) moJIOXHUTESIHM 4YHC/Ia, 32 KOHTO
Z1Zp * TpThy1 = 1.
ITepeu cnyuai. Hekazy =29 =+ =x = xp41 = 1. ToraBaz; + o+ +

Tk + Tkl = k+1u TBBPAEHHETO € JT0OKa3aHo.

Bmopu caywaii. Hexa none enHo oT unciata e no-roJjisiMo ot 1. bes orpannuenne
Ha 0OIIHOCTTa MOXKeEM Ja npuemMeM z; > 1. Torasa cbIuecTByBa 9HCIIO, IPUMEPHO
9 < 1. CnenosaTe HO

(.’L‘l—l)(l—l‘g)>0<:>.’171+$2—1:1172—1>0<:>IL‘1+122>l+£121932,
T+ T+ 21 > 1+ 2120+ T3+ Tg + -0+ Tiyas



Mamemamuvecxa unoyxyus. Hromonoe 6urom 11

O3nauaBaMe Y1 = T1T2, Y2 = T3, Y3 = T4,... , Yk = Tk41. OueBnano y; > 0,
ys > 0,...,yr > 0. OGpasysame Npon3BeACHHETO

Y1Y2 Yk = T1T2 - Tkt1 = L.

_ &
CsriaacHo nonyckasero (y; > 0,i =1,ku [[ ys = 1) cnensay; +ya+- - +yx > k.

=1
= T1+Z2+ F+Tpy1 > 14y +ye+- - +yr > 1+k = T1+To+: -+ Tgyr >
k 4+ 1, c KOETO TBBPAEHHUETO € AOKa3aHO.

IIpumep 1.7. Hexa a4, ag,...,a, Ca N HEOTPULATEJHH YHCIa. JIOKAaXETE He-
P ’ )
PaBEHCTBOTO!

a1 +ay+---+ap

> {ajas---a, (HepaBencrso Ha Koum).

Pewenue. IMepau cnyuad. AXQ.e[HO OT YMCJ/IAaTa € HYJIA, TO ¥/aiag - Qp =
ay+ax+--+an

n

0 < (HepaBEHCTBOTO € BSIpHO). PaBencTBO ce pocrtura npu
(11—'—0,2:"':0,-,1:0.
Bmopu cayuai. Benuku uncna-a; > 0, ¢ = 1,n. O3nauaBame
ay an Un
I =—— Ig=——— Yooy Ip = /= —.
{/ai1az2- - an Yaiaz - an Yaraz - an

Ora; >0,i=1,ncnegpaz; > 0,1=1,n.

@102 Qn
T1Ty  Tp = —(/———— = 1.

n/a1a2 ce Qg

CowrnacHo foxasaHoro B [Ipumep 1.6 umame 1 + 29 + - -+ + z,, 2> n WM

a a ) a a a ...a
L T NI S i T S I NI vy vy g
n/alaz...an n

PaseHcTBOTO ce mocTHra NPpU I1 =T =" =Tp <= QA1 =03 = *** = Qp.
a1 t+az+---+an
Babenexka: Yuciaoro ce HApUYa CPedHO apumMenu4Ho, a
n
YHCJIOTO {/a1G2 - -+ Gp — CPEOHO 2EOMEMPUYHO HA YUCJIATA A1, A7, . . . , Gn.
IIpenocraBsaMe Ha upTaTEsIsI 1a JOKAXKE HEPABEHCTBOTO
n < n
< Yarag - ay.

T 1 T = vam e

ai a2 an

n
YucJsioro 1 1 i €€ HapH4ya cPpeoHO XapMOHU4HO Ha UHCJIATa a1,

ai az an

as,... ,an.
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4n 2n)!

< u n>2n€eN.
n+1l = (n})?
Peuwteriue. * 3a n = 2 noJiydaBaMe BSIPHO YHCJIOBO HEPABEHCTBO

IIpumep 1.8. [oxaxere, ye

E < 1.2.34 —s 1_6 <6
3 S (12)2 3 =

* HOHyCKaMe, Y€ HEPaBEHCTBOTO € H3MbJIHEHO 34 IPOU3BOJTHO €CTECTBEHO YHCJIO

4k (2k)!
kil (R

* [lle moxaxeM, ue HEpaBEHCTBOTO € BSIpHO 3a . = k + 1 wm

n==k,Te.

€ BAPHO HEPABEHCTBO.

4k+1 2(k+ 1)) 4k+t (2(k+ 1))
D1 ((+D02 ~ krz - (+ D)

Ak +1)
k+2

YMHOXaBaMe ¢ > () BsIpHOTO (IO AOMYCKaHE) HEPABEHCTBO

4k 4k +1) (2k)4(k+1)  (2k)!(2k+1)2(k+1) 2(k+1)2
(k+1)(k+2) = (K)2(k+2) (kN2 (k + 1)2 Ck+1)(k+2)
_ @+ 2(k+1)? PRCCERL
(E+1)D2 2k+1)(k+2) ~ ((k+1NH?

HOCJ’]C[[HOTO HEPaBEHCTBO € OUYEBHIHO, 3allIOTO

2k+1)?2 2k2 44k +2
2k+1)(k+2) 22 +5k+2

<1, VkeN.

4kt (2(k 4+ 1))
k+2 o ((k+1)H)2
M CJI€[ KaTO HEPaBEHCTBOTO € BSAPHO 3a N = k+1, mee BAPHO 1 32 1. = k+ 2,
n=k+3, e VYn.

Torasa

C KOETO HEPAaBEHCTBOTO € N0Ka3aHO, 3aI0TO 7 €N

Hpumep 1.9. [Hoxasxceme, ye c6opbT OT KyGOBETE Ha TPH I10CJIEAOBATEIHH ECTE-
CTBEHH YHCJIA CE AEJIH Ha 9.
Hoxaszamencmso. Hexka n € Ny Torasa copen yc/JI0BHETO HMaMe [a JOKaXXKEM
PaseHCmEomo
n+(n+1°*+n+2)°*=9\ IeN.

* TIpoBepsiBamMe paBeHCTBOTO Npu n. = 1 1 mosryuasame: 1% + 23 + 3% = 36 =
94 = A =4 € N, 1.e. cOoppT OT KyboBeTE Ha UKCJIaTa Ce A/ Ha 9.

* JlomyckaMe, ye PaBEHCTBOTO € BSIPHO NpH Hakoe n = k, T.e. k3 + (k + 1)3 +
(k+2)% =9
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x Ile gokaxkeM, 4e paBEHCTBOTO € BipHo mpu n = k + 1, T.c.

(k+ 1)+ (k+2)% + (k+ 3)* = 9pu.

Hancruna
(k+1)* + (k4 2)° + k° +9k% 4+ 27k + 27 = 9A + 9(k* + 3k + 3)
N S——
oA q

=9\ +9¢ =9\ +q) = 9.
——
n

Taka N0 METOHA HA IbJIHATA MATEMATHUECKA HHOYKUUS NOKA3aXMe, ue pageri-
cmaomo € BapHo nopv (k + 2), (k+ 3),...,Te. Vn € N

IIpumep 1.10.  loxaxete, ue 25™ + 23 ce nemm Ha 24.

Pewenue. * IIpoBepsBame BEpHOCTTa Ha TBBPAECHHETO MpH 72 = 1: 25 + 23 =
28 = 2.24, T.€. TBBPOCHUETO € BAPHO.

* JlomyckaMe, e 3a IPOM3BOJIHO 1 = k e m3mbineno 25° + 23 = p.24, p € N
(T.e. cyMaTa ce gesm 6e3 ocTaThK Ha 24).

* IIle moxaxeM BEPHOCTTA HAa TBHPAEHHETO 3a 2 == k + 1, T.e. NpH cJieABamaTa
croitHoct Ha n: 2551 423 = ¢.24, g € N.

25.25% 4+ 23 = 25% 4 23 +24.25% = p.24 + 24.25% = (p + 25%)24.
p.24

OrpeN,25€ Nuke N= p+25°c N, e qg=p+25° Teiixaron € N
CJIEABA, Y€ PABEHCTBOTO € M3MbJHEHO Vn, T.e. ipin =k + 2,k + 3, ...

1I. HFOTOHOB FHHOM

PaBencTsoro

n
(@+b)" = CkanFpk
k=0
= C%™ 4+ CLam b+ C2am 26 -+ Ol L onge, (D)

KbAETO

nn—1)(n—-2)---(n—k+1)
k! !
ce Hapu4a pasgumue Ha Hromonos 6urnom. Koeduuuenture C,’i, 0<k<mn,ca

OuHOMHM KoehUIMEHTH B pa3BUTHETO. [[pyr 3amuc 3a npecMsITaHe Ha GHHOMHHTE
KoeHUIHEHTH €

cl=cCcr=1, Ck= 1<k<n,

e (7Y _ nl
Cn = (k) = W= R) -2
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INpumep 1.11.  [lokaxere cBoiicTBaTa Ha GHHOMHUTE KOS(DULMEHTH:

K CD:(n%) 6) > Ck=on

k=0
B) ic&k — icﬂﬂ—l — 2n—.1, r,) + n — n+1
" " ' k kE+1 kE+1)

k=0 k=0
Hoxazamencmeo, a) Ot popmyna (1.2) nmame

3

n\ n! n _ n! _ nl
k) K (n—-k)0 \n—-k) (n-k)ln—mn-kK] (n—k&k
(") _ no\.
k - n - k '
6) BvB popmy.ia (1.1) nonarame ¢ = b = 1:
oo
Q+1)"=2"=Co+Cht - +CP 4+ CR =) Ch=12m
k=0
B) O3HauaBame
—w 2kl;‘ ”l n n s e Y :w 2k;+l: n n n “ v
a=ycr = (D) (3)+ () v nm =y czn = (7)+(3)+(3)+
k=0 k=0
OueBupno A = Bu A+ B = 2™. Torasa
2A=2B=2"= A=B=2""1
r) Ot dpopmyna (1.2) umame:

n! n! . (n+1)
Hin k) Tk Din k1! (k+Din— k)

[Ipeo6pa3yBaMe JigBaTa CTPaHA HA PABEHCTBOTO

n! n!
M=k TG+ Dim—k—1)
n! n!
T HmRm k=D T &+ DR k- 1)
n! 1 1 nl(k+1+n—k)

T Em—k-1) Gets ¥ )= Hn—k—1i(n—k)(k+1)
_ nl(n+1) _ (n+1)! _ (n-*—l)

HE+Dn—k—Dn—k  Grlm-R \k+1)

PaBeHCTBOTO € oKa3aHo.
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Hpumep 1.12.  [loxaxere, ye, akon € N,n > 1unz >0, 1o 14+ 2)" > 1+ nz.
Joxazamencmao. Tlo ¢popmy.ta (1.1) 3a sisBaTa CTpana Ha HEPABEHCTBOTO MO-
JlyyaBame

-1 ~1)(n—-2
(I+z)"=1+nz+ n(nZ' )xz-l— n(n 3)'(71 )z3+'--+z”.
-1 -1)(n-2
OorneN,n> 1H$>Ocnemaan(n2' )I2+n(n 3)|(n )$3+---+:r”>0
-1 —-1)(n—2 ,
:>1+n:1:<1+na:+n(n2' )$2+n(n 3)'(11 )I3+"'+.’Iin:(1+l‘)n.

Y
3
, dKO cyMaTa OT KOGCI)I'IILVIBHTHTC, CTOSIN Ha

n
) . Hamepere oH3n uJieH B

Hpumep 1.13. [anen e 6uHoMbT (mi‘/—g -

pa3sBUTHETO My, KOHTO CbAbpXKa 3

HeueTHH MecTta e 2048,
Pewerue. * Ot

<’11> + (’;) + (’;) =201 = 2048 <= 2V = 21 = n =12

* MopMy.JiaTa 3a Koit ia e uneH Ha GuHoMa (k-us)e: T = (k " 1) g (k= k=1,

Karo u3nos3BaMe Ta3u popMyJsia npH 1 = 12, noJsiyyaBame:

O O LG e B [ e B

6(13—k) 3(k-1) 13 -k k—1
Ilo ycnoBue x5z~ 7 =m3<:$>6( 3 )—3(7 )=3::>k:8.
Topcenudar 4ieH e
12\ z3y” 3 7
Ty = —— =792 .
= ()5 =

Hpumep 1.14. B passoxenneTo Ha GuHoMa (z + )™ BTOPHST WIEH € paBeH Ha
240, Tperusr - Ha 720, a ueTsbpTHsiT - HA 1080. Hamepere z, y u n.

Pewenue. Or T), = (k " 1) g™ kLA umane:

ng™ly = 240 ng™ly = 240

nn—1) __ nz™ "y 240

CEEE Lo Y =720 = | n(n—1)zn 22 1440

n(n—1)(n-2) 2738 = 1080 n(n — 1)z~ 2y? _ 7202
3.2.1 n{n —1){(n —2)z"3y3  1080.2.3
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nz" 1y = 240

ac_n—f n=9
= g— 6 = |(z=2 .

2:3(71—2) y=3

Y 4

146
IIpumep 1.15. B passuTHETO Ha OHHOMa (2x2 + —) [a C€ HaMEepH YIEHBT, KOHTO
HE CbAbDXKaA . z

Pewerue. Ot Ty, = (k 6 1) (22%)7F(271)* ! umame:
g?T=Rg=k=1) = 40 s (7T — k)~ (k—1)= 0=k =5.

TopcennsT wien e Ts = (Z) 22 = 60,

1 n
Npumep 1.16. TapeH e GunomsbT (\/ 27 4 \/F) . Hamepere nu z, axo cymata

OT KOe(bHLMEHTHTE Ha NOCJICAHUTE TPY YJIeHa € paBHa Ha 22 W CyMaTa Ha TPETHI U
NETHsI YJIEH B Pa3BUTHETO Ha GMHOMa e paBHa Ha 135.

n n
Pewenue. Ot cBoiicTBaTa Ha GHHOMHHTE KOS(OULIMEHTH ( k) = < k) uMame:
n —_—

n n n\ [n n <n>
(22) (20 ()= () () + ()
IIpnnarame dopmyna (1.2):

-1
1+7‘L+n(n )

=22<=n’+n—-42=0.
Kopeunute Ha ypaBHennero cang = —7ung =6, Hon € N=n =6.
Ot popmynute 3a k-usi uneH Ha OGnHOMa UMaMe

Ty = (2) (\/27)4(\/;__1)2 = 15.2%+!

Ts = CD (\/27)2(\/21__1)4 =15.2277,

Torasa 15.27! 4 15.227% = 135 <= 2.2% —9.27 + 4 = (. [osarame 2° = ¢ > 0.
KsappaTHoTo ypasHenue 2t2 — 9t + 4 = 0 uma koperu t, =4 > 0uty = % > 0.
Torapaor2® =4 =22=c=2,a012% = % =2 1l—=z=-1.
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3AIAYH

1. I[OKa)KeTe TbhXOecCTBaTa:
a) 1+3+5+'-~+(2n—1) :nz;
1 1 1

n
© 13t3s et +(2n—1)(2n+1£ 2n+1
sin
B) —+cosa+('052a+ +cosna=_#a;
2sin§
1 1 +i+ + 1 o
N i3t23" 31 NCES AT
_ D" " 'n(n+1)
2 __ 92 2-42 _171,12:(—.
) 12-22+3 +o (=) 5
2. JlokaxeTe paBEHCTBATA:
a) sina +sin3a +sin 5o + - +sm(2n— e sm na,
1 g 1 1 sin a
6) tgx+ <tg- +-- +—g ——cotg——Zcothm,
2 2 271 n on
) 1 [g(n+l)9,—tga:
B oszcos2z | cos2z cos 3z cosnz cos(n + 1)z sin

3. Toxaxere, ue k! > 2*-1 k>2 keN.

4. Noxaxere, ue 2"t > 2n + 1,n € N.

5. Jla ce moxaxe, ye 11772 + 122"*! ce penmna 133, n € N.

6. [la ce noxaxe, 4e 72" _ 62" ce pesm Ha 13, n € N.

7. Ia ce nokaxe, 4e 3a npousBosuu n ki k, Takupa ue 0 < k < m, e B cuna:
a) Ck Ck+1 C:-ti

‘Ti - n—1,
o2) a[2) en() znm
5) +(n+1>+ n+2)+___+<n+m>:<m+n+1>;
n n n n+1
r) +3<”)+32(n)+---+3"<">=4";
1 2 n

YnbrBane: nosoxere BbB hopmyna (1.1)a =1,b=3.

6)

3 33 — 3

=]

2 4 %)5 ¢ paBen Ha 100. namepeTe .

1 .
Oorr. 1 = —, = ¢
T, I3 0 T2 10

9. COopbT OT KOCHUHEHTHTE Ha BTOPHS M TPETHA UJIeH B DAa3BHTHETO Ha OuHOMA
n

8. TpeTHsT uJieH B pasBiTHETO HA OHHOMA (T

4
(ai + aT\/&ﬁ) € paBeH Ha 78. HaMmepeTte uJieHa, KONTO He CbAbPXaA Q.
Otr. n =12, Ts = 792

2\3 2
10. TpeTHAT 4JieH B pa3BUTHETO Ha OMHOMA [(3) 'y (—

3
3 3
Pa3BUTHETO Ha GMHOMA [Z + (5

z
Z.s
2
) ] € DAaBEH Ha OECETHA YJIEH B

z=1_10
) ° ] . Hamepere z.
Otr. z = -3/2



T'JIABA 2
YHCJIOBH PEJIAITA. TPAHHAIA HA PEJTHIIA

L. YMCJIOBH PEJTHIH. CXOTAMOCT

Heka A e MHOXKECTBO, YHHTO ejleMeHTH (a1, g, . . . , Gn) Ca peasHu uncia (A C R).
AKO Ha BCEKH eJIEMEHT Ha MHOXECTBOTO OT ecTecTBenure uncima N : 1,2,... ,n, ...
CBIIOCTABHM CBOMGENHO eJIEMEHTUTE HA MHOXKETBOTO A, nosydaBaMe GeskpaiiHa
4HCcJI0Ba peanua (Taka e ycraHoBeno n3oGpaxenue f ; N — A).

Hedununun 1 Cumson om suda
@1,02,03, ... ,0n,. . 2.1
ks0emo an, € R, ce Hapuua Ge3xpaiina wucnosa peduya .

Taxa necduHHpaHaTa peauua omnpefens (pyHKUust OT Bupa an, = f(n). e
HapHuame an, 06y uaex na peautata (2.1). Akoan, = 2n, 104 =2,4,6,...,2n,...
Moxxe emHO u CBINO YHCIIO a; na € oOpa3 Ha MOBEYE OT €/IHO €CTECTBEHO UMCJIO
(f He e HHEKLMST).

Hedunummsna 2 3a dadena mouxa xo unmepsansm (To — €,y + €), kademo € > 0
~ NPOU3BOJIHO YUCTL0, CE HAPUHA E-OKOJIHOCHL HA MOYKANA Tg.

Hedpununmn 3 Toukama Ty ce Hapuua mouka Ha ceocmagdane Ha peouyama (2.1),
aKo 8CKA HElHA OKOJIHOCM CBOBPIA NOHe eOur uer Ha (2.1), a cnedosamento u
6e36poii unenoae na (2.1).

Ipumep. Touxara z = 0 e TouKa Ha crbcTsBaHe Hapemmara 1, 2, 1.0 L
e

pemmmara 1,0,1,0,... UMa ABe TOUKM Ha CI'bCTSIBaHe; peaunaTa 2,4, 4 2m, ...
HSIMa TOUKH Ha CT'bCTSBAHE.

Hecduuuunua 4 Peduyama (2.1) e oepanuuena omeope (omdscro), ako IM € R —
an < M, Vn € N u oepanuuena omoony (omnsso), ako Im € R — m < ay,
Vn € N, .

Hedmunmmn S Peouyama (2.1) ce napuua oepanuuena, axo 3K > 0 maka, ue
lan| < K,¥n € N,

Teopema 1 (Fonyano-Baepwypac) Axo peduyama (2.1) e oepanuiena, ms npume-
KABA NOHe eOHA MOUKA HA C2BCINAGAHE.
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Tlecpuuuuus 6 Axo peduyama (2.1) e oepanutuena u npumexasa mouno edna
mouka HA C2BCMSABAHE Gy, Peouyama ce Hapu4a CX00Alya, moukama Qy e Helina
epanuya u benexum lim ap = ag.

n—oo

ue¢nﬂnunﬂ7 Peouyama (2.1) e cxodsmya u ag e Helina epanuya, axo Ve > 0,
JN () maxa, ue npun > N(e) = |an — ao| < €.

Jledunuuunre 6 u 7 ca eKBUBAJICHTHIL.

Teopema 2 (06w kpumepuii na Kowu) Heobxodumo u docmamsuno ycaosue pe-
duyama (2.1) 0a 6s0e cxodsuya e Ye > 0, AN () maxa, ue npun > N () oa 6s0e
U3NBIHEHO |Gntp — an| < €, Vp € N,

Apummemu4Hi onepayuls Cs¢ Cxo0 A peouyiL
Axo lim a, = agu lim b, = bg, TO:
n—oo n—oo
1°. lim (an * bn) = ag + bo;
n—oo
2°. lim (anbn) = agbo;
n—oo
an  a

3°. lim == =2, b, #£0,by #0.
n—oo bn bO

OcHosHL c8oTicmBa HA CX00syume peduylt

Hednunuus 8 Peouyama {an, } ce napuua nodpeduya na peduyama (2.1): {an},
ako HeviHume uieHoGe ca 4aenode Ha (2.1) umny < ng < - < ng < -+, kKsoemo
ng € Zt (MHOMecmBomo na yenume nonoXUMenHU HUCAQ).

IIpumep. Pepunara as, ag, a7, ..., WM a2, 04,06, - - ., WJIH 1, G5, a9, 413, ... €
noapenuua Ha (2.1).

CeoiictBo 1 Bcsika nodpeduya Ha cxodsuya peduya e cxodsuya u UMd Cslyama
epanuya.

Caoiicto 2 Axo lim a, = agu lim b, = by, mo:
n—oQ n—00

a) axo ap < by, mo 3N maxa, ve npun > N = a, < by;

6) axo a, < b, <cpu lim a, = lim ¢, =a, mo lim b, =a.
n—oo n—oo n—oo

Teopema 3 (npunyun 3a komnaxmnocm) Om acsxa oepanuuena peduya moxe da
ce uszbepe noxe edHa cxodsuya nodpeduya.
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Teopema 4 Bcsika cxodsuya peduya uma eOuHCmaena epanuyd.
Teopema 5 Bcsika cxodsuya peduya e oepanuyena.

Cnencrsue 1 Beska neoepanuyena peduya e pa3xodsuya.

II. MOHOTOHHH PEAUIIU. HEIIEPOBO YHCJIO
Hebunnuun 9 Axo 3a peduyama (2.7): {an}, Vn € N e usnsaneno:
a) an < Gni1, pEOUyamMAa ce Hapuua (cmpoeo) pacmaya;
6) an < ant1, peduyama ce Hapu4a (HeHAMANABAUA) MOHOIMORHO PACIIAYA;
8) Gn > Gn41, peOuyama ce Hapuua (cmpoeo) Hamaaaeawya,;
e) Qn > Gny1, peuyama ce Hapu4a (Hepacmaua) MOHOMOHKO HAMAIAGALYA.

Teopema 6 Bcska mornomonno pacmsaya (HAMANABAWA) U 0ZDAHUYEHA OIMeope
(omdosry) peduya {a,} e cxodsuya, npu mosa:

a) lim {a,} = sup{an}, n € N ~ naii-0scna mouxa na cescmssane na pedu-
n—oo
yama (MouHa copHA epanuya);

6) lim {an} = inf{an}, n € N~ nai-ns8a mouxa na czscmasane Ha peduyama
n—oo
(mouna donna epanuya).

Chencrsue 2 Bcsika 02panuuena MoOHOMOHHA PeOURAa e CXo0auyda.

m

Hpumep 2.1. 3a uucnosata pemuna {an} ¢ o0l WieH an = —a€ R*, no-
n n!
kaxere lim — = 0.
n—oo 11!
ant! a a® a

Hokazamencmso. Obpa3zyBaMe any; = = —_ = ——uq
pasy nt (n+1)! n+1 nl n+1
(nosiyueHa € BPb3Ka MEXAY Gn U Gpy1). TloraBa JNN Takosa, ue npu nn > NN

n

€ HM3I'BbJIHEHO

< 1. CnenoBaresHo ani1 < an W {an} € MOHOMOHHO
n
HaManseaud.
Ora € RT = a,, > 0w {a, } e oepanuuena omoony. Cnopen T6 lim a, =
n—oo

[ > 0 (penuuara e cxonsiua it uma rpanuua [). Torasa lim anyq =1
n—oo
W taka npu n — 0o UMaMe:
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wm | = 0, xoero Tpabsalue 1a nOKaXeM.

]_ n
Pasrsiex/aMe peauua ¢ o0l YieH a, = (1 + —) . ITppBHTE UNEHOBE Ha Ta3u
1

1\t 1\2 3\2 64
penuiia ca: a; = (1 + I) =2,a9 = (1 + 5) = (5) =2,25,a3 = 77 U T.H.
Mo>ke na ce IoKaxe, ue pefHuaTa e pacmaua u ozparuyena omeope (OTOSICHO)

u Torasa cnopeni T6 151 e cxodswya.

1\n
Jecpnnuuua 10 Iparnuyama lim (1 + —T—L) = e, ke0emo e = 2,71828... u ce

n—o0
napuua Henepogo uucno.

YucnoTo e € HpanuoHaJIHO U C€ HapHuda HamypaJiHo (eCTeCTBeHO) uucJio, 3aloTo
ce cpela Mnpy ONUCBaHeTO Ha NMPOUECH B €CTECTBEHUTE HaYKH.

1. HATYPAJIEH JIOTAPATHM. EKCIIOHEHIIMAJTHA ®YHKIUA

Jecdpunuuna 11 Jlocapummume na wucnama N > 0, uzuucnenu npu ocrosa uuc-
JI01MO €, Ce Hapu4am Hamypanuu gozapummu u benexum log, N =In N.

Hednuumua 12 Dyuxyusma y = e® ce Hapuua eKCROHEHYUARA PYHKYUA.

ExcrioHeHunaHaTa PYHKIMS NpUTEXKaBa BCUYKH CBOMCTBA Ha JOKa3aTEJHATa
¢dynxuus y = a® npu ocHosa a > 1 (e > 1):

1°. Tlpuz = 0 == y = e® = 1, T.e. rpacdhuxara Ha y = € MUHaBa NPE3 TOUKATA
(0,1) n e pa3nonoxena vang Ozx.

2°. y = e” e cTporo pactsia QyHKIUA.

3°. llpux — +00 = y = €* = +oo, npu  — —00 == y = e* — 0.

ITpumep 2.2. Ha 6a3ara Ha nedununpn 6 u 7 JOKaXeTe, Y€ YHCI0BATA PEAHLA C
1

o011 wieH a, = — uMa rpasuua 0.
7
Pewtenue. xIlpun = 1,2, 3, ... nosyyaBamMe CbOTBETHO YJIEHOBETE HA pEANLATa
11 1

,E, g, e g Ty Bceuukw wnenose ca PasnosioKeHn BOACHO OT 0 u ToraBa BBB
n
BCSKa OKOJIHOCT Ha ToukaTta () ©Ma IOHE €AUH YJIeH Ha peanyara, T.e. 0 e mouka na

1
cescmsagane Ha peduyama. Torasa cniopen fnecdurunus 6 umame lim — = 0.
n—oo 7,

* W3bupame ¢ > 0, N(e) Taka, ye upu n > N(€) WIH OT H3BECTHO MSICTO
(M3BECTEH HOMED) HATATDHK /14 € M3MbJIHEHO HEPaBEeHCTBOTO |- — 0| < € (Bx. med.
n

1 1 1
7). Torapaorn >0 == = <e==>n>—wm N(e) = —.
n € €
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1 .
a) HeKa € = 1006 == N = 1000, t.e. ot 1001-ns uneHn B peauuUaTa HATATHK €
1 1
/ — 0| <e, (o} -0 =—=— < —=c¢;
H3IBJIHEHO |Gy, | | 3al1y ;‘(()) |a1001 | 1001 < 1000 €
6)Heka e = — =—> N = — = 16—, T.e. OT 17-HU UJIEH HATATHK € U3II'bJIHEHO

rOpHOTO HepaBB}PC(;}‘BO; 3 3

1
B)HeKae =30 = N = 30’ T.€. TOPHOTO HEPABEHCTBO € U3N'BJIHEHO OT IbPBHS
HHIEKC HaTaTHK M T.H.

Ilpumep 2.3. [lokaxeTe, ue rpaHHuaTa Ha peuIaTa ¢ OOL WICH an = /1 —

V1 — 1 e Hyna.
Pewenue. Ve > 0, AN (£) Taka, ue npu n > N(e) e uambinero: |\/n—+/n — 1~

Ol<e. Orn>n-1= n>vn—1lu|y/n—vn-1=yn—-vn—-1L

Torasa

n—n+1 1 1
n—vn—1= = < ,
v ' vn+vn-1 n++v/n-1 2vn-1

3aoTo /1 > vn — 1. CrnegosaTesiHO

1

2v/n—1

Torasa N(g) = [1 +

1 1
<E¢>2\/’n—1>gﬁn>l+4—85.

1
4—3] (Haii-ros1aMOoTO LSJ10 LSJI0 YHCJIO, ChABPIKALIO CE B
€
1
(1 + 4—2>). Hanpumep, ako € = 0,01, To N(g) = 2501, T.e. or 2501-us wien
£
HAaTaTBK € U3MBJIHEHO |/n — v/n — 1] < €.

2n—1
IIpumep 2.4. Tloxaxere, e penunara ¢ o611 WIEH a, = ——

n(Q - %) )

lim a, = lim ———2%~ =

HMa rpaHuLa.

Pewienue. Ot

n—oo n—00 n(l 4 l)
n
crensa, ue Ve > 0, 3N (¢) raka , we npun > N(€) e N3MbJIHEHO
2n —1

-3 3
—2‘<e<:>'—’<5<=)———<€
n+1

2l < <=>l
lan 1 € n+1

n+1
3 3 3

<:>—<n+1(:>n>——1=:>N=E—1.
£ €

1
Torasa npu € = 1000 (Hanpumep) == N = 2999, r.e. or 3000-Ks WieH HaTaTHK €

M3IBJIHEHO |a, — 2] < €.



YQucnosu peduyu. I'panuya Ha peduya 23

TIpumep 2.5. WacnenpaiiTe OTHOCHO CXOQUMOCT peauuuTe:

n

N Inn 1
2)an=8,a>0; 6 an=——; B)a":kz_lwrk'

Pewenue. a)Hexkaa > 1. Torasa Ya > 1= Ya=14+ A >0<>a=
(14A)". Ilpunarame HepaBercTBOTO Ha bepuy i (BX. Tpumep 1.12) u nonyuaBame

a:(1+/\)">1+n/\nnu/\<a%.

a—1
Tritxato ¥a—1=|¥a—1] =\ < ——, 0OCTATBHYHO € [1a PEeLINM HEPABEH-
n
a—1

a—1
< g <= n > ——. Cnenoparesno IN(¢) = [ } Taka, 4e 3a

CTBOTO

n > N(e) e wanbJmero | o — 1[ < e. Torasa lima, = 1 mpu ¢ > 1 u peqpuara e
cxofAa cnopen AebuHuIug 7.

Axo a < 1 monarame a = B’ ToraBa b > 11 JA0Ka3aTCJICTBOTO € aHAJIOTHYHO

(\/_——\/_HO\/——1:>11111\/———1)

6)Oran, > 0,Vn > e, Te3an > 3,a, > 0.

i (n+1)"
In(n+1) Inn _In(p+ 1" —lnn™! B
—Qp = — — = =
Gn+1 — Gn nil " n(n+1) n{n+1)

1 n
hl—(l + i) lné
—_n n/_ . n_ <
n(n + 1) nn+1) ~

I\
(u3n0J13BaMe HEPaBHCTBOTO (1 + —) < 3, Bx. IIpumep 1.5).
n

Pepunata € MOHOTOHHO HaMaJIgBalla i orpaHudesa. CJie0BATEIHO € CXOASLIA;
B) Ipyr 3amuc Ha oOwyst UieH Ha peuuaTa €

1 1 1

s gy A,

H OYEBH/IHO C HAPaCTBaHETO Ha 7 WICHOBETE Ha CyMaTa HaMaJsIsiBaT, HO OpOAT UM
pacre.

*Hpn1<k<nmvlaMei= 1 < 1 < 1 . Torasa:
2n n+n n+k n+1
1 1 1 1 1 1 n
an:n—-}-l+n_—i—§+“l+n+n<n+1+n+l+'“+n—|—1:n+1<1
heo b U111 w1
n+1l n+2 n+n’  2n 2n 2n  2n 2’
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HJIH 2 < an <1, T.e. peauuaTa e ocpaHuuend.
* O6pa3yBaMe pa3/IMKaTa Gn4+1 — Gy’

1 1 1 1 1 1
an+1—an_n-|—1—|—1+n-+—1+2+'”+n+1+n+1_n+1_71+2_-ll_n+71
1 L1 1 e + 1 + 1 + 1 1 1 1
T n+2 n+3 n+1l 2n+2 n+1 n+2 2n
1 1 1 1
= + —_— = >0-

n+1l 2n4+2 n+l1 (2n+1)(2n+2)

CHCHOB&TCJ'IHO peaunara € MOHOMOHHO pacmsuia.
CJ'[C}J KaTO peauuaTa € MOHOTOHHO pacCTdlla ¥ OrpaHuveHa, T € CXOoAA1a.

IIpumep 2.6. [anena e peguuata aq,a2,as, ..., dn, ..., UM ap = 2 WH a, — 2,

n—oo
a2 —5a, +6

ar # £2. Hamepere rpaHunaTa Ha pequuaTa ¢ 001 ieH by, = R
2 _

2 _5an+

Pewenue. Tbpenm lim —— z

L —00 a,n — 4

KJIOHM KBM HyJia M TOraBa He MOXEM [a NMPHUJIOXKHUM TEOpeMaTa 3a YacTHO IIpH
rpaHnua Ha peapua. Torasa ot

, HOIpH @y, — 2 3HAMEHATEJIAT Ha ApobTa

Sfc\/25—2

-mn+6=0=a, = an =3, ap =2

2 _ 5 — _ _ -_(an—3)(an—2)_an—3
= a’ —5an + 6 = (an — 3)(an 2):>bn—(an+2)(an_2)—an+2

(cera npn a, — 2 3HaMeHatesAT He KJIOHH kbM 0). Kato npmrsioxum nocneno-
BAaTE/IHO TEOPEMHTE 3a YACTHO, CyMa W pa3/iiKa IpH FPaHHLA Ha peauLa, MOJIy-
yaBame:

N _3 all]l} (an —3) hm2 an — al:r_r_)lz 3 2.3 -1
im b, = lim = S
n=oo ' an—2 Gp + 2 th(an + 2) hm2 an + hm2 272 +2 4

\/ﬁ—\/ﬁ
n—oo

Pewernne. Tlpun — oo (n € N) 3HameHaTenzT Ha [1po0Ta KJIOHH KBM 0O,
a JHC/HMTENAT - KBM (00 — 00), T.e. apobTa TpsOBa ma ce mpeobpasypa (kxaTo
PALHOHA/IH3UPAME THCJIUTE/IT). 3a nesita YMHOXKaBaMe Apo6Ta ChC CIPErHATOTO Ha
YHCJTHTEJIS:

vntl—yn Vn+l+yn_ n+l-—n 1

lim lim —— = — =10,

n—00 n vn+1++/n " nooo n(vn+1+n) oo

ITpumep 2.7. IIpecmerHere rpanunara lim
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3aIOTO peauuaTa ¢ obm e b, = n(v/n+ 1+ /n) e Heorpanuyena, a Torasa

peaunara ¢ o611 uJ1eH = e HyJIeBa.
n

Ipumep 2.8. IlpecMerHere rpaHnuara
lim [1 + 1 + ! + 4 L }
n—oo 1.3 3.5 5.7 (2n—-1)2n+1))°

Pewenue. e naneM npyr Bua Ha OOLMS YJIEH Gy, HA PEOULATA, KATO Pa3/103KHM

——————— B CYMa OT €JICMCHTApPHN O 00H:
(2n —1)(2n+1) d paiL AP

1 A B
= = 1=A2n+1)+B(2n—1
@rn-1(@n+1) 2n-1 2n+1 (2n+1)+ B(2n—1)
1 1
*Honaramen:§:>1:A(1+1):>A:5_
1 1
*l'IonaraNIen:—E = 1=B(-1-1)= B = ~5.
T a 1 _1( 1 B 1 )
T an—1)(@n+1)  2\2n—1 2n+1

w=3(1-3)+3G-3) 3G 3 rale )
1 1
25(1_2n+1)‘

. .1 1 1 1
Hrawa lim o = Jim 5 (1 5775) =30 -0 =3

Ipumep 2.9. Hamepere rpanuuara Ha peKypeHTHaTa pemuua {a,}, aKo an

V2+an-1,a9 =0.

Pewenue. * Heka celyecmaysa rpaHuUaTa a Ha pefuuata {a,} = lim an
n-—0o0

lim ap_y=a,Tre.a=V2+ta<c=a?=24+a<=a’-a-2=0=q; =2,
n—0o00
az = —1 (Bb3MOXKHH IMpaHULH).

* Monomornnocm: e NOKaXeM, 4e {an} € MOHOTOHHO pacTsiia.
mpun=1—-—a; =+2+ag =2
mpun =2 —ay=+2+a; =vV2+v2
mprn =3 —az3=+v2Fa=12+V2+2

— o <a<a< - <ap<apy1 <-

(MOHOTOHHO pacTsa).
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* Oepanuuenocm: me goxaxewm, ue {a, } € orpaHuueHa.
Penunara {an} e orpaHHueHa H BbB BCSIKA OKOJIHOCT

T 4o (2 —€,2 + €) Ha ToukaTa T = 2 MMa MOHEe eOUH YJIEH Ha
Eo peanuara, T.€, £ = 2 € TOYKa Ha CCbCTSABAHE Ha peauuaTa
-~

a1 =1V2+V2 {an}.

Cnopen T6 umame lim a, = 2.
n—oo

[IANIA)

+a=v2

Ilpumep 2.10. Hamepere rpaHuuuTe Ha peOULUTE

D a _vni+n-—yn 6 a _Vn?+3n+1
" n+\/'n,2_ " VnZt —+-n’

1+3+5+- (2n—1)

R s

AN r) an—\/3n2+2n—\/3n2

Pewiernue. a)
1412
vni4+n—/n " n \/n
lim a, = lim = lim ——m ————
n—oo n—00 n+,/n2+1 n—oo R 1 1
n+ny—+—
noon
-1 T 1
1+ =——=
= lim V% 1 (lim — =0)
71— 00 41 1 n—00 N
1+ “+—3
n
3 1
nyl+—+— 1
6) lim a, = lim n_n o —:
n—oo n—00 1
71(»‘/1+—2+1)
n
, , n’ 2
B) lim a, = lim - - =1, 14345+ +2n—1=n*),
n—oo n—oo
1 il
T2 n? + nt ) .
3n? +2n—3n2 — (4" 2n — (3)"
r) lim a, = lim ot an n (2) = lim (2)
n—oo n—00 /3n'2_+ 2_71-1— /3n2+(%) n oon( 3_[_2_1_ 3+i
V nV 27,
1
~ ong, 1 1
= lim 2'n = — (lim — =0).

n—oo 2 1 3 ‘n—oo 27
,\/3+—+ 3+ — V3
n 2"n
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Mpumep 2.11.  Axo lim an =0, an # 0, samepere lim by:
n—00 ’ n—00

1 -1 ) 1 n— 1 2
a) bn:____—ka_n__’ 6) bn—\/+a \/ +a‘"‘

Gn B vi+a, -1

Pewenue.

. . 1+ an — 1
a) lim b, = lim
n—oo T n—oo g ( /A +an)?+vITan+ 1)
. 1
= lim
n—oo \/(1+an)?+ 1+ an+1
— 1 1

© 1+ lim an)?+ /14 lim an+1 3’
n—oo mn—00

1 —1-a2)(v1 1
6) lim b, = lim (1+an an)(V1+an £ 1)
ne ™ T 0l (1 + am — 1) (VT an + Vit a2)
- lm an(l —an)(v/1+an+1
n—oo g, (/14 an + /1 + a)
(1 - lim ap)(,/1+ lim a, +1)
— n oo ks (o0} — 1.
1+ lim ap + \/l—l- (lim a,)?
n—oo n—00

k
n
IIpumep 2.12. Hamepere rpanunara Ha pequuaTa G, = —,a> 1, ke N.
a
Pewenue. Hexka a = 14+ o, o > 0, n > k + 1. Torasa or pa3BuTHeTO Ha
HroToHoBMSA GUHOM MMaMe:

n(n—1)---(

(1+a)n=1+nah’_.+ n_k)ak+1+___mn > n(n_l)"'(n—k)akﬁ-l'

(k+1)! (k+1)!

nk (k + 1)!ak+1nk

Tra)r “am-1) @k

Cneposarenno lim a, = 0.
n—00

— 0.

Torasa a,, =

IIpumep 1.13. Hamepere rpaHuuaTta Ha pefuuaTa

2 2 2

n n n
+ot

m=ar1t ey T n2+n
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n? n?
Pewenue. 3 <anp < — Torasa
ne+n ne+1
2 2
. n . N
lim 3 = lim ———- = 1= lim a, =1.
n—oo e +n n—00 7 1 n—oo

Ilpumep 2.14. [oxaxete Teopemure 1o
1. Hexa {z,} u {yn} ca nBe peauuu or uucsia, kKato lim yn = 0O M Ynt1 > Yn.
n—0o0

. X — X . X
Axko lim =t —°m =[,to lim == =1.
n—00 Ypnt+1 — Yn n—00 UYn
II. Heka lim z, = lim y, = 0n {y,} € MOHOTOHHA penuUa, KaTO Ynt1 7 Yn,
mn—00 n—oo

T

yn 7 0Vn € N. Axo lim —zn—ﬂl:l,'ro lim Zn =1.

n—=00 Yntl — Yn n—00 Yp

Joxazamencmso. 1. veka € > 0. CopiuecrsyBa k € N Taxosa, ue npu n > k
T 1—Z i — T
AR | [P R R L iy
Yn+1 —Yn Yn+1 — Yn

- (l - E)(yn+1 - yn) < ZTpy1 — Tn < (l + 5)(yn+l - yn)-

Tyk cMe B3e/ I IPEBHA, Y€ Ynt1 > Yn, T-€. Ynit1—Yn > 0. IIpusarame nocrensoro
HepaBeHctBo3an =k, k+1,... ,n—1:

(=) yrrr — k) < zpgr — T < (0 + ) (Yrt1 — V&)
(I —€)(Wrr2 — Yk+1) < Trg2 — o1 < (L +€)(Yry2 — Yk1) n

TyK zj 1 Yy, ca (PUKCHPAHH U HE 3aBHCST OT 1.

T
3a ]a HAMEpMM TPaHMIATA —, NPABHM CJICHUTE NPe06pa30OBaHu:
Yn

In ¥xn_1:k+frk _mn—mk+$k

Yn Yn Yn Yn

_In Tk Yn Yk Tk _ Tn =Tk Ue(Bn —Tk) | Tk
Yn—Yk  Yn Un  Yn—Yk (Yn—Uk)Un Un
Torasa
w_n_l|< Tn =Tk _ i lye| wn_—wk| 3]
Yn Ty — e Wl yn—yk ! |ynl
1
<e+ —(Jyel(l + €) + |zk])-

[Ynl
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Ty |yn| — 00, a wuc/I0TO (lyel(l + €) + |zx|) He 3aBucu oT n u 3a nocTaTbyHo
roJieMH CTOMHOCTH Ha 11 UMaMe:

—ll<262> lim 3U—"zl.

n—o0 y’n.

0. [Jla npeanosioxum (Ge3 [a orpaHMYaBaMe BEPHOCITA HA TBBPACHHETO), ue
{yn} € pacrsimia peauua. Torasa yny1 > yn. Hexa 3a e > 0, IN(e) Taxosa, ue 3a

n > N(e) umame
‘xn+1 -

Yn41l — Yn
Hexa k > N(e) nn > k. KakTo B 0Ka3aTeJICTBOTO Ha TeopeMa | umame:

l)<—

- -;—)(ylc+1 = ¥k) <Tkt1 — Tk < (I + 5)(Ykt1 — Yk)

Tn — Tk
Yn — Yk

<
3

n — Tk Tk
= —. HpH TpaHIYeH npexoa 1o n B

Hoz, — Ouy, — 0, ToraBa lim ]
— Yk Yk

n
[10CJIEHOTO HEPaBEHCTBO MOJIyUaBaMe:
Tk z
' < = <E:>hm—n:l.
n—00 Yp

Mpumep 2.15. Hexka {an } e cxopsuia peauna c rpasuna a. [lokaxere, ye peauuara

ayt+ax+---+an .
ecxomama u lim b, = a.

n—00

Pewerue. CbrijiacHo Teopema 2 Tps0Ba na gokaxem, ue |b, —al < ezan >
No(E). .
Heka |an, — a| < 2 Vn > N(e). Wsbupame k € N, k > N(e) unekan > k.

Torasa

{bn} c obu1 unen b, =

art+ax+--+ag art+azx+--+ap—na
by, — a| = —a'=’
n n
<Ial—a|+|a2—a|+---+|an—a[
- n
_ = —k+1
<|a1 al+ -+ |ak—1 a|+n +1
n 2n
24
Cymara A = |a1 —a| + -+ + |ag—1 — a| He 3aBuCcK oT €. Ilpu n > — HMaMe
€

A ¢ 2A
— < —. Ako o3HauuM Ny = max (——, k), To Vn > Ny € u3nbHeHo
n €

bn — [<E+E—
|bn — a 5t 5 =€
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Sabenexxa. EnHa pequua ce Hapuda cxo0saua 8 cmMucesl Ha 9e3apo, axo peuu-

apt+az+---+an
uarta b, = e cxongwa. Ot npumep 2.15 ce BuXKAa, 4e, ako T
n
€ cxopnsia B OOMYalHMsI CMUCBJL, e ObAe CXOAsdIIa H B CMUCHJ Ha Ye3apo u uMa

chllaTa rpaHuna.

1+V24--+ ¥n

n

IIpumep 2.16. Hamepere rpanuuaTa Ha peUIaTa G, =
Peutenue. OBmuS USIeH HA peIMIATa MOXKEM [1a 3alUIIeM TaKa:
_ bi+b2+ -+ by

Qn s by, = ¥n.
n

Torasa e JOCTATBYHO [Ja HAMEPUM IPaHHLATA HA PeauIaTa ¢ oouy wied b, = {¥/n
H ChIJIaCHO ¢ mpuMep 2.15 rpanunara Ha penmuara {a,} e GbOe chluaTa, T.e.

lim a, = lim b,.
n—oo n—oo

Toii kato ¥/n > lopun > 1,70 Yn=1+7\ A1 >0

n{n — 1)

:>n=(1+/\)":1+n)\+—2—/\2+~~~+)\".
Ilpu A > 0 moxeM aa npuemem, 4e n > n(lfl—)/\?, 1> Z1—%—1/\2, A <
2
n—1
Ipun—-1 > Eunusan > 2 uMaMe < é — N < é = 0< A< i,
2 n—1 n n vn

2
HO A\ — %—1:#0< {t/7_'l:—1<7.
n

2
Toii kaTo lim — =0, ciensa, ve lim {/n =1, re.
n n—00

n—00

lim b, =1 = lim a, =1.

n—oo n—00

3ATAYH

I. Hamepere rpaHHuaTa a Ha peauuara {an } u onpenesiere Homep N (g) TaksB, ue |an—a| < €
Yn > N(eg):

1
1. an =0,33...3, e =0,001 Omm.a=>,N=3
N—— 3
2
2. anznT—'_l,E=0,005 Omr.a=1,N=10

3. anzlsinn—;r,EZO,OOI Otr. a =0, N =999
n



4.

Yucnoau peduyu. [ panuya Ha peduya

5n% +1

=——-—,¢=0,00
an 7”2*3’8 105

11. HamepeTe paHUUaTa Ha pefuuata {an }:

1.

10.

11.
II1. HamepeTe rpaHnuaTa Ha peKypeHTHaTa peanua {an }, aKo:

1.

lim

n— 00

[L+L+_1_+...+_1_]
12 23" 34 n(n+1)

li ! cos nr
im )

n—oo T

1‘ (_2)’” + 317

oo (=271  3n
1

lim {/—
n—oo n!

lin;o(1+q+q2+---+q”), lgl <1
limg—
n——*oon!

lim vnt+3n+1
jm Y TeR T
n—o /n24+14n
3
lim n2(vn+1++v/n—-1-2yn)
n—o0

. Vn%sin(n?)

lim —————=
n—00 n—1

11 a1
Jim (555t D)

li (-1—+—1—+ +—1—)
neco\n+1  n+2 2n

9 1
an =0Qn-1 —Qp_1, 1 = =
2
1 n
an+l=—zai701=1
n <
i=1
n a
an4+1 — —— a] = —
T L 2
An4+1 = V2aq, a1:\/§
a2 +1
a"+1:T’a1:a
a 1+ 1 a 1
1: 1:
n+ 1+an,
an+an—1

Ont1 = 2 ya1=a,a2=>

5
O . = = =
T, @ 7,N 3

Orr. 0

Orr.

Oorr. 0

Orr.

Orr. 0

1
Orr. =
. 3

1
Ootr. —~
T 1

Otr. 0

1
OTr. —
T 6

Orr. In 2

Orr. 0

Orr. |

Otr. 0

OTr. 2

1 <
O b lal<1
oo, |af>1

Orr. V2
a+2b

OTr.
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IV. HamepeTe rpaHnuaTa Ha peauuara {an }:
a 3 . n

2. b= ln 7 an >0, lim ap=a
S — n—oo
a az An

L |
V. lokaxere, Y& peqiliTe Gn = y, — —

c=1 k=1
obwa rpadnma: lim a, = lim b, =
n— o0 n—o0

L ! + -+—1——1112
VI. Hamepete lim n+llc n'likJrl I 2n ,keN
nl Thazt oty 2

C (C =0,577... - koucranTta Ha Oiiniep).

orr. 1

OTr. a

n
% In(n+1)nby, = ) % —Inn ca cxopsimm u umMar

Orr. 4k — 3



TJIABA 3
@®OYHKIUA. OCHOBHHU ITOHATHA. OBPATHA ®YHKIUA

L. K30BPAKEHHUE MEKTY IBE MHO2KECTBA (DY HKI[HA)

JlapeHu ca [Be IPOU3BOJIHH MHOXECTBA D u V, 4uuTo esieMeHTH ca OT pa3JIMuHO
eCTECTBO.

Hecpunmmms 1 Axo na Vz € D no nsaxaxeo npasuno f (csomeemcmsue) napeuen
cBomaemer mouHo eQun esemenmy € V, kazeame, ue cme yCmanoguu u3obpasxe-
nue f 2 D — V unu e dadena pynkyus y = f(z) ¢ decpuruyuonna obnacm D u
obnacm om cmonocmu V.

EneMeHThT T ce Hapuya He3asucumMa npomeniusa Ha MyHKUuHsITa (OpHTHHAJ,
nppB000pas), a y - @dynxyus (06pa3 Ha x mpu f). ChOTBETCTBUHETO f MOXE Ha €
peiicTBue: CTEeNeHyBaHe, KOPEHYBaHe, JIOrapUTMyBaHe Y T.H.

a) I'pagpuxa na usobpaxenuemo f: T'y = <M){(9:,y) € DxV, y= f(z)},

T,y

T.€. MHOXKECTBO OT HapedeHu 0oty (MHOXECTBO OT TOUKH) mToraBa 'y C D x V
(nexapToBO NPOH3BE/IEHHE Ha JBE MHOXKECTBA).

6) Komnosuyus na usobpaxenus (NMpOU3BEAEHHE, CbCTaBHA (DPYHKWMS). AKO
f:X—-Y, g:Y > Z 10fog:X — Z MHWzobpaxennero f o g ce HapHua

Komno3uyus Ha n3obpaxeHuara f u g, 7.e. z € X EN veVY L ze Zum
z = g[f(z)] - cecmasra pynxyus.
B) Budoae (knacose) uzobpaxerus:

1°. Hdenmumem-1 : X — X wmz = I(x), T.e. ThXOecTBeHo npeobpasyBaHue,
u3obpaxenne Ha X B cebe cu.

2°. Cropexyus - U300paxeHue, Ipu KOETO GCekl eJIEMEHT Ha V' e 00pa3 Ha noHe
e/IuH eJleMeHT Ha D.

3°. Hrneryus - usobpaxeHne, Npu KOETO @ceku eJIEMEHT Ha V e 06pa3 Ha e nogeue
OT eaMH esieMeHT Ha D.

4°. Buekyus - u3o0paxeHue, IPH KOETO 6ceky eJIeMeHT Ha V' e o0pas Ha mouHo
eoun esleMeHT Ha D.

II. OBPATHO H30PAKEHME (OBPATHA ®YHKIIM)

PasryiexxpaMe efHO3HauHO oOparumo uzoOpaxenne (Guexumst) f : D — V wm
y = f(z). BoBexpame Hoao u3obpaxenne f~! ¢ necusuumonna o6aact D~ =V
1 oftacr or croitroct V1 = D,
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Hedpunnunsn 2 Hzobpaxenuemo f~ ce napuua o6pamno uzobpaxcenue (obpamna
pyrxyus) va f, axo 3a ceomeemen enemenm Ha € € D™ e3emem onsu enemenm
n € V7L, xoiimo e 6un opueunan na & npu usobpascenuemo f. Hnu f : D — V,
f1eD =V > V=l=D me f~l(y) =z Tocasa

@) ==z,v¥zeD, flf 'w)=vy VyeV 3.1)

Teopema 1 Axoy = f(z) e uucnosa pynkyus na uucnog apeymenm (f : D-— V,
D C R,V C R) ¢ epagpuxa L'y, koamo uma obpamna @pynkyus f~1, mo neinama
epagpuka T'p—1 u T'y ca opmozonanno cumempuunu cnpamo ses10n0108su4ama
l 1 y = x na nspsu mpemu kgadparm.

III. OBPATHH KPBI'OBH (TPHI'OHOMETPHYHH) H30BPAXKEHHNA

1°. Pasrsex/jaMe TPUroHOMeTpH4YHaTa (PYHKUHUA Y = Sih T, unsATo rpacpuka ['s e
H3BECTHATa CHHYCOHNa, T.€.

sing D: ze€(—o0,+00)
v= MV oyel-1,1)

DyHKImATa Yy = sinz e cropexyus (D ce uzobpassasa sspxy V, Hewlo noseue,
BCEKH esieMeHT Ha V e obpa3 Ha 6e36poit esiemenTr ot D).

AKO HCKaMe dUpe3 CBOTBETCTBMETO Yy = sSinz Aa AedHHHpaAME €QHO3HAUHO
obparuMo cboTBeTCTBHE (OMEKUHMA), MOCTATHYHO € a peAyurpaMe WHTepBaJia

m m _ ™ -
(—o00,+00) B [-—,+=], Te,ak0y € VU T € [——, TO T € eIMHCTBEHUSAT

7

OPHFI’]Haﬂ, a BCH"I%H Op%lFHHanH ce HOJIy‘-IaBaT TaKa:
T+ 2k L k€Z:0,41,42, ...
-+ (2k+)m

T T
Taka monyuaBaMe Ho8o uzobpaxcenue va D —5 <z<-sBpBV:-1<y<1L

ToBa GuexTHBHO H306pakenue mpurexaba obpaTHO n3obpaxenue (oOpatHa hyH-
KIusA), KOETO CE HApHua apKycCuryC W CbOTBETCTBHETO NDU Ta3H (PYHKLMS O3-
HadaBaMe:

. Dl=V: ¢e[-1,1]
7 = arcsin : V1i=D: ne [_E E]

2’2
Tpumepu: n = arcsin€ e neuerna dynxuust mpu € € [—1,1], T.e. arcsin(—¢) =
—arcsing, rpacukara I'y e cumerpuusa otHocHo O; arcsin(sinz) = z, ¢ €

[—g,g]; sin(arcsiny) = y, y € [~1,1]; arcsin(sin0°®) = 0°, 0° € [—g,g
™

arcsin(sinm) # m, m ¢ [_E’ %] M T.H.
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AHAJIOTMYHO T0JIydaBaMe OCTAaHaJIMTE mpyu OOPATHY TPHIOHOMETPHUYHH (DYHK-

i

1€ e [-1,1]

D:ze|0,n]
1% 1 € [0, 7]

= arccosg¢ :
yel-1y " ¢ {

9°.y =COSZ : {

D 14
14 D
D:ze(~—-,2) D1=V:¢€ (~00,00)
0 y—tgx: 2°2 —n =arctg€ : _ T
Py=tg {V. n 8¢ {Vl Dine (57
D V€€ (—o0,00)
Vv D:ne(0,m)

° gy =cotgx: D:ze(0,m) — 7 = arccotg £ :
4%y =cosr: V :y € (~o0,00) = BS:

IV. XMIIEPBOJIMYHHU U OBPATHH XUINIEPEOJIMYHH ®YHKIIUHU
A. [lepunuyus na xunepbosiuunu goyHyuu

Xunep6omunure QyHKuuy sh T i ch = ce nedpuHUpaT Ype3 eKCIoHeHIaIHATa (DYH-
ks y = e, z € R raka:

e? —e7 7T ef+e "
shz = ——, chz:%—. (3.2)
ToraBa i
th shz eT—e % 4 cth chz eT+e®
chx eT+e 2 shz eT—e %

CpoiicTBaTa Ha XxHnepOoIYHUTE (DYHKUMH CJIEOBAT HEMOCPEACTBEHO OT CBOICTBATa
Ha e”.

@ynkuuute sh z n ch z ce nedpuHupaT Upe3 paBHOpaMeRHa xunepbosia o2 —y? =
1 no cswume npasuna, no xouro PYHKUUHTE SN T U cOST ce aedhHHHpAT upe3
€IMHMYHATA OKphXHOCT 22 + % = 1.

Torasa

1 4
ch?z —sh?z = 1(62:" 424 ¥ g e < =1 063

B. Obpamnu xunepbonuvnu ¢yriciuu
T -

e —e
Homyckame, ue dyukuusta y = shzx = — uMa obpaTHa yHkumus. Pe-

IIaBaMe MOJIyUYEHOTO YpaBHEHNE CIPSIMO T U B KpaiiHuA pe3y/1TaT 3amecTBaMe “pop-
MaJHo” T M y ChOTBEeTHO C y u z. [Tonyuenara dynkuus y = Argsh z e o6parHara
Ha sh z u ce uere “aprymenr sh z”:

T —Z

e 1
Yy=——F—<2y= ez—e—z = (%) 2ye®—1=0=> €% = y/32 + 1,



36 Augpeperyuanto cmamare Ha QYHKYUA HA €OHA U NOBEHE NPOMEH/IUGY

He*>0=e"=y+/y*+1l=z=In(y+ /y2+1).

Torasa y = In(z + V22 + 1) = Argshz, Vz € R. AHaJIOrHYHO IOJTyYaBaMe:

Argchz =In(z + v/ 22 — 1), Vz € [1, +00]

1
Argthz = In Rk |:z:| <1 3.4

1
Argcth z ~ln1/ﬁ— |z} > 1.

IIpumep 3.1. Onpenesere necpununmorraTa 0671acT Ha QYHKIUATA:

1-2
a)y = lg(z + 3); e) y = arccos 1 z.

2

5 —
Oy=v-pz, p#0, x)y= lg<z4m);

1 3 - 2
B)'y:m2—_— 3) y = V3 — z 4 arcsin z.

) 1 ) 37—2 1—12x
Ny = ; ny=
y z2 41 vy= Vm+2 Vi+z

1
n)y—\/ﬁ,

Pewenue. a) JlorapurMuuHaTa OyHKUMS € AeHHEPaHa 3a NOJIOXHUTEJIHU CTOl-
HOCTH Ha aprymenta. Torasa ot z 4+ 3 > 0 onpepesisme DM : z € (—3, +00);

6) Yeren xopen e aechHHHpaH 32 HEOTPHUIATE/IHH CTOHHOCTH Ha NOJKOPEHHATa
BEJIMYHHA, T.€.

i)

>
o> 0 z>0npup <0 DM : z € [0,400), p<0
z<0upup >0 z € (—00,0], p>0

B) 3HaMeHaTe/ AT Ha PyHKIHsITa Tpsa6Ba Na e pa3JItYeH OT HyJ1a
=1’ —-14£0<=z#+1 wm DM:z¢€(—oc0,—1)U(=1,1)U(1,+00);

r) AHaJIOTHYHO Ha B) HMaMe 2 + 1 # 0, KoeTo e u3bJiHeHo VT == DM : ¢ €
(_OO)OO);

1) Ot xa3aHoTO B 0) U B) ciefBa

2’ — 4z >0 <= z(z —4) > 0= DM : 2 € (—00,0) U (4, 00);

e) OyHKIuATa arccos z e obpaTtHa pyHKIUSA Ha y = cos . (DyHKIMOHAJIHOTO
MHOXECTBO Ha § = COSZ € HehHHUIMOHHO MHOXECTBO 3a oOpaTHaTa M yHKIHS.



@yrkyus. Ochogdru nowsmus. O6pamna QyHkyus 37

1—2x

OT_1§cosx§1=>~1§ <l 4<1 -2 <4 <=

3 5 3 95
_53—2x§3<=>—5§z§ E.ToraBaDMzme [—5,5]
x) Ot a) u 6) umame:

5z — x? — 72

5 |, 4,
5z —x o — >0
P 1
5z — z? 2
= >1¢<=2°-bx+4<0= DM :z€[1,4];
S . 3—22
3)Hekay = p(z) +9(z), p(z) = V3 —zn1)(z) = arcsin . Hedunnuu-

onmaTa 06J1aCT Ha Y € ceueHue OT AedMHuLUMOoRHuTE 06.1acTd Ha ¢(z) n (x). OT 6)
3ap(z) mMame 3 — £ > 0 <= © < 3 = DM, : T € (—00,3]. Araslornyno Ha e)
3—2z

('a.rcsin 2 e o0paTHa (pyHKLMA Ha Sin ) 3a ¢ () mostyuaBame: —1 < L<1l&=

5<3-27<5>-8<-2r<24>-1<z<d=> DM, :z€[-1,4]
Torasa DM : z € [-1,3];

r—2 11—z
H)HeKay=sa(w)+¢(w),w(z)=\/z+2w:1/1+$.

3a o(z) (BX. 6) u B)) uMame:

=259 —2)(z+2)>0
z+2 7 &= &L—z;(ff )2 = DM, : z € (—00,—2) U [2,00).
z+2#0 ’

3a (z) cnen aHaSIOTHYHY paschKaeHus nonyvasame DMy, : z € (—1,1].
CeueHHeTo Ha IBETe MHOXXECTBa onpe/esist AeOHHHIIMOHHOTO MHOXecTBO DM :
zel.

JIpumep 3.2. Onpenesiete nepuona Ha craefHaTe PYHKLHH:
a) f(z) = cos® ; 6) f(z)=sin2nz; B) f(z)=tg(z?).

Pewenue. Enna dysxumst f(z), z € R ce napnuaa nepnopnuna, ako 37 > 0 raka,

e f(z +T) = f(z), Vz € R. T ce napuya nepuod Ha QyHKUMATA.

1 2 1
a) ITpeoGpasysame pyukuusra f(z) = jzos_{ =3 + % cos 2z. AKo DYHK-

1
npsTa e nepuoguuna c nepuon I’ —= f(z+ 1) = f(z) < 3 + % cos(2z +2T) =

1 1
7t 5 cos 2z <= cos(2z+27T") = cos 2z, HO cos 2z = cos(2z+27) = 2z+2T =
2z 4 27 = T = 7 (u3n0/13BaMe NEPHOAMYHOCTTA Ha DYHKIHATA COS I);
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6)Or f(z+T) = f(z) = sin[2n(z + T)] = sin 27z, Ho sin 2wz = sin(2nzx +
27y = 2mz + 27T = 27z + 2r = T = 1 (u3n0J13BaMe NMEPHOAMUHOCTTA Ha
dynxuusTa sin x).

B) Cera tg [(z + T)?] = tg (z2), no tg (z?) = tg (2% + ) = 22 + 2Tz + T? =
’+ 71 T?+2Tz+7=0.

ITostyuenoro ypaBHeHue 3a T' 3aBHCH OT Z, CJIEHOBATEJIHO HE MOXE [a Ce OIpe-
agean T = const, KOSITO 1a YOOBJIETBOPSIBA YpaBHEHHMETO 3a BCAKO . (DyHKUMsITA
He e nepuoduHHa.

IIpumep 3.3. Ornpenesnere HHTEPBaIATE HA MOHOTOHHOCT Ha (DYHKIUUTE
a) y=z—2-|z|; 6) y:e_ﬁ; B) y=chz

¥ HAMEDETE Hali-roJisiMaTa MJIM Hali-MaJlkaTa UM CTOHHOCT.

Pewenue. Axo enna yHkuus y = f(z) e HenpekbcHaTa B [afeH MHTEpBaJl
[a,b] u 3a KouTO M nNa ca gBe CTOMHOCTM T, > T; OT HMHTEPBaja € M3IMbJHEHO
f(z2) > f(z2), xa3Bame, ue y = f(z) e monomonno pacmsuya (Henamanssaa).
Ako 3a 3 > z; e msnbiHeHo f(ze) < f(z1), xa3Bame, ue f(z) e monomonHo
HAMANA6AWA (HEPACMAYQ).

20 -2, <0
-2, z > 0.

Hekaz < 0n 1,72 € (—00,0), T2 > 11 <= 12 — 71 > 0. f(21) = 221 — 2,
f(z2) = 229 — 2. Torasa f(z2) — f(z1) =220 =2 — 221 +2=2(22 — 1) > 0
win f(z) ecmpoeo pacmsawa 3a T € (—oo,0).

Hexaz > 0uzy,z9 > 0,22 > 11 < 22 —11 > 0. Oty = —2,Vz € [0, +00)
ciensa, ue f(z2) = f(z1), T.e. pyHKuUMATA HE HAMAJIABA.

aA)y=z—2—|z|=

z € (—00,0) - dyHKIMSITA € cMpoco pacmawa,
CrnenosaTesno npu ¢ z € [0, +00) - PYHKIUATA € HEHAMANABAUA,
farc(z) = -2;

6) Toit KaTo excrnioneHunaTHaTa QGYHKIKMS § = e® € HelIPeK'bCHATa U PacTsILa B
nebUHHLMONHHS CH MHTEpBAJT, MOHOTOHHOCTTA Ha (byHKIMATa ¥ = e¥(%) cpBnaja ¢
MOHOTOHHOCTTA Ha CTENEHHUs MoKa3aTes1 p(z). B ciyuas ¢(z) = —z% e kBapaTHa

2
(ynxuwst, kosTo pacre 3a z € (—o0,0) u Hamanssa 32 = € (0, +00), T.e. y = e~
2
pacme npu ¢ € (—00,0) u vamansea upu z € (0, +o00). DyukuuaTa e~ pocTHra
Half-rosissMa croitHocT, Korato ¢(z) = —z? goctura Hai-rosisma croiiHoct. OT
- — — o0 =1
Puc(T) = p(0) =0 = fi(z) =€’ =1 1 1

B) Hexa 20 > 1z, Torasa f(z0) — f(z;) = 5((3”2 +e7%2) — 5(6Jpl +e ™) =

%(E:CQ—CII-FL—L)I%(ezz—ezl)<1_ 1 )

etz ehn e%1el2

Akoxo > 121 > 0,TO "2 — %1 > (, eTle®2 > 1ul — > 0.

ezleIQ
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Torasa i f(z2) — f(21) > 0 = dynkunsra e pacmsuya.

Ako 1 < T2 < 0, To €2 — €%t > 0, Ho %™ < 1 =

>1lmu

e1et2
— < 0. Torasa f (z9) — f(z1) < 0 = dyHKIMATA € HAMAIGAWA.
1216 2

CrieqoBaTesiHo y = ch Z HaMaJisIBa 3a OTPHLATE/IHH CTOMHOCTH HA T ¥ PacTe 3a
z > 0 =y = chz uma nai-manka cmotinocm f,(z) = f(0) =ch0 = 1.

1—

Mpumep 3.4. M3csespalite OTHOCHO YETHOCT DYHKIUMHATE:

a)y =In(v/1+22 —z); r)y = chuz;

o 6)y=3_f”2 + zsinz; my=shz.
By =e"";

Pewernue. Kazpame, ue eqna QyHKLUS € vermnHa, aKo € AeHHHPaHA B CHMETPHYIHO
MHOXecTBO (T.e.,ak0 a € DM, o u —a € DM) u e uansiHeHo

T'pachuxama Ha 4eTHA (DYHKLMS € cuMempuuHa cnpamo opounamuama oc Oy.
Enna ¢yHKUMS € Hewemna, ako € aechyHUpaHa B CHMETPHYHO MHOXECTBO M €

H3TbJIHEHO
f(=z) = = f(2).

T'pacpuxama Ha HeueTHa QYHKUUS € CUMEMPUUHA CRPAMO HAUAIONO HA KOOD-
ounamnama cucmema O(0,0).

a) /[leduaunponsaTa 061acT Ha (PyHKUMATA Ce ONpPeAesIs OT CUCTEMAaTa HEpaBeH-
cTBa

2 2
V422 —1> 0 1tz >z VY >0.
x>0

1+22 >0+ z € (—00,+00)

IIppBOTO HEpaBEHCTBO € BsipHO M 3a T < 0, 3aw0To Torasa v'1 + 22 > z e oueBnaHo
BSIPHO.

Crnepoparesiio DM : z € (—o00,+00), KOETO € CHMETPHYHO MHOXKECTBO M
MMaMe OCHOBaHHE [1a H3cJieABaMe (PUHKLMSTA 32 Y€THOCT (HEUETHOCT).

f(=2) =In(v/1+ (=2)% = (=2)) = In(V1 + 22 + z) = 11—1¢++——__2

= lnﬁ =In(v/1+22—z)' = —In(/1422 —z) = —f(2).

Cnenoparesino yHKLMATA € HewemHa,
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6) OyHKIMsAT2 € Ae(PUHUpaHa 3a BCAKO T, T.6. MMaMe CHMETPHYHO neuHUIY-
OHHO MHOXECTBO (BX. a)).

2 2 2
f(—z) =370 4 (—x)sin(—z) =37% — (—z)sinz =37% + zsinz = f(z).
TyK H3M0JI3BaxMe, e (PYHKUMATA Sin T € HEveTHa, T.e. sin(—z) = —sinz. Y Taka,
naneHara QyHKUHS € ueinna, ,
2
B) DM : z € (—00,+00). f(—x) = e (-2)* = g=a-= # +f(z). Manenara

QYHKIUSL € HIMO HemHa, HUMO HEYeMmHQ;

eI + e—l'
r) Xunep6osmunnrte dyukuuu ca aecpunvpann V. Ot f(z) = chz = —
cnensa:

e T4e (7T T et T
f(—z) = 5 = 7 = 5 = f(=).

CrenoBaTeJiHO Yy = ch z € uemna QyHKUUS,
I -

n)3a DM sx. r). Or f(z) =shz = %—- cneapa:

et —e (78 T _ o2 e*+e "

e = e 0]

CnenoBaTesiHO Y = sh z e newemna DyHKIWA.
Babenexica. 1Ipon3BeaeHHETO U YaCTHOTO Ha BE HEUCSTHH WJIM ABE YeTHH DYH-

KUHH € uemHa ¢pyHkyus, a TMPOM3BEACHMETO MJIM YACTHOTO Ha UETHAa W HEUETHA
chz

shz
dysxuns e newemna pynkuua. Hanpumep dyukuuute thx = prp ncthz = .
C z

z
ca Hewemnu, Thil KaTo shz e HeueTHa, a ch x e yeTHa pyHKIHA (MpoBepeTe!).

pumep 3.5. Tlokaxere, ue hyukuusTa y = f(z) ynosiersopssa hpyHKUHOHAIT-
HOTO ypaBHEHHE: ‘

D (@) + [@+1) = fla(o+ 1), f(z) = log, =,
6 flm) + fa2) = £ R

o) ) git
Pewenue. a) Or f(z) =log, x = f(z + 1) =log,(z + 1). Torasa

1+2z129

l—2z

log, « +log, (z + 1) = log, z(z + 1) = f(z(z +1));
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T
‘ 1+z 1+
6) Cera f(z1) = lg - $1 nf(zz) =1g ITLE% Torasa
1+ 1z, 1+ 2y (14 z1)(1 + z2)
=1 =
f(:E1)+f(I2) gl—:El +lg1—$2 g(lWatl)(lﬁiL'z)

(1 + CL‘]_IQ)(]_ + M)

1+.’121+.’122+"131372_ 1+ z120

1—21 — 20+ 1122 1 (1_331+$2)
(L+2122) 1+ 2120
1+ 22
1 - =
—1g ltzizg _ ($1+$2)
— T k! 1+ zize/
“*‘ 1+ z122

Hpumep 3.6. Onpenenere pynkumsra f (z), ynoBsieTBOpsiBaLla yCJIOBHETO:
1 g 1

f. -] = —, 0.

fa+7) ="+ go#

Pewenue. onarame  + — = t. Torasa
T

1\2 1 1
(z+—) =t t2+ S = =20+ 5 =t -2
T z? ?
Amame f(t) = t? — 2 = f(z) = 2% — 2.

Ilpumep 3.7. Hamepere obpaTthata (yRKUus Ha JaneHaTa i HeHHaTa AePHHHLK-
oHHa 00.1aCT:

_ l—a:_
T l4z’

a) y 6) y=(zx—1)% B) y=In2x.
Pewenue. a) Ilpeanosiarame, ye CbllecTByBa oOpaTHa (DYHKUHS Ha JafeHaTa.
_PenraBamMe paBeHCTBOTO CIPSIMO I:
l—y
y(l+z)=1-z<=zy+1)=1-y=—1z= Ty

T
(DOPMEU'IHO 3aMECTBaME€ T C Y U Yy C T U IIOJIyUaBaMeE Yy = 1 , KOSJTO € O6paTH€lTﬂ
T

dynkuus Ha nagesata. DM @z # —1,
6) AnaJsiorsuno KakTo B a) uMaMe T — 1 = ¥y = = = Yy + 1 u cnen

3aMeCTBaHe Ha T C i ¥ HA ¥ C T NoJIyyaBame obparHata yHkuus y = J/z + 1,
DM :Vz;

1
B) Ory = In2z umame 2z = e¥ = z = Ecy, wan obpaTHata (DYHKUMS Ha

laneHataey = %e", DM :Vz.
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IIpumep 3.8. Hamepere obpaTHute (PyHKUMK Ha HaACHHTE:

Ay = ; r)y = 2sin 3z;
l—z
z—-1
0)y = z* — 2z; =1+2sin=——;
ly=z z; mny + SmaH—l
10® —107*
B)y:%%:—i—l; e)y = 4arcsin/1 — 2.
Pewtenue. a) DM : z # 1 PeluaBame ypaBHEHHWETO CHPSIMO I:
_ _y-l
L Ty

Cwmensme HopMasHO O3HAUYEHHSTA Ha MPOMEH/IMBMTE M MNOJIydaBaMe oOpaTHaTa
z—1
dyHKUBS Ha AajieHaTa iy = ———;
z
6)y=22-2r <= ytl=(z2-1)2 = zr-1=2/y+1l=a=1+/y + L
CrienoBarenino obparhara pyskmusi ey = 1 + /z + 1;

1
B) OGparHaTa q)yﬂxunﬂey:§1g2I , T € (0,2), Toit kaTo
-z
1
10° — — 2z
10* -1 w_ _Y 1.y
= ——Fl=y= 1= 10" = T == lg ——;
YT e L + V=1t 27—y TT gy
10®

1 1
Dy=2sn3z <z = 3 arcsin % —> obOpaTHaTa (pyHKIHA € y = 3 arcsin %,
|z <2

1
z—1 Cy+1l z—1 1+arcsiny+
By =1+2sin 14:>arcsm = 1(-:>z= -
ot z+ 1 — arcsin
Cx+1
1 + arcsin
=y = T © Thpcenara obpaTtHa PyHKIHS;

.
1 — arcsin

e) y = darcsinV1 — z? <= V1 — z? :sin% === 1—sinz% =

+ cos % =% y = + oS z, z € [0, 27] e Tppcenara obpaThHa YHKIHA.
Ipumep 3.9. @ynxuusaray = f(z) e 3ananena ¢ ypassenuero y2 — 1 + log, (z —

1) = 0. Hamepere nedunuumonHata ofiacT Ha GyHKUMATA U HelfHaTa oOpaTHa
dyHKUHA.
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Pewenue. Jedunninonnata o6siacT Ha GYHKIUATA CE ONpesesist OT CHCTEMATa
-gepaBeHCTBa!

z—1>0 z>1 — z>1

1 —logy(z—1)>0 logy(z — 1) <log, 2 z—-1<2
z>1
s <3 =z € (1,3];

2
O6paTHaTa ¢yHKUNS Ha fqajeHaTaey = 1 + 212" rpit kato

y2—1+10g2(x—1)=0<=>log2(:r~1):1—y2(:)x:1+21—y2'

fIIpl»mep 3.10. Pewere ypaBuenueto arctg (z + 2) — arctg (z + 1) = g

Pewenue. DM na dpyuxumsra arctgu(z) e Vo € R. [Ipete cTpanu Ha ypaBHEHH-
eTO ca bI'H, YAHTO TAHTeHCH Ca PaBHH, T.e.

tg [arctg (z + 2) —arctg (z + 1)] = tg —2

tg [arctg (z + 2)] — tg [arctg (z + 1)]

1+ tg [arctg (z + 2)]tg [arctg (z + 1)]
(x+2)-(z+1)

1+ (z+2)(z+1) z2+3z+3

=1 = —1, T = —2.

=1

=1le=22432+2=0

Ipumep 3.11.  [Ioxaxxere ThxKOecTBaTa:

1—2z2 : T
aytg (arccos ) = — B) arcsinz + arccosz = >
NI V1—z2 |arccosz, O<z<1
6) arctg (3-+2v2) —arctg — = —; arct = ! -
) arctg (3-+ \/—) 8 T r) arctg [ —w+arccosz, —1<z<0.

Peuwienue. a) 3a nseama CTpaHa Ha Tb2XKAECTBOTO HMaMe:

arccosz — D71 -1 <z <1, V7':zel0,n],

m
Ho B [0, 7] tg (arccos z) ne e necdpunmpan Vz, T.e. arccosT # 5= # 0.
3a d0acnama crpasa:

T#0,1-22>0= (1-2)(1+2) >0 -1<z <1
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Taxa ycraHoBuxMe, ue 3afayata ima cmucbs npu —1 < z < 1, z # 0. Torasa

sin(arccosz) /1 — [cos(arccosz)]? V11—

tg (arccosz) =
g (arccosz) cos(arccosz) z z

6) IMonarame arctg (3 + 2v2) = a = tga = 3 + 22 > 0. Tlonarame

V2 ™

2
arctg - = B = wgh= ~5~ > 0. [lamenoto ThxzecTso cTaBa o — g = T

KbIETO « i 3 ca B IbPBH KBA[IPAHT.
Ille noxaxem Hanpumep tg (o —3) = 1? 3a nesra me noxaxem,ve 0 < a—f <

5.
2
*xOT6+4v2>V2|:2>0<=3+2v2> %@tga>tgﬂunone>xea,

u f ca B IbpBH KBaApaHT, TO & > [ => a — § > 0 ((pyHKUMsITA TAHI'SHC € pacTsia

B 'bPBH KBaJIPaHT).
bis

*a—f< 7

Haif-ro1siMo o ¥ Haii-masniko (. ToraBa

o (r} 7r
3al0TO Hal-rOJIsIMaTa CTOHHOCT 5 Ha (a — () ce mosiyyaBa mpu

V2
go—tgf  S+2VZ- 5 6139

l+tgatg§ - 7
+tgatg f 1+g(3+2\/§) 6 +3v2

tg(a—-pF) =

7T
Ortigla-A)=1=a—-0= 7 1 TPXKIECTBOTO € I0KA32HO;

. . m ™
B) [Tonarame arcsinz = @ = sina = z, ~3 <a< 7 ITonarame arccos =

[ =—>cosff=1z,0< P <. [daneHoro ThXKOECTBO CTaBa & + [ = g
e nokaxxeM Hampumep sin(a + f) = 1? Ot ycaoBuaTa 3a o ¥ [ uMame
T T g 3

0—5 <a+pf< §+7r = —5 <a+p <L - B nosyuenus unrepnas

sin(a + B) = 1 camo npu g Torasa

sin(a + ) = sinacos f + sin fcos @ = 2.z + (+1/1 — cos? B) (+V'1 — sin’ @)
=22+ V1-22y1-22=a2? 4|1 -2?| =22 +1-2% =1,

Thii KaTo oT —1 < x < 1 (no ycosue) = 1 —22> 0= |1—$2| =1—22 Taxa
. o
orsinfa+fB)=1=a+8= > KOETO JIOKAa3Ba ThKIECTBOTO;

r) 3a 1a6ama cTpaHa Ha THXKAECTBOTO HMaMe:

1-2220, 240 -1<z<1, z#0.
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_—
3a dAcHama CTPaHa:

arccosz —» D71 —1<z<1, ¢ # 0 (o ycnosue).

Taxa yCTaHOBUXME, Ye 3ajayaTa HMa CMHCBJI IpH —1 <z <1,z #0. Toraga,
KaTO HOJIOXKUM arcCOST = (o <= COS & = Z, 0 £ a < 7, nosiyyaBame:

V1—2a? V1 —cosa | sin o]
A = arctg ——— = arctg —————— = arctg ——— = arctg (tg o).
z cosa cos &
T
Or dopmya (3.1) arctg (tg ) = = camo B (_5’ 5)'
- Dosa<y, [05)¢€(573)
—oro<a<t={ , Y
: 2)—<a<7r, (—,W]%(———,—)
T 2 - 2 2°2
I)cos— =0#a,cos0=1==0 <z < 1. Torasa

2

A = arctg (tg a) = « = arccosz.

2) A = arctg (tg o) = arctg [tg (o — 7)] u we noxkaxem, ue (@ — ) € (—g, g)
OTcos—g =0#a,cosm=—1= —1<2z <0. Torasa

™ ™ m T T
—<aln= ——-<a-7<0, (—%,0 -, =)
g <asT g So—Ts ( 2 )€ ( 5 2)

U taka A = arctg[tg (@ — 7)] = o — 7 = arccosT — 7, C KOETO THXAECTBOTO €

JIOKa3aHo.

Ipumep 3.12. Peinere ypaBuenuero arctg (z + 1) = 3arctg (z — 1).
Pewenue. Ot arctg (z + 1) — arctg (z — 1) = 2arctg (z — 1)

z+1—(z-1)
—ayrctg ——8¥ ———= =2 t -1
arctg 13 @D arctg (z — 1)
2
9 ——(z-1)
+=arctg — —arcig (z—1)=arctg (x—1) <= arctg -L———— =arctg (z—1)
1+P(I—1)
2 —z3 422 3
e _1 _ Z: 3 2;
122 T = 2-z"+z o4z —4dz 42

<=>2z3—4z:04:>21(a:2—2):0=>21=0,w2,3::t\/§.
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xZ
V1+ 22

Pewenue. Ilonarame arctgz = . Torasa z = tg o ¥ KaTO 3aMECTUM B PaBeH-
CTBOTO, MOJTyUaBaMe:

Ipumep 3.13. [okaxere, ue sin(arctg z) =

tga tg o tga g
sina = ! = g = £ = g

V1+tg2a \/1+ sin? o \/cosQa+sin2a \/ 1
cos? o cos? o cos? o

=tgacosa =sina.

T+ V122
7 .

Pewernue. O3nauaBaMe arccosz = . ToraBaz =cosa, 0 < a < 7.
3aMecTBaMe 2 B dafeHaTa QyHKIHA:

z+vV1—z2 ArCCOS cosa++v1—cos? o N cos(
————— = arcc =arc —
V2 V2 V2

™ LT m
— arccos (COS Z COS (++SIn Z s a) —arccos I:COS (Z - )]

T Q] arccosx—%, z € [—1,?]

2
Z_a’IG[T’I] 4~ arecosz, :ZZE[ 1]

Ilpumep 3.14. U3pasete upes arccos  QPYHKLMATA aTrccos

arccos cos a+ sin a)

1
V2
a—= z € [-1,

IIpumep 3.15. H3pasere upes arctg x pynkmusTa arcsin \/1—_2
+z
T s
Pewenue. O3HauaBaMe arctgr = o = ¢ = tga, 3 <a< 5 3amecTBaMe

T = tg o B fameHaTta QYHKLUS:

. tg o . tg o sin «
arcsin ————— = arcsin = arcsin ————— 1

Vi+tgla sin? o + cos? cos -
LV — cos &

= arcsin(sina) = a.

. x
Torasa arcsin —— = arctgx.

Vita

IIpumep 3.16. [loxaxeTe paBeHCTBaTa:

1
a) 2arcsin arccos — = —;
) + 5= 3

v3-1
2v/2
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- z 1 2 m 1
*6) arccosx+arccos(5+§ 3—31):—5,55:551.
: | ~ X
Pewenue. a) Ilonarame 2arcsm—m = @, arccos 2 = (3, Torasa
a V3-1 « T T 1
in— = -_— —_——, - = - 0
sing = 5 €[~ 5g) cosB=5 Belon
H051n§>0 cosf>0= ,ﬁE[ 2]
a V3-1 (vV3-1)? V3

Lo
=scosa=1—2sin? —=1-—

in— = —— —_—_— e — ——
*OT s 5 W5 5 (2v2)? 5
1
= sina = /1 — cos? =\/1—§=§,a’6[0,7r].

1 . 1 V3 T
*OTCOSﬂ—§:>Slnﬁ—‘ 1—1——2—,[?6[0,5].
i 2 arcsi —— 4 os1 + 4
arcsin arcc - = )
2v/2 2
1 1 3 3
sin(a + ) =sinacos + cosasinf = - - *+£ £:1

2 2 2 2

=>sm(a+ﬂ)-1—sm§:>o+ﬂ=

1 T
6) Ilonarame arccosz = a. Ot 2 <z<l=0<a< 3 Torasa z = cosa.

z 1 1 1 V3
Z 4z — 2y =2 — 2 = _ 2 lsina
5 + 5 3(1 —z2?) 5 cosa —l— 3(1 — cos? ) 5 cosa + 5 | sina|

1

3 LT , T
= ECOSO!'F ——Sllla:SIDECOSO{‘FSLDOACOSE

i) < (50 F) o (5
=simi{cox 6 =2C ) (% 6 = COs 3 Q.

s . . .
Tyk usznomspaxme 0 < a < 3 = sina > Ou |sina| = sina. IpepaGorBame
[aOeHOTO PaBeHCTBO:

1
arccosx+arccos(g+§\/3 — 32?) = a+arccos (cos(% —a)) = a+g—a = g
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us .
———2arcsinz, 3a — 1<z <0,

Mpumep3.17.  Jokaxere, e arcsin(2z’-1)=¢ 2

—§—|—2 arcsinz, 3a 0<z<1.

. . s s
Pewenue. Heka arcsinz = . ToraBa sina = z, —3 <a< ) i

arcsin(2z? — 1) = arcsin(2sin? o — 1) = arcsin(sin® @ ~ cos? @)

= arcsin(— cos 2a) = arcsin ( - sin(g - 204))
. . ™
= arcsin (sm(2a — 5))

™
*Heka0) < 2 <1< arcsin0 < arcsinz < arcsinl,te. 0 <a < 7 Torasa
7r<2 T . (_(2 Tr)) 9 s 7r+2 .
—— a— — < —wurorasa arcsin | sin(2aa— =) ) = 20— — = —— arcsin z.
2~ 2 7 2 2 2 2

™
* Hexka —1 < 2 <0 < arcsin(~1) <arcsinz < arcsinf <<= —— < a <0

e ™ ™ s . . i
n-g < —5—2a < 5 Toraga arcsin (5111(204—5)> =arcsin (sm(w—Za—i—E)) =

3
arcsin (sin(—{)I — 2(,\)) =arcsin (s;i11(——72I — 2a)) :——g —2a = ~g — 2arcsin .

IIpumep 3.18. Heka uucrara z,y € [—1,1] ca ¢ pas/MYHN 3HALH WJIH yOOB-
IeTBOPABAT HepaBeHcTBOTO 22 4 y? < 1. Jlokaxere, ye arcsinz + arcsiny =
arcsin(z+/1 — y2 + yv/1 — z2).

Pewterue, O3nauaBame arcsinx = a, arcsiny = (. Torasa sina = z, sinf =
T T T .

v, o, B € [75, 5] Axo -3 <a+pg< o arcsin(z+/1 —y? + yv1 —1z%) =

arcsin(sin @ cos @ + sin B cos &) = arcsin(sin(a + 3)) = a + §. CnenosaresHo

Tps0Ba na nokaxem, ue @ + 3 € [——575_
s
1°. Hekazy 0= 220,y <0Uz <0,y >0. Toraa0 < o < 2

11—%§,850U—%§a§%140§ﬂ< W B nBara ciyuas umame

S

T T
——<a+p8< -
2~ A< 2
2°, Heka zy > 0, mo z2 4+ 92 < 1. Ot necuHHIMNTE HAa o U [J UMaMe
—m < o+ B < . M3cnepsame 3Haka Ha cos(a + fB):

cos(a+ B) = cosacos B —sinasinff = /1 — z24/1 —y% — zy.
Hepasencrsoto 1 —224/1— 92 —zy > 0 & V1 —122/1—9? > zy <

(1—22)1—y?) > 2}y <= 22 +y? < 1.
Creposaresno cos(a + ) > 0 = —g <a+p< g H TOraBa

arcsin(zv/1 — 42 + yV/1 — 22) = a + B = arcsinz + arcsiny.
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fIpumep 3.19. Hokaxere, ye

Y
+em,
1—=z

arctg T + arctg y = arctg

xpperoe =0mpuzy <lie=lmpuzy >1luzr>0e=—-lmpuzy >1luz <0.
Pewienue. O3HauaBaMe arctgs = a W arctgy = [, Torasa tga = 2, tgff = y,

T
a'ﬂe(”’i’ﬁ)(:’—w<a+ﬁ<7r'

z+y tga+tgh
arctg T vl arctg T-gows = arctg (tg (a + 9)).

771°, Heka zy < 1 <= tgatgfB < 1 <= sinasinff < cosacosff <
m T
_cos(a+f) > 0= -5 <a+f <. Torasa

arctg (tg (a + B)) = a + f = arctg z + arctg y.

2°. Hexazy > luz > 0. ToraBatgatg S > lutga > 0 =>tg[ > 0. mame
ginasin 8 > cosacosf < cos(a+ ) <0 <= 0 < a+ f < 7 urorasa

T arctg (tg (a + B)) = a+ f — m = arctg z + arctgy — 7

I
= arctg z + arctg y = arctg Y +

+
1—zy

3° Hexazy > 1luz < 0. Torapatgatgf > lutga < 0 = tgf < 0.
ToraBa 7 < a+ 3 < 2rnarctg (tg (o + B)) = a + f + m = arctgz + arctg y + 7.
CriepoBaTeiHO

z+y
arctg x + arctgy = arctg 1

Ipumep 3.20. [oxaxere paBEeHCTBOTO

n
= arctg ——.
n

+2

1 1 1
'ctg — ctg — + -+ - otg ————
alcg3+alcg7+ -{—ang]‘_!_n_!_'n2

Peiyerue. 3a noxa3BaHe Ha PAaBEHCTBOTO L€ H3NOJI3BAME METOAA HA MbJIHATA
MaTEMaTHYECKa HHAYKLHS.
o 1 1
1°. Ilpun = 1: arctg 3= arctg T KOETO € BSPHO pPaBEHCTBO.
2°. lonyckame, ue 3a . = k paBEHCTBOTO € BSIPHO, T.€.
k

1 1 1
arctg § + arctg ? + -4 arctg m = arctg k‘_«{—Z .
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3°. Ille noxakeM BEPHOCTTA Ha paBeHCTBOTO 3a n = k 4 1, T.€.

1 — arct k+1
T+ G+ D+t 12 " BlrrD+2

“+arctg

1 1 1
arctg 3 +arctg 7 +---tarctg 1 kK2

k

k+2

arctg

1
1+ (k+1)+ (k+1)2

k
IIpunarame pesynrarute ot npumep 3.19. (z = Py Yy =

moueBnaHo r < 1,y < 0 &< zy < 1).
k 1
1 ~ aorg T2 RT3k
1+k+1+(k+1)2 1 k
(k4 2)(k% + 3k + 3)
k3 +3k? +4k+2 (k +1)(k* + 2k + 2)
= arctg = arctg
k3 +5k2+8k+6 (k+ 3)(k? + 2k + 2)
= arctgu = arctg &
k+3 (k+1)+2

PaBeHcTBOTO € BsipHO 32 . = k, k + 1,.... CJIeRoBaTeJHO LIE € U3IIBJIHEHO 32
IPOM3BOJIHO 1sty10 1 > 0.

k
Ictg ——— 'Ct,
alcgk+2+a1cg

IIpumep 3.21. Hokxaxerte paBeHcTBaTa:

a)ch?z —sh?z =1; r)sh(z £ y) = shzchy + chzshy;
6)ch?z +sh?z =ch2z;  n)ch(z+y) =chzchy + shzshy;

2sh zch z = sh 2z; e)1 —th’z = : 1—coth’z = — .
B) zchx T ) h“z hiz x) c T A
Peuseriue. I1pn noxa3aTesICTBOT 11 H3nos13Bame dopmysin (3.2).
a) BXx. (3.3),
6) (ea: + 6—2)2 N (e:c _ 6—1)2 _ 2(621; +e—2w) _ eZ:r + 6—2:1: e 21:;
4 4 ) . 4 2
e?—e T eFHe T efT—eT T
2 . = = h2 M
B) 5 5 5 sh2z;
) eT—e T e¥V4+e YV eF4e T e¥—eY
r‘ “ .
2 2 2 2
ez+y + eT™Y — e—:z:—l—y —e"TY e:c—{-y —eT™Y + e—-:r-i—y —e Ty
B 4 + 4
2(eTtY — e—(z+y)
= ( 1 ) =sh(z + y).

AHasnornYHO ce 0Ka3Ba paBeHCTBOTO 32 sh (z — y);
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e?+eT eVteV ef—eT e¥—eV
W= T T2 T 32
ez+'y + ez—y + e—z+y + e—z—y e:t:+y —eTTY e—ﬂ;+y + e~::—y
B 4 - 4
2(e*7Y 4 e~ (z-v))
= 1 =ch(z —y).
AHAJIOTHYHO Ce JI0Ka3Ba PaBEHCTBOTO 3a ch (z + ¥);
(ez _ 6—2)2 (ez + e~z)2 _ (ez _ e—z)2
e)l— 2 —z\2
(5 +e®) (e +e )
(et e - e )" te P +et—e™F)  2e7".2e7
= (ez + 6_1)2 - (e:v + e—z)2
P 1 — 1 .
B (e$ + e"")Q ~ ch?g’
2
(ea: + e—a:)Z (ea: . ef:v)Z _ (e:c + e—a:)2
x)1— =
(e® — e~)2 (ez — e—7)2
(eF—e®—e®—e F)(e®—e P+ te") —2e7.2e7
- (e® — 6—::;)2 (€% — e—%)2
_ 1 _ 1
N (e"‘ - e“”>2 ~ sh2z’
2
3A0AYH
I. Onpenenere nepuHUUMORHATA 00.1aCT HA (DYHKUHHTE:
1. y=v9—2x2 Orr. z € [-3, 3]
2. y=—V2sinz Orr. z € [2kw, 7 + 2k
3. y = arcsin - Orr. z € [-1, 3]
2
4 = ——— Orr. z € (0,1)
Vz(l—1z)
S. y=v-z+Vi+z Orr. z € [—4,0]
6. y=1In(1 —2cosz) Ormr. z € (% + 2km, %71 + 2km)
7. y = garecos(i-2) Orr. z € [0, 2)
8 y= -z Orr. z € (—1,1]

1+z
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Orr. z # (2k + )

10. y= Orr. z # kn

sinz
IL. TToxaxete, ye yHKusTa f(2) yAoBIeTBOpsIBa (DYHKUMOHAIHOTO yPaBHEHHE:
L flz+2)—-2f(z+ 1)+ f(z) =0, flz)=kz+Db
2. f(@1)f(z2) = f(z1 +x2), flz)=¢€"
I11. Hamepere dyukuus f(z), yIOBJIETBOPABALLA YCIOBHETO:

1++v1+ 22

T
orr. f(z) =2* -5z + 6

orr. f(z) =sinz

1. f(%>=m+ 1422, 2>0 Orr. f(z) =

2. flz+1)=2%—3z+2
3. f(z1+ z2) = sinz; cos z2 + cos z1 sin T2

IV. M3cnenBaiiTe OTHOCHO YETHOCT (DYHKLHHTE!

1. f(z)=z* + 522 Orr. uetHa
T

2. flz) = Zx t 1 Orr, HeueTHa

3. f(z) =sinz+tgz —2° OTr. HeuerHa
1

4. f(z)= ik OTr. HevueTHa
l -

5. f(z) =a*sinz Otr. HeueTHa

6. f(z)= pral OTr. HUTO YETHA, HITO HEYETHA

7. f(z) = z* +sin®z — cosz Otr. uerha

8. f(z) =sinz —cosz

sinx

OTr. HHTO Y€THA, HUTO HEUeTHa

9. f(z)= OTr. yeTHa
V. Onpegenere ncpuo;xa T na dyHKLHUTE:
1. f(z) = cos® 2z Or. T =n/2
2. f(z) =zsinz OTr. HenepHomuyHa
3. f(z) =sina? OrTr. HenepHoAHYHA
4. f(x) = cosz + sin(zv/3) OTr. HenepuoaHYHa
5. f(2) = tg2 2tg§ Orr. T = 6
6. f(z) =5cosTz Orr. T =2xn/7
7. f(z) =cosz —Incosz Orr. T =2m
8. f(z) =e*" Or.T=m
9. f(z) = cos §2£ +sin(3z — 2) Orr. T =4«
10. f(z) = sin(z + 2) + sin % Orr. T'=2n
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V1. Onpe/Ie/IETE HHTEPBAJIHTE HA MOHOTOHHOCT Ha (DyHKUHUTE:

1. f(z)= 211 OrTr. {
2. flz)=2z—-1—+/(z—1)2 OTr. {
3. f(z) = :il_:Qll Orr.

4. f(z)=2-2°

VII. HamepeTte o6paTauTe OYHKLHN HA 1aIEHUTE:
. y=2"-1
2. y=In(z 4+ 1+ 22)

3. y=cthz
VIIL. [HoxaxeTe ThbXAECTBaTa:
1. tg(arcsinz) = x
8 1—2z?

5 arccosT = {al‘csin\/l——m?, 0<z<1
' m—arcsinv1l—z2, —-1<z<0
3. arccos \/? — arccos V1 =T
3 2v3 6
4. arcsin v3-1 =T arccos 1
2v/2 2 2

T
IX. @ynkuusATa arccos Jia ce N3pasu upes arctg T.

14z

/1
X. M3pa3ere yHKLuATA arctg 1 hakd Ype3 arcsin .
-z

XI. 3a xou CTOHHOCTH Ha T € H3II'bJIHEHO PABEHCTBOTO:

1. arcsin+/z + arccos /T = %
- ™
2. arctg 3" — arctg3™°% = 5

3. arcsin e® + arcsin 2e”

oy

z € (—o00,—1), f(z) pacre
z € (—1,400), f(z) pacre
z € (—o0,1), f(z) pacte

z € (1,+00), f(z)He Hamanssa
z € (—00,—2), f(z) pacre

z € (—2,0), f(z) namanssa
z€(0,+00), f(z) pacre

Ortr. f(z) namasnssa Vz

Orr. y = logy(z + 1)

Otr. y =shz
Orr. y = In | %

Orr. % —arctgx

Orr. % + % arcsin x

Oomr.z=1

1
Orr. z = =
Tr. 2 5

Orr. z =1In —l—

V5
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I'PAHHUIA HA ®YHKIHs. CPABHSIBAHE HA
BE3KPAHMHO MAJIKH U BESBKPAHUHO I'OJIEMH ®YHKIINHN

L. TPAHHIIA HA ®YHKHOUA

Pasriyiexxname uuc/10Ba (DyHKIUS HA UHCJIOB apryMenT y = f(z) ¢ nedpnHuurOHHa

obsact D, te. f: D — R, D C Rurtouka o € R - Touka Ha crecTsiBane 3a D

(zo € D uwmn zg ¢ D).

HMedunnuus 1 (no Kowu). Yucnomo A = lim f(z), axo Ve > 0, 36(e) maxa, ue
—XTo

om(Vr € DAO < |z — 20| <6) = |f(z) — 4| <e.

Hecbununmn 2 (no Xaiine). Yucnomo A = lim f(z), axo npu ecexu uzbop na
I—Io
uucnosama peduya {zn } om (Vz € D, z,, # 19, im T, = 29} = lim f(z,) =
Tr—To n—oco
A (csomeemnama na {zn} peduya om pynxyuonannu cmovinocmu na f(x) uma 3a
epanuya A).

Hecurnnre 1 1 2 ca exeusasienmnu,

II. JIABA 1 JSACHA 'PAHHIIA HA ®YHKIHA

JIasa okonmocm Ha TOUKATa Ig, KOSITO € TOUKa Ha CrecrsiBade 3a y = f(z), ce
Hapria To — d, To), a dsacka okosnocm — (g, o + ), kpaero § > 0.

Hedunummn 3 Yucnomo A e nasa epanuya na f(z), me. A= lim o f(z), ako
I—To—

Ve > 0, 36(e) maxa, we om Vx € DAz € (0 — b,20)) = |f(z) — 4] < ¢
u 0ncna epanuya na f(z), A = hm+o f(z), ako Ve > 0, 36(e) maka, ue om
T—To

(Vz € DAz € (zg,20 + 6)) = |f(z) — 4] <e.

Teopema l Ao lim f(z)=A, lim f(z)=BuA=B,mo lim f(z)=A.
z—zo—0 r—xo+0 T—To

Teopema 2 Ako lim f(z),mo lim f(z)=Au lim f(z)=A.
T—Ip Tz—xo—0 z—To+0

Cnencrsue3 Axo lim f(z)=A, lim f(z)=BuA# B,mo A lim f(x).
Tz—zo—0 z—zo+0 T—To
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III. TEOPEMM 3A TPAHHIIA HA ®YHKIINA

Hexa f: D = R, g : D — R, zp e Touka Ha crecTsBane 3a D, D C R. Axo

3 lim f(z)=An3 hm g(a:) BVz € D, ro:
T—To
T1.3 lim [f(z) £ 9(z)] = A+ B; T3.3 lim o) A g,
" T zozo T—T¢ g(I) B’

4.1

2.3 lim [f(z)g(z)] = AB; T4.3 lim {/f(z) = VA, f(z) 20,k >2.

IV. HIKOH OCHOBHH I'PAHHIIN

. . "
1. lim ST _ 1; 2. lim 2T _ 1; 3. lim ST 1;
z—0 T z—0 x z—0 1T
t ct In(1
4. li OH 1; 5.1 Dalcgzzl; . lin})Lﬂ—)zl;
T— T T— T T— T
" - . (4.2)
7. lim =2 _ 1; 8 lim &= = . lim ——= =Ina;
z—0 I z—0 X z—0 x
10 lim =0, 1L lim (1+2) =¢ 12 Im(1+2)7 =e,
z—oo eT T—00 x z—0

V. BE3KPAMHO MAJIKH M BE3KPAWTHO I'OJIEMH ®YHKIIUH.
TJIABHA CTOMHOCT, CPABHSBAHE

Hedonununn 4 f(x) ce napuua besxpaiino manka pyriyus (BMD) 6 okonnocm na
mouka xg, ako lim f(z) =0.
T—xTg

Hedpunnuma 5 f(x) ce napuua Geskpaiino eonama pynkyus (BI'D) 6 oxonrocm
Ha mouka xg, ako lim f(z) =
T—To

Ile o3xavasame BM® ¢ o(z), A(z), v(z),...,a BI® - F(z), G(z), H(z), ...

Teopema 3 Axo a(z) u B(z) ca BM®, 3adadenu @ nsxos oxonnocm U(zg), ¢
usKIovenue Ha moukama To, a y(xr) e oepanuuena, mo a(zx) + f(z), a(z)B(z),
ay(z) ca ceujo BM®.

3abenexxa: ofr) + F(z) = F(z), F(z) + G(z) = H(z).

A. Cpasnssane na BM®

.oz
Heduunuua 6 Axo lim (—) = 0 ce kasea, ue a(z) e BM® om no-cucox ped,
T—To €T

omxonxomo [(z) u benexum ¢ o = o(f) (moeasa a(z) — 0 no-6sp3zo om B(z)).
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Or a = o(f) = a(z) + B(z) =~ B(z) B OKOJHOCT Ha TOUKATA Tg.
2

T
Tpumep: linb - = 0= z° = o(z).
T

Hepununua 7 Axo lim % = C # 0 ce xa3sa, 4e a(z) u f(z) ca BM® om
r—To
edun u cowyu ped (moeasa o = o(f) u f = o(a)).
. a(z)
Hebunnmma 8 Axo lim ——= = 1 # 0 ce xa3zea, 4e a(z) =~ [(z) - exau-
s=zo f(z)
GanenmuuL.

B MaTemaTHUecKHS aHAJIN3 YECTO CE 3aMecTBa efiHa Oe3kpaliHo MaJiKa PyHKIHA
C HeltHa eKBHBaJIEHTHA.

Hedounnuuua 9 Axo zh—l.l_;l(, ;}8

=C #0, k > 0 ce kazea, ue a(z) e BM®D om

x
k-mu ped cnpamo 3, me. lim # =
%0 CPF(a)

) a(r) a(r) . _
Or le];O T ) 1= ChF ) 1+ 6(z), kbaero IIBIT}O 6(z) = 0 (BMD).

Torasa a(z) = CA*(z) + Cé(z)B*(z), xpaero Cé(x)3*(z) e BM®D ot no-pucox

k
pen cnpsmo 3*(z), 3amoro lim % =C.0=0.

Nedbununun 10 Hapassm CB* () ce napyuna enaena wacm (cmovirocm) na BM@
a(z), kamo a(z) = CB*(z) + o(G*(z)).

3abenexka. Ako lim o(z)
=% B(a)

a(z) u 6enexum § = o(a).

= 00, T0 () e BM® 0T 110-BHCOK PEfl OTKOJIKOTO

b. Cpasnsesane na 6I' @

F
Hedunnuus 11 Axo lim GEQ = 0, ce kasaa, 4e G(z) e BI'® om no-cucox ped
I—Z(

omkonkomo F(z) u 6enexum G = O(F) (mozasa G(z) — oo no-6sp3o om F(z)).

F
Hedunnuusn 12 Axo lim (z) = C # 0, ce kasesa, ue F(z) u G(z) ca BI® om
T—To T

eOun u couy ped (moeasa F = O(G) u G = O(F)).

Hedununun 13 Axo :clil'l;o CI;T((E:C)S

=C#0, k>0, ce kazsa, ue F(z) e BI' D om
peo k cnpamo G(z).
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Babenexka. Ako lim = 00, ce Ka3Ba, ue F' = O(@). O3uauennsra “o”

T—To G(Z;)
1 “O” ca U3BECTHH KaTO cumGou ha Jlanoay.
IIpu HaMHUpaHEe Ha rpaHuua Ha PYHKIMS HaH-uecTO Ce MoJlydaBaT HEONpeLe ie-

0 00
pocTH (TP YaCTHO) OT BHAA [6} HJIH {——], KOHTO [1a HAPEUEM OCHOGHIL.
00

[pyru Heonpeneiekn hopMu NPH passliKa, NPOU3BENEHHE i CTENeH Ha hyHK LS
ca ChOTBETHO: [00 — 00], [00.0], [1%°], [00°], [0°]. Tpamuum owe ce npecmsTar c
reopemure Ha Jlomnran (Bx. . 9).

VI. ACUHMIITOTH

Hecbnﬂﬂuﬂﬂ 14 Acumnmoma na xpusa y = f(z) ce hapuua npasama, ksMm Ko-
" Mo HeoZPAHUYEHO Ce NPUBUKABGA MOUKA OM KPUGAMA npyu 0moaJs1euasdanemo i no
kpugama @ beskpaiinocm.

* Ako lim f(z) = Fo0, TO npaBaTa T = a € GepMUKAIHA ACUIMITOTA HA KPHBATA
r—a

y = f(2)
" % AKO B [1CHATa YaCT Ha YpaBHEHHETO Ha kKpuBaTa y = f(z) MoXe fa ce oTaesy
smueiina vact y = f(z) = kz + n + a(z) taka, ve a(z) — 0 npu £ — oo, TO
‘npasara y = kx -+ n € acumnmoma Ha KpuBaTa.
* AKO CbIIIECTBYBAT KpaiiHu rpaHuLU

@ o
xll.lfoo - = k wu Ill.moo[f(w) — kx| =n, 4.3)

To mpaBata y = kZ + n € HaKJIoHeHa acUMITOTa Ha Kpusata (k # ().

IIpumep 4.1. IlpecMmerHere rpanuuaTa Ha (DYHKIHATA:

) i :c2+5. )i ( 1 3 )

D lim o W I (- )

0) lim ;16 r) lim iu
z—»2$2—7$+10 z—0 T

Pewenue. a) Onpenename DM na dynkumsTa 22 — 3 # 0 <= = = ++/3 wm
DM : z € (—00,—V3) U (—v3,v3) U (V3,400) Ot = — 2[2 € (v/3,+00)]
= z = 2 e Touxa Ha crecraBade Ha DM, 3awoTo B §-okosHoct (2 — 4,2 + §),
6 > 0 uma noue enuH eslement Ha DM. Taka ycraHOBsBaMe, 4e MMa CMHCHJI [1a
TBPCHM I'PaHHMLaTa Ha (PYHKUUATA.

Ilpu z — 2 3HamMeHnaTes1aT Ha (pyHKLMATA KJIOHA KBM 1 ¥ MOXEM J1a IIPHJIOXKHM
TEOPEMATA 32 YCTHO IIPH I'PaHUIH. BCBIIHOCT rpannLa Ha (pyHKLMSA ce HaMHpPa, KaTo
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npusiaraMe MocJIeI0BATE/IHO TeopeMH (4.1) 3a rpaHuLm:

22 45 111_}12(:1,2 +5) limzlmz+lim5 4 +5

_ x—=2 T2 T—2

lim =9

z—213%2 —3 1i1n(m2—3)7lima:lima:—liln3:4—3
T—2 r—2 T2 T—2
6)Orz?—Tz+10 = (z—2)(z—5) # 0 = DM : (—00,2)U(2,5)U(5, +00).
Toukara £ = 2 ¢ DM, Ho e Touka Ha crbcrsaBane 3a DM . Teopemara 3a yacTHO
He MO3Ke Aa Ce NMPHJIOXH. 3arosa:
zt— 16 . (z—=2)(z+2)(=?*+4) 84 32

L =1 == 7
Po2 72 7z + 10 oop (z —2)(z —5) -3 3’

B)Orl—z #0(1+z+22#0) = DM : (—00,1) U(1,400). Teopema
1 3a cbop He MOXKe [a ce NpUIoXKH, 3amoeTo 1 —z — O mpu z — 1. OyHKuEATA

1— 2 " m ca bI'D. Umame

Heomnpe/iesieHa hopma OT Bifa [0o —oo|]. 3aToBa M3BbpIIBAME O3HAUCHHTE eHCTBUS
(z = 1 e Touka Ha crocrsiBane 3a DM, x ¢ DM):

a(z) = 1 — z e OGe3akpaliHo MajKa U TOraBa

. l4+z+22-3 . 2’+r-2 ) (z—1){z+2)
lim = lim = lim
r—1 1—2z3 z—1 1 —g3 z—1 (1—:1:)(14—21-}-.’1)2)

T+ 2 1+2
= — lim =—1;
r—»1z2-}-z+1 14141

r)Ora # 0 = DM : (—00,0) U (0, +00). Toukata z = 0 e Touka Ha
crocrasane 3a DM, 0 ¢ DM. Tlpu z — 0 uMame HeonpesesieHa (opMa OT BHAA

0
[6} , 3aTOBA LI palOHaIM3UpaMe YUCJIUTEJ1S:

r+1-1 1 1
lim

O e risl) o arisl 2

Ilpnmep 4.2. ITlpecmerHere rpaHnnaTa Ha PyHKIUATA:

mq €/—1—1
Q) lim — B) lim ——

:c—»O,/:L-2+1 T—00 /T +.’E
6) lim ﬂ r) lim (v/1+22—1z).

g—o0 53 — 322 + 1’ z—00

0
Pewenue. a) Ilpu z — 0 umame neonpeznesiena popMa or BUAA [6], 3aTOBa ILie
PAIMOHAJI3HPAME YHCIIUTEIISI U 3HAMEHATEJIsL:

(@®+1-1)(VaZ+16+4) _4+4 _
m—'0($2+16~16 Wvz2+1+1) 1+1 ’
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00
6) Ilpn = — 00 MMaMe HeonpeesieHa popMa OT BUAA [—] 3aTOBA U3HACSIME
o0
npes ck06H OT YMC/IMTENS U 3HaMeHaTeJ'I$I Hali-BHCOKATa CTENEH Ha POMEHJIBATA

¢ (F(z) = e BI'D, afz) = —eBMCD r.e. lim 1—0)

T—00 T
: $3(3+;.15) 340 3
A 3,1\ 5-0+r0 5
#(5-3+ )

B) KaxTo B 3afaua 6) usHacsiMe npep cKobu:

1 / 1 1
R 3/,.3 (3
o . I (1 m3> ! . CL( 1 z3 a:) 1 1
= lim — — .

Am 2 e 5 1412
zQ(l——§>+x x( 1——2+1)
T T

r) Paunonaimsupame dyukuuara (F(z) = V1+2%2 + z e BI'D, a a(z) =

1

1 —z? 1
lim ———— +aot -z = — =0.

gm0 I+ 22 +3 00
Tlpumep 4.3. TpecMernere rpanuuara Ha GyHKIHATA:

. 2—Jz+3 .
a) lim ————; B) lm ————;
z—5 T —5H z—0+ /1 —cosz

V2 - \/1+cosx . sinz —sina
6) lim ———a—— r) lim — .
z—0 sin“ z—a T —a
Pewenue, a)llle paronann3upame ducsures1s (OT BUAa: a — b), KaTO YMHOXHM

- ca? + ab + b?, 3a na nonyunm a® — b3
—(z+3) -1 1

lim = =——
" (z-5)(4+2Vmr s+ Y@rap) ATAt4 12

0
6) I nauun. llpu z — 0 umame HeonpepnesieHa dopma [6]’ 3aTOBa LIE PALHO-
HaJIM3MpaMe YHCJIHTES:

. 2T
1—cosz Zsin” o 1

lim = lim .
a=0sin? (V2 + VI +cosz) -0 4gin2 = cos —(\/—+ V1 + cosx) T4z
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IT hauun. 1lle npuI0XuM TeopeMa 2 (32 NpOU3BEACHHE):

2 sinZ\2
T (sz)

2 a4\ z

2 112 1

lim lim 2 = = =— (Bx. 1°);
=0 /2 4+ +/T F cosx =—0 m2<smz)2 2v/2 412 42 ( )
T

. 2T
B) Hsama na pampoHasm3upaMe 3HAaMEHATeJ 1, 2 OT 1 — oS T = 2 sin? 5% 0t

($>0)$sing>O:>|sing|=sing:

. T . T . 2 2
O s o JolamE] ety smEN V3
O Jeswr D T VRsmg] T p(TR) V2

2

r) [lle npeoOpasyBame uncaHTE 15!

=V2 (sx. 1°;

T—a z+a . rT—a
. cos 7 . sin . z+a
lim = lim ———2— lim cos

z—a T —a z—a LT — Q4 z—a

2

2 sin

=cosa (BXx.1°),

IIpumep 4.4. IlpecmerHere rpannnara Ha HyHKIHATA:

l—z In(1
a) lim [(1 —z)tg Ez}; 6) lim m—l); B) lim M
=1 2 -0+ NZ3 -0
Pewenue. a) [Ipn £ — 1 nMaMe Heonpeaesienoct ot Buaa [0.00].
7
. - . cos 5(1 — 1)
lim [(1 — z)cotg (— - —a:)] =lm(1 - z)—F———
z—1 2 2 2=l sin 5(1 —1I)
=1l Ta li _2
=iyt in a

T -
wSln§(1 —z)

2 T 1-z
S1-q)
(Il naunn: onazamel —z =u,npuz — 1 = u — 0);
6) Ot /z umame z > 0 n ToraBa z — 0_ e HeBb3MOXHO. [Toslarame

. g O
arccos(l —z) =a=> cosa=1—zr=z=1—cosa= 2sin? bx 0<alm.
Orz - 04 = 1—z — 1 (upe3 croitHoctu < 1) = cosa — 1, T.e. @ — 0. Ho
cosa — 1npu o — 04 mym a — O_. Ille Hamepum rpannnara npu o — 04 (xorato
a — 0_ ce nosiyyaBa Apyra CpaHHIa):
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- l = 1 1'1 @ 1 1 2 2 \/5
nm ———— = —= im —— = — im —2 = 2
o \/Q—SinQ_g V2 20+ iy %| V2 ==04 sin 5 V2
? g

a 7 « «a «a
(0T0§a§71'2>055S—=;>Sin§>0:~’si115‘:si11§);

2
1 1
B) al:]iT‘\] [In(l—{-z)z] =In [i&rb(l—{—x)m] =lne=1(Bx. 11°).

Babenexxa. Oyuxmuara In(1 + z) e HenmpexbcHaTa, 3aTOBa MECTaTa Ha Ome-

. . In(1+2)
" paTopuTe lim ¥ In ce pazmenennu. 01313%] — = 1 e ocroaHa epanuya (KM
V).
Hpumep 4.5. TIpecmernere rpanuuaTa Ha pyHKUMATA:
. z—1 . 2z—1 . x4+ 1\2T-1
v lm(-a)Es 0 Jmed s o9 Jn (T75)
1 1 1
Peuienue. a) Ilonarame -4z = - —=> 11 =——Huz = ——.
z 4z dz
-1 1 1
x I =1-—-=1+4+42z0rz - 0undz=——=—2—>00
T 4z
1\ 144z 1 : 1\274 4
* lim (1+ —) = lim <1+ —)[ lim <1—|— —) ] =e" (Bx. 11°);
IT—00 VA T—00 2 I—00 Z

2z —1 1
6)Honarame3m=a=}x:g———> ad 22——:2—E.OTJJ—>OH
3 z x o

a =3z = a — 0. Torasa

3 11-3
lim(1+a)* & = lim (1 + a)z[ lim (1 + a)EJ =e™3 (mx. 12°);
a—0 a—0 a—0

B) I Hauum:

. l‘+1 2z—1 . .’L‘—3+4 2z—1 . 4 2rx—-1
lim ( ) = lim (——) = lim (1 + ) .
z—oo \T — 3 T—00 z—3 T—00 r—3

1 T—3
TTonarame = - = Hmzx =4z+3. ToraBa 2z —1 =8z +5,
z—3 z 4
A0TZz=——ng — 00 => z — co. Taka
1 8z+5 11278 1\5
lim (1+ —) - [ lim (1+ ﬁ) ] lim (1+ —) =8 (mx. 119
Z— 00 A Z—00 VA Z—00 A
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11 nawun: e wsnosnspame dopmynara lim f(z)?(®) = [

lim o(z)
lim f(cc)} aore
T—TI0

T — 3+ 4\22-1 4 (2z—1)%z;13

lim (——) = lim ( )

T—00 r—3 T—00 T

-3

-3 _ . 8z—4
. 4 7 1M 73
= lim [(1+ ) ]'L © T =68,
T—00 -3
Ilpumep 4.6. CpaBHeTe B OKOJIHOCTTa Ha TOUKaTa o 6e3KpaiiHO MaJIKHTe (DYHK-
mnn ofz) u B(z):
a) g =, a(z) =

6) o =0, a(z)

VIi—tgzr—/T+1gz, f(z) =sin2z
=+v1+5z—1, 03(z)
B) 29 =0, a(z) =tgz —sinz, f(z)

= $4.

alz
Pewenue. a) TbpcuM rpaHuLATa Ha

A(z) Op4  — T

l—tgrx— 1+t l—tgr—1-—t¢
lim R _ lim v gaf vitigs lim — £r 57
z—m f(z) zow sin 2z e—w sin 2z(y/1 —tgz + /1 + tgz)
~ lim 1 -1
e—wcos?z(v/I —tgz++/1+tgz)

sy 270
Cnopen nedunnums 7 a(z) u f(z) ca BM® or equu u ceiu pef, T.e. o)
CP(z)wm /T —tgx — /1 +tgz~ —=sin2z

~
~

6) TepcumM rpaHunaTa Ha ;ﬂ((ac)) npuz — 0, kato k > 1:
x

A VITEE-1 . 14521
20 zk 20 2k (/1 + bz + 1)

im
z—vO

KaTo lim E
T—0 7 -1

camonpu k =1

1
lim ,
V1+5z+1z—0gk1

Tpsi0Ba na Obae KpaiiHa rpaHuua, pa3/uHa ot 0, a TOBa € BbB3MOXKHO

5 5
Taka A = 11111 Y % Kato a(r) ~ §ﬂ($) wimV1+5z -1~ -z, 1e
a(z)u f(z) ca BMCD OT &[MH H ChIUH pef (I'bPBH)

B) lim — a(z)

. tgx—sinz . smm(cosz—l)
= lim ——— = lim
z—0 ﬁ( ) z—0 z4 z—0 4
. .2
. 1 ., l—cosz sinz 2sin”§ 1
= lim lim lim = lim -5 lm —
z—0 coS T z—0 T z—0 r—0 (5) z—0
B(z)
= - lim — = o0, T.e. lim
20T

= =0

z—0 a( ) -
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Cropea fedunmips 6 § = o(a) w z* = oftgz — sinz).
‘ Genexxa. Axo [(r) = z obpasysame lim o(z)
Babene . = pasy Am ﬁ’“(m)

poxaxe, ue () 1 B(z) ca BM® or enun cu couw Tpetu pen (k = 3).

H TOoraBa MOXeE fa ce

Ipumep 4.7. Cpaprere F(z) = ¥z + 1+ zuG(z) = z° + L npu z — oco.
Pewene. Ot lim Yz +1+z = ocon lim (z° + 1) = oo cnemsa, ue F(z) u
T—00 T—00

G(z) ca BI'D. Torasa

= 1
-pl—eoo 333 1 :lenolo $3 + 1
1
3
. x — F + 1) 1
= lim 1 = lim —=—=0.
T—00 23 (1 n _3) T—00 I 00
X

Cropen aedpunnuus 11 § = O(a) nm 23 +1 = O(Yz + 1 + z).

>Hpnmep 4.8. Omnpenenere pena sva BM® a(z) = sin® 2y/1 — cos 2z npu z — 0.
Peerue. Tlpuemame ((z) = z, limo B(z) = 0 (BM®). OueBupno a(z) e ot
xr—

no-Bucok pen. Torasa

sin? z4y/1 — cos 2x sin? z V2sin?z

lim = lim = lim lim
xz—0 ﬁk(l‘) z—0 :L'k' z—0 332 z—0 J}k_z
sinz
P \/5[ sin x| V2 =2 mpnz — 04
=17 lim =2 L sinz
=m0 T -2 mpu z — O_.

xk~2

[Monyuenunre gBe rpaHunu Tpsi6Ba na 6baaT KpaitHu u pasymynn ot HyJa (k > 2),
T.e. k = 3 (a(z) e BM® or Tpetu pen). Taxa

a(z) V2 lim 228 = /3 npu z — 04
lim = z—0 T
- sinz
-0 f(z) ~+/2 lim
z—0 T

=—-v2 mpuz— 0_.

Tsit kato a(z) > 0, BUHAarH B OKOJIHOCTTA Ha Touxara 0,

sin® /T —cos2z ~ v2z®  npuz — 04
sin®zv/T — cos2z ~ —v/2x% nmpuz — 0_
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ITpumep 4.9. Hamepere riaBrara yact Ha a(z) = v/1+z—/ 1—2 B Touxara 0.
Pewenue. Cpasusame a(z) ¢ (z) = z, hmO B(z) = 0. e parpoHaM3upaMe
r—

uucsmress no popmynara (a — b)(a? + ab + b?) = a® — b*:

i @) (Ve = Y1 —a) (YA +2)° + VI—a?+ (1 —2)°)

Ir
()  =—0 (Y (1 +z)2+ \3/1772—’;- /(1 —1)?)
1 l+z—-1+4+2 1
= 3lm T — a2 s0

Crnopen nedunuuus 7 afz) =~ —,B(z) wi vV1+z— J1—z —m + o(z).

2
Torapa riiaBHara yacr Ha a(z) e PyHKuHATA Fiaks o(z) e BM® (rpeuxara).

ITpumep 4.10. IIpecmerHeTe rpasuuuTe:

Dl Yi+z—1 cN 6 1 Y1+ 322 — /1 —5x2
3 im ————— n ; im .
z—0 T ZHO\/1+23:2—\7/1—7$2

0
Peweriue. a) Ilpn z — 0 uMaMme HeompeAesIGHOCT OT BHAA [6]’ HO HE MOXeM

[a palMOHA/IM3HpaMe YHCJIUTEJIS, TBHil KaTo 7 € MPOM3BOJIHO E€CTECTBEHO UHCIIO.
IlpaBuM cMsAHA Ha IPOMEHJIUBUTE Upe3 nosiarakero i/l +z =2,1+z = 2" =
z=z"—1lulimz=1

. Vit+z-—1 . oz—1 . z—1 1
lim —— = lim = lim = —;
z—0 z zo1zh—~1 z=1l(z—1D(z"+2v24..-+24+1) n
71 -1 1
6) O a) nmame lin})(\"/l +z—-1)=0mn lin%)—i-m— = — #0. Crne-
T— T— T n

nosarestHo (/1 4+ z — 1) e Ge3kpaiiHo MaJika (DYHKUHS OT IBPBH PEA COPSIMO .

. Vi+z-—1
Torasa lim —T = 1 1 MoxeM fa HanmumeM NpHOJTH3UTESTHOTO PAaBEHCTBO
r—
—x

n
Vitzr—1ls —z < 1+x%1+;z.
n ;

32 52

CnenoBatenno /1 + 322 ~ 1+T =142% V1-522 ~ 1__5_ =1-2z%
212 7
\/1+2m2m1—|—%=1+12;\7/ 7z2N1—%=1—a:2

B rpannuen npexon MoxeM fa 3aMecTBame Ge3KpaiiHo MaJIKuTe (PYHKIUM e/iHa
C Apyra M IoJIyyaBaMe
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i V1+w¢—71—m2_hm1+ﬁ—4+z  lin %’~1
e TT 28 — 1T em0l+a2—1+a2 20222

[Ipumep 4.11. Hamepere acuMITOTHTE Ha KPHBUTE:

3 2
a 4zt +1
a = N 6 = ———,
) V=T ) 2
a a
Peutenue. a) * Thit kato hm y = lim = [6] = 00, crie/1Ba, ue npasaTa
T—a T —q

T = a € eepmukaina acwvmmoma Ha KpuBaTa.

y = 0 e xopusonmanna acumnmoma na xpusata. Cnenosaresso f(z) =

*xOry = = 0 = npasara

a

a
=0+ — =0 li
— +:c—a +a(z)ﬂz_1'1jlgoox_a

r—a

pMa ABC ACHMIITOTH C YPABHEHUA T = A H Y = 0.

3 2 1 1
6)y:w_—+xz—+ =z+1+—5 =z+1+a), karo lim o) =
T z

r—too

hlﬂl’:l 5 = = 0. CﬂeﬂOBﬂTeﬂHO y=z+ 1 e naxnonena acumnmoma Ha KpuBaTa €
==L — 00 T

YpaBHEHHE Y =

2+ +1

z2

Ipumep 4.12. Hamepere acuMnToTHTE Ha KPHBUTE!

.’23

22 4+2-2’
r

e

)
et —1

a) y= B) y=In(1+¢€");

1
6) y= r) y =+ arccos—.
T

Pewenue. a) Ilo bopmym (4.3) umame

IS 3
T Y _
k—xll)l;lzloow($2+$_2)—m‘lirﬂl;loo$3<l 1 2)—

* n= lim
z—+o0

im =—1.

2
3 — 249z _ z (—1-!—5)
($2+I 2 )mzl»ioor2+2 2 zLioo 1 2
#1433

Tz 2
ThpcenaTa aCUMITOTA € C ypaBHEHUE Yy = T — 1.

* Ot hm2 Y= —00H hm2 Y = 00 == T = —2 € BepTUKaJIHa aCHMIITOTA.
~ T——24

*Or lim y=—oon hm y = 00 == & = 1 e BepTHKA/IHA ACHMNTOTA;

z—1_
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6) Tritkato lim e® =0, lim e® =o00,T.e. lim e®# lim €%, xpusara
£— —00 z—+00 T— —00 T—+400
ze®
y = ——7 Ui HMA PAS/IIUHN ACHMITOTH PH £ — —CO M T — 00,
ez —

Heka z — —oo. Ilo opmysm (4.3) umame:

re®

* k/' = 1 — = U,
s z(er —1) 0
i z 1—e™®\~1

* 0 — 13 _ BT 1

"= -73112]00 et —1 [OOO] - zBlPoo 1—e% le’llloo ( T )

I\l 1 —p\—1l7-1
= lim (l + e—) = lim [— + (TI) ] =0+0H)1t=0
T——00 \T —X z——oo LI e~ T

(Bx. ocHoBHa rpanuua 10).

ITpu x — —oo acumnToTaTa KM KpuBarta e y = 0;
Hexa z — +o00. ITo popmysm (4.3) umame:

* k= lim = lim =1,
z—o0 €T — z—oo ]l — e~ 7T
. ze® . ze® —ze 4z
*n:hm( —I):hm——:hm
z—oo \e% — 1 z—00 e —1 z—oo e — 1
. z
= lim ———— = 0 (BX. ocHOBHa rpatuua 10).

z—o0 (1 — e7%)

IIpu  — 0o acuMNTOTaTa KbM KPHBATa € Y = T;
B) KakTo B 6) TbpcuM acumMnToTHTE NPH T — +00!
Heka 2z — —oo. Cnopen (4.3) nosyuaBame:

In(1l+€”
b= m BOED) 707,
——00 Xz — 00
*n=_lim [In(l1+e%)]=0.

Ilpn £ — —co acummrrorara KbM Kpusata e y = 0,
Heka z — oo. Cnopen (4.3) nonyuaBame:

T T —T
wzmﬂﬁﬂﬁﬂzmmﬂ;ﬂl

T—0o0 T oo T—00 1;1; . 0
T ] —T — 1
= lim (lne + n(e™® + 1)) = lim <1+ L(e_t_)) — (1_|__) =1,
I—00 z z T—00 T o0

*n= lim [In(1+e%)—z]= lim [lne®(e™® + 1) — z]
r—00 I—00
= lim [z +In(e®*+1) —z] = lim In(e™®* +1) =0.

AcuMnToTaTa Ha KpUBaTa IPU T — OO € Y = T
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r) ITo popmysm (4.3) namupame:
T + arccos(1/x I /2
* k= lim __(_/_): [1_{_./_] =1,
rz—+o00 x o0
. 1 , 1 T
* n= lim (m + arccos — — x) = lim arccos— = +—.
z—+oo T T—+oo xT 2
s T
KpuBaTa MMa TPU aCUMOTOTH: y = T — 7 y=z+ 2 nx=0.
3AJAYN
1. HamepeTe rpannuaTta Ha QyHKIHATA:
2
1. lim 132—$+1 Orr. 0
z—1 T —T
. 8z —1
2. Iiml m Orr. 6
2
3. lim [ - ! ] OTr. o0
Te—2lz(z—-2)2 22-3z+2 '
. z+2 r—4
4.1 [ } orr. 0
= $2—51+4+3(z2—3w+2) ™
. 4
R e o orr- 0
4
. = — bz
6 rango z2 -3z +1 Otr. oo
14z —323
7 rh—l}go 14+ z2 4 323 Orr. —1
. 3z? (2z —1)(3z2 + 2 +2) 1
8 'clglt-)lo [21: +1 472 } orr. )
2 —_
0. lim =V orr. 3
z—1 Jr —1
/22 + 1 —
10, lim Y2121 Orr. 4
=0 /12 +16 — 4
11. lim (V2?2 +1-+vz?2-1) Orr. 0
! npHz — +
12. lim (Va2 +1-1) orr. { 2 pi °
T— 00

—00, npnx — —00

13. lim (/(z+1)2— ¥(z - 1)?)
4. lim (1+2+3+'~-+z a:)

T+ 2 2

T~—00

Otr. 0
1
Orr. —3
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15, lim L= C052¢ Orr. 2
z—0 TSI
sin 3z
16. lim Orr. 6v/2
20 VT 13- V2
17 Jim Y521 orr. —=
z—0 i 4
. tgzx—sinz 1
18. lim — 3 orr. =
z—0 sin" 2 2
.3
19, lim 125052 orr. 3
z—0 xsin2z 4
20. lim ‘7% orr.
z—o-22 42
3
21, lim Y2228 Z VEOSP orr. -1
T—0 sin® 2 12
2. |y YL EsIns - cosw orr. 2
x—0 sin2 -
2
23, lim 221 om. L
r—e T — € e
24. lim w OTr. 1
z—2 z—2 2
1 /1
25. lim = In Tz Orr. 1
T—0 1—2
. 201
26. lim (1 + 1) * Orr. €8
T— 00 T — 3
2 4 9y g2
27. lim (12 + ) Ortr. e
T—oo \2% 4+ 1
r+1
28. lim (21 * 3) OTtr. e
z—oo \22 + 1
29. lim (a: + l)m Orr. e?
z—oo \2 — 1
g ;
30. lim (21: + B)CUH OTr. e
1
3L liinl(l +5lnz)nz Orr. €°
z—s
. . 5 20
32. lm})(l +4sinx)= Orr. e
. 1 —cosaz 2
33, lim ————M— Otr. —a
=0 2(a — Va2 + )
3 —
34, fim V8T orr. %

x_.%\/isinz—l



35.

36.

37.

38.
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. T
hl:ﬂo — Iy O1r. 1
z arccotg(l + —)
T
T
In(z—-1) +tg -z
. 2
lim ————— Orr. -2
z—1+ cotg Tz
1
lim (cotg 2z — —2) Orr. _2
z—0 z 3
In(1 i
lim (1 + asinz) Orr. a
z—0 sinz

11. CpagHeme B OKOJIHOCTTA Ha TOYKaTa 2o Oe3kpaliHo MankuTe pyukum a(z) n 4(z):

1.

2.

3.

4.

5.

zo=1 alz)=1-2z, pl)=1- ¥z

Otr. BM® ot enux 1 cbuy pen (k = 3)

zo=0, az)=2%+1000z%, QB(z)==
z0=0, afc)=V?-yz, BlE)==t
z(z + 1)

zo =0, a(m):‘W, B(z) =z
10
20=0, als)=—te, fl) =2

111. Onpedeneme pena cupamo z Ha 6e3xpaitno MaJsikuTe pyHKuun npn z — 0:

1.

2.

10.
11.

12.

B A

V1i+ Yz ~1
Vi+2z—-1—z
ev® —1

6sinz -1

In(1 + Vzsinz)
Vv1+z?tg 7r2_:c
e® — cosz

2
e® —cosz

cosT — Jcos
sin(v1+z —1)

In(1 4 2?) - 23/(e® — 1)2

arcsin(v4 + z2 — 1)

Orr. k=2
Orr. k= %
Orr. k=1
Orr. k=10
Orr. k= %
Orr. k= %
orr. k= %

OTr. eKBUBAJIEHTHH

OTr. eKBIIBaJIEHTHN
Orr. k=1

OTr. eKBUBAJIEHTHH

orr. k=2
orr. k=2
Otr. k=1

2
Orr. k= -
hin 3
Omr. k=2

IV. Tlpu xaxea cmoiinocm Ha KOHCTaHTaTa @ NpH T — 1 Oe3KpaiiHo MaskuTe QYHKIHH

a(z) =1—2nf(z) =a(l — ¥z),a #0,n € N ca expupaeHTHN?

Otr.a=mn
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V. Joxaxeme, uenpuz — 0BM® a(z) = e*®—e® n f(z) = sin 22 —sin = ca eKBUBASICHTHH,

VI. Hamepeme rnaBHata cToitHocT Ha yHKuuaTa /1 + 5z — 1 B Toukara 0.
Ynsmeane. VI3nosn3ssaiiTe ThKAECTBOTO:

a® — b = (a _ b)(an—l + an—Zb + an—3b2 NIRRT abn—Z + bn—l).

VII. Haxepeme acumMnToTHTE HA (DYHKLHHTE Ype3 ONpPEACsISHE Ha Ls/1a JIMHEHHA YacT:

2
“+ 1
l.y:l + Oor.y==z
T
2
x
2. y= Oorr.y=z—
V=20 . Yy = —1
2
z
3'y:z2—+1 Omr. y=1
VIII. Hamepeme acAMNTOTHTE HAa KPHBHTE:
l. y=2a — 2arctgz Omr.y=zxn
; T
2. y = arct, Orr. y=—~—
y = arctg —— Tr. Y 7
3 z ! O 0
Y=z - —= m.z=0,y=2
2 2
4,y:(1_;) Ormr.z=0,y=1
1
5. y=— —=z Oorr.z=0,y=-2



TJIABA 5
HEIIPEK'bCHATOCT HA ®YHKLHUA

I. HEIPEKBCHATOCT HA ®YHKIHA B TOYKA

Pasriiexaame u3obpaxenne f: D — R, D C R, o € D, r.e. bynxuusay = f(z)
¢ pecomnnumonna obnacr D (3 f(zg), To e Touka Ha crpeTsiBade 3a D uam He € -
M30/IMpaHa TOYKa).

A. Hexa o € nouKka HAa cescmsgsaHe 3a D

Jeduunuus 1 Lle xassame, ue edna dynkyus f(z), degpunupana e mouxama
zo € D u nsxaxea Hevina oxonnocm, e HenpekscHama a8 o, ako 3 lim f(z) u
T—Tq

Jim f(z) = f(o).

Medpunnuna 1'(no Komm). @Dynkuuara f(r) e HenpexbcHaTa B 2o € D, ako
Ve > 0,3 6(e) Taxa, ue o1 (Vz € D AQ < |z — 20| < 8) = | f(z) — f(xo)| <e.

Hedunuuna 1'(no Xaiine). @yuxuusira f(z) e HenpekbcHata B Zo € D, ako
V{zn} oT (zn € D, zTp # o, Tn — Tg) = nh_l)w;of(xn) = f(zo).

B. Hexa zg He e mouka Ha cescmssane 3a D

Hedpunnunn 2 Axo zo He e mouka na cescmagane 3a D (zq e uzonupana mowxa)
xaszsame, ve f(x) e nenpexscHama @ mouxama xo € D, ako:

(no Kowu): Ye > 0, 3 6(g) > 0 maxa, we om (z € D A |z — z0| < §) =
|f (@) = fzo)| <e&;

(no Xaiine): V{zn}, axo (zn € D, xn — z9) = lim f(zn) = f(z0).

Teopema 1 Ako zy e mouka na cescmsasane 3a D, mo decpurnuyuu 1 u 2 ca exsu-
8aJieHMHU.

Babenexxa 1. Axo zg € D e Touka Ha crhcTABaHe 3a D, To Vo € D e
necdunupano #apacmaane na gynkyusma Ay = f(z) — f(xo), KoeTo oTrosaps Ha
Hapacmaeane Ha apeymenma Ha pynkyusma Az = — g = h.

Teopema 2 Axo zg € D, 1o e mouxa Ha czscmasane 3a D u f(x) e Henpexschama

8 xg, mo lim Ay =0.
I—Tp
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Babenexxa 2. Axo xo € D e Touka Ha creersBase 3a D, T.e. V(zo,20 + 6)
cpabpxka ToukH oT D, Torasa, ako lim f(z) = f(zo0), T0 pyHkuuaTa f(z) e
T—ZTo4

HENpeKbCHATA B To omdscHo (f(z) e HenpexbcHaTa B 2o omnsgo, ako lim  f(z) =
T—To—

f(@o)).
3abenexxa 3. Ako lim f(z) = lim f(z) = lim f(z) = f(=zo).
T—To4 T—To— T—ZTo

Teopema 3 Cymama, npouzgedernuemo u YacmHOMO HA HERpeKsCHamy Qyriyuy @
mouka e Caujo HenpeKsCcHama OyHKYU L.

Teopema 4 Axo f(z) e nenpexscnama @ zo € D, f(zo) # 0, mo cswecmayaa §-
oxonnocm (zo — 6,z + 8), & > 0, 3a ecaxa mouxa om kosmo f(z) uma 3naxa Ha

f(zo).
Babenexra 4. 3a nenpexbcHata pyHkums f(x) B Touka xg or lim f(z) =
I—T
flo)nae —» 20 < lim z =20 = hm f(z) = f(lim ), T.e. npn Hempe-
T— T

T— T
K'bCHaTa (DYHKIMS MecraTa Ha onepaTopuTe “hm u “f” moeam d0a ce pasmecmsim.

II. IPEKBCHATOCT HA ®YHKIUA B TOYKA
A.zo € D e mouxa na cescmsasane 3a D (3 f(zo))

Yemosuero lim f{z) = f(zo) ce HapywaBa B nBa cirydas:
T— ¢

1. lim f(z) He ceiyecmaysa xatTo kpaiina rpaHia

T—To

1. hm f(z) ue cpmecrsysa, HoEI hm f(a:) = A, 3 lim f(z) =B,
1-—)In+
A ;é B

1. Ipannmure A v B ca Kpaiiuui - B T03u ci1y4ail o € TOYKA Ha OpeK'bCBaHe
OT nepai poo.

112. ITone edna or rpanuuute A u B He e KpaiiHa, T.e. f(z) pacre HeorpaHu-
YeHo (KO T — Zo4, TO f(Z) — 00) - T € TOUKa Ha NPEeKbCBaHe OT THUII
0.

lo. lim f(z) ne cpuectByBa u noxe edna ot A u B He CblecTBYBa — Zg €

I—Ip

TOYKA Ha PEK'bCBAHE OT 8IMOPY POO.

2. 3 lim f(z) xaTo xpailna rpanuua, HO hm f(z) # f(zo) - To € Touka Ha

T—TH

npexbcBare (A = B).

3abenexka 5. Axo zg e uzonupana mouka (3 Us(zo), B KOATO OCBEH T HIMA
Apyru touku ot D) cnopen nedununus 2 f(x) e HempeKbCcHaTa IpH & = Ip, T.€.
f(z) ne e npexncHara.
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B. zo ¢ D, Ho zo € 3a08s15xumenno mouka Ha cescmasane 3a D

!

i
i

1. lim f(z) ne cewecmaysa xaro kpaiiHa rpansia
T—ZIg

1. lim f(z) ne cowecrBypa, vo3 lim = A,3 lim f(z)=B,A#B
T—To T—To— L—To+
- KpailHH - T € TOYKa Ha NpexbCBaHe OT MbPBH PO[, HO CEra HE MOXE
A = f(zo) wm B = f(z0), 3aworo He cbiiecTByBa f(xg).

19, lim f(zop) He chimecTByBa M moHe eqHa oT rpaHuuure A u B He chue-
T—Iq
CTBYBA - T € TOUKA HA fPEKbCBAHE OT THI 00 (—0oc).

2. lim f(z) cpuiectByBa KaTo Kpaiina rpannua (A = B) - z¢ ce Haputua Touka
Tr—Tp

—_ Ha oTcTpanuMa npekbeHaTocT (f (z) ce noneduHipa 10 HenpexbcHaTa (DYHK-

1HsL).

I HENPEK'bCHATOCT B 3ATBOPEH HHTEPBAJI. CBOMCTBA

MHO2KECTBOTO OT (DYHKIHM, HENPEKBCHATH B [a, b], Genexum f(z) € Cla, b).

Hedunuupsn 3

f(z) e nenpexscnama Vz € (a,b)
f(z) € Cla, b] &= f(z) e Henpexschama omdsicro u 731153+ f(z)=f(a)

f(z) e nenpexscrama omnsso u lh?_ flz)=f(b).
T—

Teopema 5 Axo f(z) € Cla,b], mo f(z) e ocpanuuena g [a,b], m.e. 3 K > 0 maxa,
ue Vz € [a,b] = |f(z)| < K.

Teopema 6 (naBaepipac). Axo f(z) € Cla,b], mo f(x) npumexasa naii-conama
U Hali-manka cmovinocm 3a T € [a, b).

Teopema 7 Axo f(z) € Cla,b] u f(a)f(b) < 0, mo 3€ € (a,b) u f(§) =0
(f(a) # f(b) u umam paznuunu 3nayu, a epaguxama na f(z) npecuna Ox none @
eoHa mouka).

Teopema 8 Axo f(z) € Cla,b], mo f(z) npuema scuuku cmotinocmu mexdy f(a)
u f(b) (meopema 3a mexdunnume cmoiHocmu).

IV. PABHOMEPHA HEITPEKbCHATOCT

Hecpunuunn 4 Kazsame, ue f(z) € Cla,b] - pasromepno, axo Ve > 0, 3 6(¢)
maxa, weV(z',2") € [a,b], ' # 2", 3akoumo |z’ ~z"'| < § = |f(z')—f(z")] <e
(Ha Manku HAPACMEAHUA HA T 0Me08APAM MANKU Hapacmeanus na f(T) u maka
DABHOMEDHO G YeNlusi UHIMePaaJl).
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Teopema 9 (na Kanrop). Axo f(z) € Cla,b], mo f(z) e pasromepro nenpexsc-
rama & [a, b].

Teopema 10 (3a HenpekbcHatocT Ha oGparHata dyHkumaA). Axo y = f(z) €
C|a, b] ue moromonno pacmsuya, moz = f~1(y) e cauyo nenpexscrama u pacmsuya
8 ceomgeemnuus 3amaopet unmepaan om ocma Oy.

V. HEITPEKBCHATOCT HA CbCTABHA ®YHKIIUA

Hexa f(z) e c pecpunnimonsa obnact D (UHCIOBOTO MHOXECTBO).

* Pasrnexxpame f : D — D* re. f(z) e uncnosa GpyHKuus ¢ AeDUHULHMOHHA
o6nact D u e onpenesiena pyukuus u = f(x), v € D*.

* Pasrnexpame F : D* — G, 1.e. F(u) e uncsioBa pyHKUMs ¢ feOnHULMOBHA
obGsiact D* u e onpepesiena pyuxkuut y = F(u), y € G.

Hedunnuus 5 @ynxyusma p(z) =y =
(cscmaana), komnosupana upes f(z) u F(u).
F(u

) € Cluo = f(zo) € D*], mo p(z) =

F[f(z)], z € D ce napuua cnoxna

Teopema 11 Axo f(z) € Clzg € D),
F[f(z)) € Clzo).

Npumep 5.1. Ype3 nousiTMATa JIsIBAa M ASCHA I'DaHULA YCTAaHOBETE HENPEKBC-

HatocTTa Ha yHkuuaTay = f(z) = T Toukata T = 0.

T —
2 +1
Pewenue. f(z)e npobHa pauuoHanna pynkius, z2 + 1 # 0Vz. Toukarta O+ee
HaICHO OT Toukata z = 0, ¢ > O uxorato ¢ — 0, TO £ — Z¢ OTASICHO HA TOUKATa.
Ananornuso, xaro nonoxmm x = 0 — ¢, npu € — 0 UMaMe £ — Ty OTJIIBO Ha
Toukara = 0.
0+e)—-1 -1

z—1
*  lim = lim =— =-1
om0t 22+ 1 emd (0+¢e)2+1 1

0
0 0—e)—1 -1 = f(z) € Clz = 0]
¥ llm ——=llm——"%— = — = -1
50— 22 + 1 e—»0(0—5)2+1 1
(z<0)
(BX. 3a6. 3).

T —2

Ipumep 5.2. HWacneasalite 0xo10 ToukaTa T = 3 dpyukumuara y = f(z) =

Pewenue. DM : x € (—00,3) U (3,+00). Toukara z = 3 ¢ DM, no e
TOYKA Ha crbeTsiBaHe 338 DM 1 ToraBa MOXeM a THPCHM JIACHA U JIABa MPaHUIA Ha
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(pyHKLATA IIPH T — 3:

. T—2 B+e)-2 . 1+e . /1 _
* T3 T R B8 L L
. -2 . @B-g-2 —-£ 1y 1
*zlolgj—z— _il—;}?) (3—¢)—3 31-1}1 —€ _gl-r}(ll(l_g>—1‘ﬁ__oo'
M Taka Y30 = +00, Y3—o = —00 (BX. 112).

IIpumep 5.3. Hscneppaiite BTOUKa £ = 2, x < 2MUBTOUKA T = 3, = > 3

_pyukumsTa y = f(z) =1In -

2z — 6
T —2
Pewenue. DM : T_—3)— >0= (z-2)(z—-3)>0= DM : z €

(—00,2) U (3,+00). Toukara T = 2 He € TOYKA Ha CBCTABAHE B AsCHA HeiiHa
OKOJIHOCT, 2 TOYKATa T = 3 — B JIsIBa HEHWHa OKOJIHOCT.

. T ~—2 . 2—-e-2 . 3
* ili%)(m o) =i (05 —g) " (Imgg) = oy = o0

(z<2

lim <ln$—2)—lim(ln3+6-2)—ln(lim1+€)— Iny =+
F s\ 2z -6/ em0\ 6+3—6/ \em0 28 /) u—teo o
(z>3)
W raka Y340 = +00, Yy2—g = —00 (BXK. 112)
Babenexka. Ilpu pemabane Ha 3aia4yaTa € H3MOJI3BaHa 326. 4 u:
log. —00, a>1 o +00,a>1
= y u =
u_g,((l)+ +o0o, 0<a<1 u,_%ioo —00,0<a<1

1
Ipumep 5.4. Hacnensalite pynxumsra y = f(z) = 3 + e<—1 0K0JIO TOUKaTa
=1
Pewenue. Touka Ha npekbcBane e z = 1 = DM : (—o0,1) U (1, +00).

1
* lim f(z)=3+ lim ez-1 =3+ hm el+E I =34 lim e* = +o00,
r—14 T—1+ —0

U— 00
. 1
* hm flx)=3+ hm ez-1 =3+ limel-e-T =3+ lim e*=3+0% =3.
T—1— z—1— e—0 U——00

W taka Y40 = 400, y1—0 = 3. (BX. 112).
3abenexxa. Tlpu pemaBane Ha 3afayaTa M3MOJI3BaXMe: a — +00 NpH U —
+00,a > 1;a% — 0t npuu — —o0, @ > 1.
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Npumep 5.5. Vscnensaiite dynxunsra y = f(z) = arctg 1 B OKOJIHOCT Ha

)
ToukKaTa r = 1.
Pewenue. Oynkuusta f (:z) € UeTHa M MMa [Be TOYKH Ha NpeKbeBaHe (T =

+1)= DM :z € (—00,—1)U(=1,1) U (1, +o00).

* lim arct = lim arct
z—1+4 & 1 e—0 &

1 1
1—(1+¢)? —alctg<l (2+£))

—z2
= arctg (—o0) = —g,
* lim arctg = lim arctg 1 = arctg ( lim -—1——)
T—1- 1—22 -0 1-(1—-¢)? e—0¢e(2 —¢€)
= arctg (+o00) = —
W Taka y140 = —g, Y1-0 = g (Bx. 111).

T
Babenexxa. Ilpu pelraBane Ha 3aavara € U3noJ3BaHa 3a6. 4 w arctgu — iE
npu u — Foo.

1
Mpumep 5.6. M3crenpaiite XxapakTepa Ha NIPeKbCBaHe Ha (DYHKUMATA Y = 272 1=z
B ToukaTta z = 1. Moxe jiu na ce goaeduHupa y npu = 1 Taka, 4e QyHKUHATa Aa
€ HempeKbcHaTa 3a T = 17

Pewenue. DM : z € (—o00,1) U (1, +00).

1 1
_oT=1¥e _ ;. o—2¢ _
*  lim y—hm22 e lim2% =27 =0,
z—1— =0 £—0
; 1
—1i-
*  lim y:hm22 f=1lim272 " =20=1.
z—1+ e—0 e—0

M raka y1—0 = 0, y14+0 = 1 = = = 1 e Touka Ha NPEKbCBaHE OT MbPBH POA.
He mMoxe na ce nopecbunupa ysxuusaTa Taka, 4e qa € HeNpeK’bCHATa B TOYKATa
z =1,3amoro lim y # lim y == lim y He checTByBa.
z—1— z— 14+ z—1

Ilpumep 5.7. KoJiKO TOYKH Ha MpeK’bCBaHe MMa DYHKIMATA Y = ? Onpene-

1
ln |z|
JIeTe BUAA M.
Pewenue. [Jecpunuionsata 061acT Ha PYHKHUATA CE ONMPEEsi OT:

lz| #0 z#0 z#0
Injz| #0 |z| # 1 =z # 1
= DM :z € (—oo,—1) U (—1,0)U (0,1) U (1, +o00).
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———

(DYHKUMATA UM TPH TOUKH HA IpeKbeBane: T = —1, Lo =0, n 23 = 1.

Toli KATO PYHKUUSATA € YeTHA (hl ), NOCTATBYHO € []a H3C/Ie qBaMe

B

1
yuxungra sa z € (0,1) U (1, +00). Torasa |z| =z uny = —.

lnz
. . 1
¥ lim y= lim — =0;
T—0+ z—0+ Inz
* lim y= lim — = —o0;
T—1— z—1-lnzx
. , 1
* lim y= lim — = 4o00.
z—1+ z—1+ Inz

— Touxara z = 0 e OTCTpaHHMa TOUYKa HAa IPEK'bCBAHE, @ TOYKHTE T = *1 ca TOUKH
Ha NPEKbCBAHE OT BTOPHU Pof.

1 <1
Ilpumep 5.8. Hexka f(z) = {;ja;z Z ; X OmnpepeJieTe KOHCTAHTATa @ TAaKa,

ye (DYBKLMATA 2 e HenpeKbCHaTa npH - = 1.
Pewenue. Toitkatosaz <1 f(z) =z + 1,10 linll f(z)= lir{1 (z+1)=2mn
r—1— z—1—

fHy=2= linl1 f(z) = f(1). 3a na 6b1ie HenpexbcHaTa (yHKIMATA 38 T = 1,
/ Tl
TpsbBa ga 6bJie U3MbJIHEHO:

H "y — 3 — 2 — - = =
Ikl?+f(1)—xll'1{1+(3 az’)=24¢=3-a=2=a=1

—2sinz, T < —m/2
Ilpumep 5.9. Heka f(z) = ¢ Asinz+ B, —-w/2<z <m/2.
cos T, z>7/2

Onpenesniere A u B Taka, ue QyHKUUSATA [a € HENPEKbCHATA 33 £ = L7 /2.
Pewenue. Ananoruyno, kakto B npumep 5.8, nmame

*  lim f(m)zf(—g)=2=> lim"+f(.1:): lin}r_I_(Asinx-l-B):.‘Z
= —-A+ B =2;
*  lm f(a:)-—-f(z):0=> lim f(z)= lim (Asinz+B)=0
oI+ 2 z—F— I —
< A+B=0.

Honyqn)(Me CACTEMATA

A+B=0 <:>_B=1 :>f($)—1—81112,—§<1;<§_
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2
-1
; 1 He e necdunupana 3a £ = 1. Kaksa
Tpsi6Ba ga Objie CTOHHOCTTa Ha (PyHKUMSATA 3a £ = 1, 4e na e HenmpexbcHaTa?
. L o (z-D(+1) 2
Pewenue. zl_)ll{lﬁ flz) = mli»rﬂr f(z) = FT-D@ s+l 3

. Y . 2
Or I1_1'nl1_ fz) = Tl_l‘nlq+ f(z) = ilﬂ.ll flz) = 3 Torasa u

Hpumep 5.10. Dyskuusra f(z) =

2
zt—1
2 z#1
f)=3=f@)={g "1
=, z=1
3
3AJAYH
I. Janena e dynxuns f(z). Ilpn xaksa cTolHOCT Ha napamersbpa f(z) e HenpeKkbcHaTa?
22+ —2
1. f(z)= z—1 " z71 Orr. A=3
A, r=1
z—1 <1
2. ) = ’ - Otr. a =2
1(@) {am2 -2, z>1 - a
; <
3. f(z)= a'a,+1, z<w/2 o b= va
sinz +b, x>m/2 2

I1. OnpepesteTe TOUKNTE Ha MPEKBCBaHe I XapakTepa UM 3a QyukuusTta f(z). B ciyuvait Ha
OTCTpaHHMa NPEKbCHATOCT npeaedunnpaiite f(z) Taxa, ye fa € HenpeKbCcHaTa:

1
1. fg)= ————— Orr.z = 0uz = 1 - TOYKH Ha NMpPEKbC-
z2(z—1)
HaTocT oT II pox
|3z — 5|
2. f(z)= P Otr. £ = 5/3 - Touka Ha NPEKBCBaHe OT I
X pon
1 )" -1
3. f(2) = LL, neN Otr. 2 = 0 - oTcTpaniMa TOYKA HA MPEKbC-
g’ Baue, f(0) =n
4. f(z) = Sy Otr. z = 0 - OTCTpaHHMa TOYKA Ha PEKbC-
z Haroct, f(0) =1
1
5. f(z) =1—zsin= Otr. £ = 0 - OTCTpaHNMAa TOYKA HA PEKbC-
3’ naroct, f(0) =1
T
6. f(z) =34-=2? Orr. £ = £2 - Touyku Ha npekbcBane or 11

poAa

7. f(z) = (z + 1)arctg 1 Orr. z = 0 - Touka Ha IpexbcBaHe oT I poa
z
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S—
: |z + 2|
= A O z = —2 - .
8. f(z) arctg (@ + 2) . T TOYKA Ha NPEKLCBaHe ot |
pon
1
3z-2 —1
9. f(z) = —— Otr. £ = 2 - ToyKa Ha npexbcBake ot I pon
3e-2 +1
1, 142
10. f(z)=—=In Otr. z = 0 - Touka Ha npekscBane oT [ pop;
z 1-=z ) .
z = £1 - ToYKH Ha npeKbcBane ot I
pon
1 1
_z _z+1l -
11. f(z)= T T Otr.z = 0 - OTCTpaHseMa TOYKA Ha
1= npekbcBake, f(0) = —-1; z = 1
r= v - OTCTPaHHMa TOYKA Ha MPEKbCBaHe,
f(1) = 0; z = —1 - Touka Ha mpeKbe-
BaHe ot ]I pog
1—
12. f(z)= C208:1: Ortr. z = 0 - oTCTpaHNMa TOUKA Ha PEK'bC-
z sate, f(0) =1/2
2%, -1<z<1
13. f(z)=<z—-1, 1<z<4 Otr. ¢ = 1 - Touka Ha npeK’bcBake ot I poa
1, r=1
2z, 0<z<1
4. f(z)=<4—-2z, 1<z<5/2 Otr. z = 5/2 - Touka Ha npekbeBaKe ot I
20—7, 5/2<2<4 pon
cosz, _r <z < T
2 o 4
15. f(z) = 1, r=7 Otr. £ = m/4 - Touka Ha npex’bcBaHe OT |
2
, moom pon
. . <
T 6 1 <z <7



TJIABA 6

INPOU3BOJTHA HA ®YHKIHUA U THMEPEHITHAJI

L. TIPOU3BOJHA HA ®YHKIUS HA ETHA HE3ABUCHMA ITPOMEHJ/IUBA
Haneuo e uzobpaxenne f: D — R, D C R, zg € D u g e mouka Ha cescmsgane
Ha D, t.e. nagena e pynkuus f(z), z € D, zo € Du 3f(zo).

0 Az = 1 — o = h - HapacTBaHe Ha apryMenTa (T # Tg),
3Hauasame:
Ay = f(z)— f(zo) = f(zo+h)— f(zo) - HapacTBaHe Ha DYHKLWSIT;

Hedmunuun 1 I'panuyama (axo cewpecmaysa)

lim ﬂ = lim f(zo + h) — f(wo) =
Az—0 Az h—0 h

f/(l:o)) (61)

Hapuuame nopaa npou3soona Ha f(r) @ moukama .

INonsTreTo Npon3poaHa e JiokasHo. Korato ce Hamepr nponsBogHaTa Ha (pyH-
KIS Ka3BaMe, ue T4 € Jugpepenyupyema. OT HENPEeKbCHATOCT Ha (DYHKLHS He
cJiefiBa, Ye ChLIeCTBYBaA POM3BOIHA.

Teopema 1 Axo f(z) uma npouzsodna 8 mouxa o, pynkyusma f(zx) e nenpexsc-
Hama 8 .

II. JAMEPEHINUPYEMA OYHKINA
Ay f(z) = f(z0)

Or(6.1) = — = -—=—"" = f'(z0) + a(Az), xpaero lim a(Az)=0n
Az Az z-T
o3nauasame f'(zp) = A. Torasa
Ay = AAz + Aza(Az) < Ay = AAz + o(Az), (6.2)

kbaeTo AAz e enasna wacm Ha HapacTBaHeTO Ay.

Hedunuuuna 2 Qynxyusma f(z) ce napuua dughepenyupyema 8 mouka T, aKo
Hapacmaanemo it Ay @ To modxe da ce npedcmascu as6 auda (6.2), ksdemo A = const,
He3aaucewa om Ax.

Teopema 2 @yuiyusma f(z) e duchepenyupyema < 3f'(zo).

Cnedcmeue 1. Axo f(x) e dugpepenyupyema B TOUKA T, TS € HENPEKECHAMA B
T (06paTHOTO HE € BAPHO).

Hedununna 3 Onepayusma Hamupane HA npou3BoOHA HA (DYHKYUS ce Hapuua
Ooucpepenyupane.
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III. JTHMOEPEHIIUA T HA ®YHKIUSA

ﬁecpﬂﬂnunﬂ 4 I'nasnama wacm ANz na napcmeanemo Ay na ¢ywkyusma y =
f(z) 8 moukama xo, kedemo A = f'(x0), a Az # 0 - koncmanma, ce napuua
dugpepenyuan na f(z) e mouxama xo u ce o3nauasa dy (nunednama uacm na
napacmaeatemo Ha Oucpeperyupyemama @yrkyus f (z) ce napuva ducpepenyuan na

f(e)-

M taka, dy = df (zo) = AAz = f'(x0)Az. B wacmnocm wexa f(z) = z =
df(z) = dz = z'Az = Az, r.e. Az = dz. Torasa

dy
dz
Cnedcmesue 2. d(z £ ¢) = (z £ ¢)'dz = (1 £ 0)dz = dz, ¢ = const.

dy = f'(z)dz <= f'(z) = (6.3)

Csolicmaa Ha Ougbeperyuana

1°. d(cu) = cdu 3°. d(uv) = vdu + udv
o o ,fu) _ vdu—udv
20 d(u +v) = du + dv 4.d<5)_T—.

IV. TEOPEMH 3A HAMHUPAHE HA ITPOMU3BOJHN HA ®OYHKIIMH
A. ITpou3BoaHM HA OCHOBHHTE €JIeMEHTAPHH (DYHKIHMH

Ipu pnudeperLypaHe Ha eJieMEHTapHa (PyHKLMS Ce MoJIyyaBa ejeMeHTapHa yHK-
must. [{e HaMepuM HAKOM IPOH3BOAHM upes3 aecpunuus 1:

. flz+h)—f(z) ., z+h-=z
o —_ [ ————— L = —_—
1% f@) =z = (@) = flzl-rf%) h %ILIE}O h L

9 h h
sin(z + h) —sinz Si 5 Cos (T + _)

2°. (sinz) = 1 = li 2
(sin z) h—0 h Py h
sin — ]7,
= lim . lim cos (z+—) =1.coST = COSZ M T.H.
h—0 E — 2
2

B. Indepennupane Ha cbeTaBHa PYHKIMA

Pasrnexpame cocrasna yuxuust o(z) = F(f(z)) ¢ nedunuyponna obnacr D,
kbpeto f: D — D* (u = f(z),u € D*)uF :D* - G (y = F(u), y € G).
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Toraga -
o #@ =) . P(f(@) ~ F(f(x0))
¢ (IO) 111132710 T — Iy o EE}:’EIO T — X9
- i T i T2 = o) ()
= ¢(z) = F(f(z)) = ¢'(z) = F'(f(2)) ' (2) (6.4)

Y= eS:r —_ ,yl — 631:(3$)’ — 363:5

Mpumepu: \/f_(? )=y = (\/— ) f(z) = ;z())
B. Indepennapane Ha o6paTHa pyHKUUA

Pasrnexpname y = f(z) : D — V (npapa dyHkums) u HeliHara ofpaTHa 7 =
f~Y¢):D"'=V - V-1 = D. Torasa

or flf MOl = €= (FIF QN =¢ = FITHONFT(©) =1

1 1
—1 /
= (7€) = 5= = :
FUH©r i)
T.e. NPouU3cB0OHAMA Ha 06PAMHA PyHKYUS € PeYUunpouHama CrouHOCm Ha NPOU3Go0-
Hama na npagama yrkyus, Kamo 3aMecmum T C6C CMoiRocmman Ha obpamnama
@yHxyus:

(6.5)

1 1 1 1
arcsinz) = — = = = , z€[-1,1],
( ) (siny)’  cosy /1—sin’y V1-z? =11l
1 1 1
(Argthz)’ = =ch?y = |z] <1 mr.hH

(thy)’ 1—thzy 1-z2

V. IPOU3BO/IHA HA ®YHKIHA OT BHAA y = f(z)*™
Ory = f(2)*®) = Iny = ¢(z)In f(z) u nucbepennupame 1o z:

Lo '(z) In [z)
;Y = ¢'(z)In f(z) + ¢(z) )
=y = §(@)9) [ (@) 0 () + (@) (©.6)

—1? In(lnz)+

1
pumep: y = (lnz)™8% < lny = arctgzIn(lnz) < gy/ =17

In(lnz) arctg a:]
/I _ arctg T
=y =(Inz) [1+:c2 zlnz I’

1
arctg
zlnz
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T

[Ipumep 6.1. Hamepere nponsBoaunTe Ha yHKUMATE:

1
a)y = 225 + Za:"’ + 2+ 52+ V17 +€e™; B)y =2z cos?(zd — 32?);

p km3+lz2+m\/5 ) P+ +1
= — —_— . r = ———:
Yy N . R S

Peuwienue. a) IIpou3BoaHaTa HAMHpPaMe, KaTO MPHJIOXKHM MOCJIe0BATEHO hop-
mymire (") =nz™1, (cu) =/, ¢/ =0

1 . .
y':2.5:r4+2.413+3$2+5:>y=10$4+$3+312+5;

5 5 _1 5, 3 5 2 1 _3
6)y =kz2 +1z3 + mz~ 2 <=)y’=§kz2+§lw3—5m:c 2

5 S5 3 m
r_ 2 QY .
=y 2k:m/5+3 VI NG
n—1,,/

B) Hocnenosatenno npuiarame gopmysmre (u™) = nu™ v’ u (cuwv) =
c(u'v+ uv'):
y' = 2{2z cos?(z® — 32%) + 2?2 cos(z® — 32%)[—sin(z® — 32?)](3z* — 6z)}

y' = 4z cos®(z3 — 32?) — 222(32? — 6x) sin 2(2> — 327);

, (@ Hz+ 1)@ —z+1)— (@ +z+1)(a? —z+1)

DY (z? =z +1)?
, e+ )@ -z +1)— (2 +x+1)(Q2z—-1) 2—2a?
h (z2 -z +1)? (a2 -z + 1)

Ipumep 6.2. Hamepere npon3BoHuTe Ha QYHKIUUTE:

) T 6) sinz .z ) Tsinz

Y= —— = — B)y = ;

y 1 —cosz y T sinz y 1+tgx
1 1

r)yzcos:v—gcos3:v; o)y =sin E; e)y=c0334m;

1 1-+z
x)y = (1 +sin’ z)%; 3)y:1/1+tg<z+;); n)y:coszl_f_:;_i.

Pewenue. TlocnenosatesHo npusiarame OpMyJIMTe 3a NPOH3BOLAHA HAa YACTHO
/ !
u\' uv—u
—) = ————, Ha ayreGpuuen cbop (u £ v) = v + v u npoussodnume na
v v2 .
mpuzoHumempuurume yHyuu: :
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(z)'(1—cosz)—z(l—cosz) 1.(l—cosz)—zsinz 1—cosz—zsinz

;L _ — .
Ay = (1 — cosz)? (1 — cosz)? (1 —cosz)? '
6y = (sinz)'z — sinz(z)’ n (z) sinz — z(sin z)’
z2 sin® z
zcosm—sinm+si11:c—xcosm ( . )<1 1 )
= = (zcosz —sinz)|{ — — —5—);
z? sin® z z2  sin’z/’
. rsing
By = (zsinz)' (1+tgz)—zsinz(l+tgz)’ _ (sinz+z cosz)(1+tgz)— cos? ¢

(1+1tgz)? (14tgz)?
_ (sinz + xcosz)(cosz +sinz) cosz — zsinz

- ]

(sinz + cos z)?

1 1
= (cos ) — g(cos3 z) = —sinz — 5.3 cos® z(— sin z)

2

= —sinz + sinzcos’ z = —sinz(l — cos® z) = —sin’ x;

.1y 171y 1 1 1 1
Ny = (sm —> = cos—(—) = cos—.<~ 7) = —-—Cos —;

z z\z T z T
e)y' = (cos® dz)’ = 3cos? 4z(cos4z) = 3 cos? 4z(— sin 4z)(4z)’

= 3cos?® 4x(—sindz)d = —12sin 4z cos? 4z = —6 sin 8z cos4z;

= [(1 +sin®z)*)" = 4(1 + sin® 2)3(1 4 sin® z)’ = 4(1 + sin® )*2sinz cos z

= 4sin 2z(1 + sin? z)%;

o (e ) - (oraer)
1 ) >
= oel
2,\/@(3052 (z+%)( z)

_ 1 (1_%): 2 -1
1 T

2 cos? ( ) 1+tg (x-l— ;) 212 cos? (:H—%) 1+tg (:H-—i—)

0y = (008 1 ﬁ) R )

(1+VE) = 5=(1- V)
(1+vz)?

—(1+vVz+1- 1) sin 20— VE)

_PTiv e
L+ Jap = VaQtVEr

1
) _2/z

_
7

1
~VE) 23
e
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[Ipumep 6.3. Hamepere npon3sopnuTe Ha yHKIHUTE:

arcsinz 1
)y = ————; 6)y =zarcsinz + 1 —12% B y=-—"v;
arccos arcsinz
) ) _ ArccosT oz ]
r) y = T sin Tarctg z; n)y—T, e)y = T4 22 — arctg x;
arcsin:z 2z —1 2
K)Y = —F—— 3) y = arccos \/_ ; H) y = arcsin s

i) y = arcsin 1/ \/ arcsin v/ z2 + Qz, o) y=arctg (z—+/1+x2).

Pewenue. Tlpunarame npasuitata 3a audepenuupase u (hOpMyJsIHTE 3a MPOH3-
BOIHM HA OGPAMHU MPUESOHOMEMPUUHY DYHKYLLL.

arccos T arcsinz
(arcsinz)’ arccos z — arcsinx(arccosz)’ /1 — 22 /1 — z2
(arccos )? N (arccos z)?

a)y =

arccosr + arcsinz

~ V1—z2%(arccosz)? 21— .’L‘Q(EMCCOS )2

Babenexra. arccosc + arcsinz =

7

Hmna

6)y =z’ arcsinz + z(arcsinz)’ + (1—2?)

2v/1 —z2

= arcsinz + i E_ =~ i a:_ = = arcsinz;
B) Y = ——?—(arcsin:c)’ =— ! - ;
(arcsinz)? V1 — z?(arcsin z)?
r)y' = z' sinzarctg x + z(sin z)’arctg z + z sin z(arctg )’
= sin zarctg z + & cos rarctg z + -Ccsigi;
1+ 2%
,_ (arccosz)'z—ax'arccosz CV/1-x? TarecosT _ z+V1-z%arccosT
ny = 2 = o =— i
ey = f(1+2%) —z(142*) 1 :1+z2—23:2 —1—.1"2:_ 2%
(1+ 22)2 1+2z2 (1+22)2 (1+422)2’
%)y = (arcsinz)'v/1 — 22 — arcsinz(v'1 — z2)’

1 —z?
1 2z arcsinx
1 -2
N 2=+ 2 /1 _ 72 _ f—:E?-f—:rarcsinx.

— 2 3 !
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) 1 (29:—1)'__ V3 2 2 .
DY =- 1_(235—1)2 V3 V3—-dr?+4z-1+3  V2+4z—4z¥
V3 /
’_ 1 z ’_ |ZL'| 2 . 2 .
Wy = 1 2 2<$> B 12—4( :EZ)— |z|v/2% — 4
z)
1 1 1—-zv/ 1 —(14z)—-(1-2z
Wy = ( ) _ (1+2) (2 )
\ﬁﬁl—z N i—z \1+z 5 1+z—-1+4z 1—z (1+z)
1+z 1+z 1+z 14z
_ 14z -2 )
21/2z(1 — z) (1 + )2 (1+z)/2z(1 —z)
1 1
Ky = (2z +2)
2.4</(arcsin V2 4 27)3 V1= (22 +22) 2Va? + 22
8+ arcsin® vVz? + 2z /(1 — 2z — 22)(2? + 2x) ‘
T
1_—_
1 1/]__1_2:2
my = z—V1+22) =
'Y 1+(1’—\/1+$2)2( ) 1+2%2—-2zv1+22+1+22
V1i+z? -z _ 1

VI 222VT+r 22 (Vi+ a2 —x) 21+
Ilpumep 6.4. Hamepere nponssoauute Ha pyHKIHNTE:

a)y = In(z + V22 + a?); B Yy = g[sin(ln z) — cos(ln z));

14z 1
6)y—e1r+2w +esm4 r) y = 2arctg . tz

1 1
Pewtenue. a)y' = ———( ) ;
)y T+ Vz? +a? 2\/$2—i—a2 V12 + a?
1+1:1 z4+1+2 Inz :IJ—h’I:L'
6 — " 42z In2& —— 40
= (1-1x2)? + t z? +
1tz = 2 —Inz
— e g e e
1 1
B) Y = %[Sm(ln z) — cos(lnz)] + 5[5 cos(ln z) + > sin(ln z)] = sin(ln z);
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2 1 l-z+l+z 1

./: _ '

-z 1-z

IIpumep 6.5. Hamepere npoussoanuTe Ha (hyHKUKHTE

1 V2. 1++/2thz
=th(lnz); 6)y=zshz—-chz; B)y=—thz +—1 .
a)y =th(lnz); 6)y )y=7 DY

1 1 1

r— . :
Pewenue. a)y ch?(lnz) z  zch?(lnz)’
6)y’ =shz + zchx — shz = zchzx;

/ 1 V21— 3thz ;1/2_( —V2thz) + ;/5(1+\/—thx)
DY =5tz T8 14 vaha (1— vathz)?

1 V2 V2 1-V2thz+1+V2thz 1 1
~%h’z ' 8 chlz 1- 2th2g T 2ch?z | 2ch2z(1—2ih2z)
_1-2th?z+1  1—th’x 1

2ch2z(1 — 2th?z)  ch?x(1 —2th2z)  ch2z(ch?z — 2sh?z)

1 1
~ (1+sh2z)(1 —sh2z) 1 —shiz’

IIpumep 6.6. Hamepere npou3BoAHHTE HA (DYHKLHHTE:

.23
arcsin 773 ; B)y = In(z + v/1 4 z2) — Argsh z;

Y=z
6) y = Vchau; r) y = Argsh(tg ).
arcsin —ZQI . z
Pewenue. a) (Bx. (6.7)y =« 1+z* <= lny = arcsin 112 Inz
T
1 . 2y _ 2
= ~y = = 204z )2 24:z Inz + larcsin 2z 5
Yy ) (14 z?) T 1+z
1] ———
(14 z2)2

esin =22 2 1 2x
) _ _arcsin 773 . .
:}y =2 14z (1+$2+Earcslnl+$2),
o’ _(chz)"  shz

!

6) Ilo popmya (Vu) = ——= = ¢’ = = :
) Io popmyna (v/u) NN TRV
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2z
, 1+2\/1+:v2 1 _ z+ V1412 B 1 B
DY = v Vit i@+ Vit Vit
Babenexka: Tlo nepunuuns Argshz = In(z+v1+2?) = y=0=y =

1
My = cos?z _ _ L _ L _
CVgtr+l o e a:——l cos T

CosT

IIpumep 6.7. Hamepere npousBojHuTe Ha HyHKIMATE

_223/ _1
Ay = (m——)——z+—; o)y = zsezz sin2z; B)y =1\/zsinzy1— z2.

(z -5)3

(z -2z +1

(@—5) — Iny=2 ln(a:—2)+% In(z+1)—3 In(z-5)

Pewenue. a)y =

1 2 1 3 , (z-2)“m+1( 2 1 3 )

> — ’: —_ =
T T2 3@y 75 YT (@=5p \e—2 3(e41) 75

1 3 2cos?2
6)lny =3Ilnz+ 22 +In(sin2z) = -y = — + 2z C d
Y T sin 2z
3
=y = 3% sin 2$(— + 2z + 2cotg 2:L‘) = z2¢® sin 22(3 + 222 + 2zcotg 2z);
x
1 . o1 9 1, 1/1 cosz T
B)Iny = 3 [lnzL+lnsma,+ 3 In(l—=z )} = gy = 5(;4— snz -1——_—;)

1/ 1
==y = 3 rsinzy'1 —:52(; + cotgx — 1_—Iz2)

Ilpumep 6.8. lokaxere, ye pyHkuusaTa y = f(Z) yOOBIETBOPsIBA PaBEHCTBOTO;

1
a) y=1In , zy +1=¢eY;
)Y 1+z Y

arcsin

0) y = ——x, 1-2%)y —zy=1.
Peweriue. a) x Qudpepentupame pyHKIMATA
1 1 1
L y=(01+a) (14 z)? 1+z
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** 3aMecTBaMe B JIIBaTa CTpaHa Ha paBEHCTBOTO

1 T —z+1+4+zx 1
! 1=z(———) 1=l 1= =
7y + 1+z + 1+a:+ 14z 1+ 2z
1
:1 _ — = y:> Y — ',l/'
Ory nl—hx 14z ¢ € €
6y = arcsinz
\/1—1:2
ey ,/1_1;2 +,/ arcsmx_ V1 —2% + zarcsinz
v= Vi) l-Wi-2
a\ (1 —z?)(V1—z% + zarcsinz) zarcsinz
w¥x (1 —z)y —zy = —
(1—-2z2)v1—-22 V1—2x2
_ V1—z?+zarcsing —zarcsinz V1 —1? e
N V1-—1z2? T V1I—22 o

Mpumep 6.9. Wsuncnere cymara: S = 1+ 2z + 3z + -+ + nz™ 1.
Pewenue. S =1+2z+ 32>+ +nz™ ! = (2) + () + (%) + - + (2™

_ 9 5 L z"—l)’_("+1—$
=(z+z*+2°+ - +2") (x o )

z—1
n+ Dz -z -1) -z 4z
- (z-1)
(g —g—(n+ )" +1—z" +z  nz"l - (n+1)2" +1
- (z —1)? - (z—1)? '

Ilpumep 6.10. HamepeTte (HenocpencTBEHO) NbpBHS AU epenunasI Ha PyHKIHSITA:

z? 2 2z +1
z—1

.1
a)y = arcsin — +
x

Pewenue. a) dy = d( arcsin % + I:zr_z 1) = d( arcsin l) + d(;f 1)

_ —1Td<%> 4 (z — 1)dz? — 2%d(z — 1)

(z-1)
-0
oz 1 - 2z(z — 1)dz - z%dz
1 z? — 2z ,
=|- = y/dz;
[ . $2~1+(m—1)2]dx y dz;
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2 2z +1 2 2z +1
6) dy = d(Ealctg —\/_3—) = \/—gd(arctg —\/_5—)
2 1 2r+1 2 3 2 1
\/§1+_(2z+1)2 ( V3 ) V3 3+ (2z+1)? (\/5m \/§>
3
4.3dzx dz

T 3@t t+4z+4) 2+z+1

IIpumep 6.11. Hamepere nudpepenunasure Ha pyHkimuTe (upe3 popmysia 6.3);

3
— (22 , 2 . oz 41 _ LAY
a)y = (z° + 4z + 1)(z° — Vz); G)y—m) B)y—lntg(a-z>,
. 1 7
r)y:Sarcsmm;tlarctngr5&rccosz~iarctgm.

Pewenue. Tlpunarame dopmyna (6.3): dy = y'dz.

DY = 22+ )~ VE) + (@ + 4z +1) (20— =)

2T
52+/T 1
=423 +122% + 2z — - —
z° +12z° 4 2z 5 6z NG
3z%(z® — 1) — 322(2 + 1) 622 6z?
6 I: — — d — — d .
Y G- @o YT T Eo
1 1 1 1 1
nY = a 2 (T _ 2 <_Z):_2-—3’:>dy=_2. z 4%;
tg <§_Z> cos (E—Z sma sm§
Ny = 3 4 1 N 7 B 5 B 1
YTVISe Tve afi—o a(1teY) afi-o 2(1+47)
Y73 V1—2z2 (1+22?)
l1+Inz

IIpumep 6.12. Tloxaxere, ue pyHKUUATA Y = YAOBJIETBOPSIBa PaBEH-
z

—zlnz
crBoto 2z%dy = (z2y? + 1)dz.
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) 91
Pewenue. * Hamupame y' u dy:
1 1
. ;(:v —zlnz) — (1 —Inz —x;)(l +1nz) l-lnz+lnz+inc
vy= z2(1 —Inz)? B z2(1 —Inz)?
1+Wn’z e 1+ W%z
=" = ——— dxz.
z2(1 - lnzx)? 4 z2(1 —In® )
** 3aMecTBaMe dy U i B pABEHCTBOTO
2z%(1 + In? 1+Ing)?
227 (141Inz) ) (a2 (thz)” 1)da
z2(1 —lnx)? (z —zlnz)?
201+’z) , ((1 +Inz)? 1>d
(1—-Inz)2 " \(1—-Inz)?
2(1 +1In*2) 2(1 4 In® z)
I o
(1—-1Inzx)? (1 —Inz)?
3ATJAYH
1. Hamepeme npou3BogHaTa Ha QYHKLHATA:
.3
1.y=%—2x2+4x—5 orm. ¢y =22 —dz + 4
z?\2 / 3
2.y—(1—7) Orr. ¢y =2° — 2z
3. y=z+2/7 OTr.y':1+71—5
4 —51:2—L orr ’—2r+i
ny= 212 ¥ = 3
5. y=(z®* -3z +3)(z®*+2x - 1) Orr. y' =42® — 322 -8z +9
6 2l ta—1 Ocr , 14224327 - 22% - 2*
YT T V= (z34+1)2
1 5 ; 2 15z
7 y= + ormr. ¢y =~ -
T Vo1 YE i YT s @y
2z +1
8y=vm+\/:f OTF.’y,:—_:_
4/z(z + /)
9. y=sinz+cosz Otr. y' = cosz —sinz
10. y=zsinz +cosz orr. ¥y =z cosz
11. y=3sin’z —sin®z ormr. y' = % sin 22(2 — sin )
12. y:ltgaz—tgm+r orr. y' =tg'z

3
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T
= sin 1+ z2 Otr. y' = ——==cos /1 + z2
13. Y sin +x Yy \/1_'_—1:2
14, y = sin®(cos 3x) Orr. y' = —3sin 3z sin(2 cos 3z)
15. y = 2% sin 2z + cotg ?(32z — 1) Otr. 3’ = 327 sin 2z + 22° cos 2z — %
‘ sin®(3z — 1)
16. v = T arcsin 2 O o = arcsinz + zv'1 — z2
VT A ' V(1 —z2)?
1 r4+1 , z?
17. y= =3 —z)v/1 -2z — 22 + 2 arcsin orr. ¢y = ———
y=5@8-2)V 7 Y T
o sinasinx ‘_ sina
18. y = arcsin 1 —cosasinz Orr. y 1-—cosacosz
19. y = 1-lne orr. ¢y’ = ~ 2
VT T e V= z(1 + Inz)?
20. y=z"Inx orr. y' =z" Y(nlnz +1)
2
21. y = Inarccos 2z orr. y = —
v v /1 — 4z2 arccos 2z
T
22. y = Inarctg /1 + z2 orr. y' = —
Y & v (2 + 22)V/1 + z2arctg V1 + 272
cotg g+3
23. y = {/Insin z 1_ 3 orr. y' = S S—
1213[ In?sin = +3
4
4. y=zln(v1-z+v1+1z)+ %(arcsinm —z) Om y =In(vVI-z++/1+1z)
25. y=-¢e"cosx Otr. y' = €*(cos T — sin )
T Inz -1 z_
26. y=2ins Oorr. y' = Ty (In2)(2m=)
1 2cosz s
27. y=elnzg + ——— + arcsin Vsinz + °* ¢
v vcos 2z
orr. 3 = elnz sin (2 cos z — cos 2z) cos T
’ zln’z (cos 2.'1:)% 2y/sinz(l — sinz)
_ 1 , _ z(4+ /x)sh2z + 2(22% /T — 1)ch 2z
28, y= Ich 2z + /zsh 2z orr. ¢ = 53
1
(I1-Inz)= (1 e +In(1 - Inm))
2. y= Y1 -Inz orr. ¢y = — — mnza,
. {/arctgx T
30, y= & y = arcl _ .
0. y= {/arctgz Orr. y o ((1 T oarcig lnalctg:n)
31, y= (rz + l)sinz OTT. y/ — (2:2 + l)sjnz(2fESllleJ + COS$1D($2 + 1))

2 +1
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j2_y=2ttﬁ omr. y ==z _2(2+n@)
N (z+1)° Yz =2 O o = 5722 — 3022 + 361 (z+1)3 ¥z - 2
Y ' 20 -2z -3) J(z-3)0
—11 1+m~lrcl Orr. y' = 2’
Sl P A g
1 24+1
35. y=+vx2+1—In (—+ 1+F) orr. y' = l;
sin® x cos®z ’
36, y= T Ortr. ¥y = — cos 2z
+cotgx  l4tgzx
37. y=In(z +vz? - 1) A Orr. y' = 2’
. VzZ =1 ' @ 1)
1 + zarctgz , arctg x
38, y= ————— Orr. ¢y’ =
VR ire SRR
;2 —sinz)ch
39. y =In(e® cosz + e " sinz) orr. ¢y = (cos 2 s”il),c I
eTcosz +e~Tsing
40. y = enrclg\/l+)n(21+3) Orr. yl —
(22 +3)(2+ In(2z + 3))y/1 4+ In(2z + 3)
z . In(1 + sin z)
41. y:lntgg—cotga:ln(l—i—sma:)—:z Orr. y’=W
3z2 -1 2 ;2% +1
42. y= 353 +Inv/1+z% 4 arctgz Orr. y _m4($2+1)
1
43. y = In(zsinzv1 — z?) Orr. y' = Z Teogr = s
44 g = sinx 3sinx +§1nl+[gg Orr. o — 1
"7 dcostz  8cos’r 8 1 _pl YT st r
2
45. y = z(arcsinz)® — 2z 4 2¢/1 — 2% arcsin z Orr. y' = (arcsin z)?
46. y = In cos arctg £ _2 Orr. y' =thax
1 z+1 -1 , 1
47. y= ln —=arc, om. ¢y = ———
/——_m_i_ \/— g \/— y 41
,/ 1 — 1—
48. y= vitz-yl-c —|— 2arctg -z Orr. ' z
\/1+m+s/1—m 1+z 142
-+ +1 1 2c+1 2r—1
y= ,/__ (o :
49. y=1In 3,:2_:1:_'.1+2\/_ rctg 73 + arctg 73 )
Orr. y' = 1
S TS
T 1 (1 + 2z)? V3 dr —1 24z
. —— — } ——arct 0] ——
N Y= e T T4 T 6 T ™V = Gy
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1
; 1 r_ T\
51y = \/igezﬂ_zm.tgz+ shz+1 orr. y' = (2m T +z2)ﬁ
4cotgz
52 _ ([ 2 )cotg% OTr. y’ = y(—2 — lntﬂ)
- y=\ger sindz 2sin? L

53 N orr. o 3¢® + 10z + 20
Va? +4 15(z2 + 4) 3 (z - 5)2 927 1 4

54 rccos 7" 1 Orr. o' 2nz"
. = a| —_— . = ——-—
y mZn +1 Y $2n +1
2
1
11. Joxasxceme, ye bynkuuaTa y = _:z:2_ + 59:\/:':2 +1+Invy/z+ +22+ 1 ynosnersopssa

pasencTsoTo 2y = zy’ + Iny’

1II. M3uucneme cymara S == 2 + 2.3z + 3.4z + - + n(n — 1)z™ "2
2—n(n+1)z" ' +2(n® — Dz" — n(n — 1)z"+?

Omr. S =
hvy o)
IV. Hamepeme nuceperunana Ha yHKUusTa:

1. y=22 —sin2z Orr. dy = 4sin” zdz

2

a z a
2. y= P + arctg - OTr. dy = —mdz

d

3. y = arcsin 1 OTr. dy = -
z zvz? —1
4, y =arctg/4zx — 1 Orr. dy—-———dm—
' & ' S0vAT — 1

V. Iokasxeme, ye DyHKUUATE Y, ONPEAESIEHA OT yPABHEHUETO arctg Yzt y? yRoB-
JIETBOPSIBA PABEHCTBOTO z
z(dy — dz) = y(dy + dz).



TJIABA 7

[IPOU3BOTHU U AUDEPEHITMAJIA OT HO-BUCOK PEJ.
®OPMY JIA HA JIAUBHUI]

L IPOU3BOOHU HA ®YHKIIUATA y = f(z) OT IO-BUCOK PE]]

Jledpunnuua 1 Axo f(z) e dupepenyupyema ynkyus @ Hakaxsa unmepeas, m.e.

B) —
3f'(z) = 11111 f(m—‘F#@ uako f'(z) e ceugo ougpepenyupyema, mo 7" (z) =
1 A) — f!
[f' ()] = hn}J fla+ /2 f (I), Kosmo ce Hapuya GMLOPa npou3godna na f(z).

Ananoeuuno " (z) = [f"(z)], f¥(z) = [f"(=)], ...,

fO V(@ +h) — f* V()
- :

™) (z) = 1
[ (z) = lim

Taka e necpuHnpana npon3soasa Ha f(z) OT n-TH pefl, KOSTO OUEBHIHO CHLUECTBYBA,
aKO CHIIECTBYBAT BCHYKH MPOM3BOmHM 10 (n-1)-u pex, k., n f("~1(z) e nude-
penumpyema (3a yno6erso f(z) = f(0)(z) - nynesa npoussonsa).

Hpumep 7.1. Hamepere npon3BoaHHTE OT NMO-BHCOK pell HA (DYHKLUMHTE:

a)y=z°-3z+2, ¥ =7 1) f(z) =arctgz, f'(1) =?
6)y =(z+10° ¢y"(2) =? Wy=l(z+V1+2), ¢ =
B) f(z) = e*71, f"(0) =7 e)y=+/1-z?arcsinz, y’ =7
Pewenue. a)y' =2z —3,y" = 2;
6) v =6(zx+10)% 3" =5.6(z+10)%, ¢ = 4.5.6(x+10)% = 120(z+10)® =
y"'(2) = 120.12% = 12%.10;

B) f (:B) _ e2z 1 2 f”( ) 21; 1 2 _462z 1 f”(O) ==

2z 2 1
" _ i .
F) f(iﬂ) 14z Q,f ( )_ (1+$2)2 f (1) 4 2,
r
1+ V1 2 1 1 3 T
0y = +z° _ ’y//_____(1+$2)—§.2$:___;
R Y 2
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T T
arcsin z+ ——) v 1—224+ ———rzarcsin
, —zarcsinz 1o ( V1—12 V1-—z? g
= 5 =
Y= Y -z
2

JSTE T+ T z“arcsinz
—zrlarcsint + T + —— .
N arcsinz + zv/1 — 22

— — 3
1 T (1_1:2)2

I1. TUOEPEHIMAJIA HA y = f(z) OT IO-BHCOK PE/]]

dy = f'(z)dz - nopeu mueperman va f(x)
d*y = d(dy) = d[f'(z)dz] = d[f'(z)]dz = f"(z)dz* - Bropn muepenmma

&y = d(dy) = [ @)da" = [V (@) = T 1)
Ille HamepHM NPOK3BOEH OT N~TH PE. HA HAKON PYHKIHH:

ly=ek 2.y =sinz .y=Ilnz
y = kek® y' = cosz = sin(z + g) y' = % = (~1)0%!
y' = kekT y"” = —sinz = sin(z + Zg) "= —% = (—1)11—2
y™ =grekm 4™ —sin(z + ng) y™ = (_1)”—1(77';1)!.

Iocnenuure Tpy pe3yJitaTa ca Bepuu Vn € N, cieq xaTo ce oKaXaT 10 METOna
Ha ObJIHATA MaTEMaTHYeCKa MHAYKUK (BX. TJ1. 1).

III. OGOBIIEHHE HA IIPABUJIATA 3A THUOEPEHIIHPAHE

Hanenu ca u(z) u v(z), Kouro ca mudpepenuupyemu (pyHKIMH 1O 7i-TU pen (BKJL).
A. ITpou3aodnu na cyma u(z) + v(z)

(w+v) =u +2
(u + ,U)// — u” + U//

(w4 0)™ = ™ 4y,
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B. Ipouseodnu na npousgederue u(r)v(z)

(wv) = u'v +uv

2 2
(wv)" = (W'v +w') = u'v + 2uv + uw = (0) v+ (1> u'v' + (2) uv”!

(u0)™ = (g) wMp® 4 (’11) w4 (Z) WDy (Z) RONS

(uv)(") = Z (Z) MULMOR (71.2)

(-0 (-t

JloxazatesictBoTo Ha (7.2) - gpopmyna ra JlaiibHuy, cTaBa no METOA HA NIbJIHATA
MaTeMaTH4YecKa HHAYKuus (BX. ri. 1).

KBIETO

Ipumep 7.2. IIpecmernere (zsinz)(1%%), kato npuoxure (7.2).
Pewenue. O3nauasame f(z) = (zsinz)(!%9), Torasa

1 1 1
f(z) = ( SO) (sinz)100)£(0) 4 ( (1)0> (sinz)®Vz’ + < 20) (sinz)®®.0+0+ -

=msin(x+100g)+100 sin(.'c—i-QQg)z':nsin(:v—l—507r)—|—100 sin[z+(100—1);—r]
, : ™ ™ (T
= zsinz 4 100sin [ — (E — m) + 1005} = zsinz — 100sin (2 :1:)

=gsinz — 100 cos z.

B. Ilpouzsodnu Ha cecmasna ¢yrryus
Axo y = f(u), u = p(z) - nocrareuno metH AudepeHnupyema, To y = F(z) =
flp(z)] e cecmasna ¢ynxyus na . Torasa
F'(z) = f'(u)uv/(z), xboero f'(u) e cheraBHa DyHKUMS
F'(z) = f"(2)[/ @) + f'(z)u" (z)
F'"(z) = (W) + 3f"u'v" + f'u' ur.n
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3abenesxka (MHBAPHAHTHO CBOHCTBO Ha dY):
dy = F'(2)dz = [f' () (@))de = ' (w)[ (2)da] = f'(u)du,

T.e. dy ce u3pazaea no eOHA U csujd GOPMYNA HE3ABUCMO AaJIM Y Ce PasrJiexK/a
xaTo (hyHKIMA Ha HE3aBUCHMA NPOMEHJIMBA T WIM Ha 3aBUCHMA NPOMEHJINBA U (dy
¥Ma WHBapHaHTHa popma).

ToBa CBOCTBO HE BaXKH 3a AU(EpPEHNHAsT OT 0-BUCOK pexl. Hamnpumep:

d*y = d(dy) = d[f'(u)du] = dud[f'(u)] + f'(w)d(du) = f"(u)du® + f'(u)d’u.

IV. IIPOU3BOJHU HA OBPATHA ®YHKIHs
Heka e namesa dyukusa y = f(x), a z € f(y) e neitnata o6patna. V3BecTHo e,

1
flly)y = @) , KbJIETO JIIBaTa CTPaHa € ChCTaBHa (DYHKUMS HA T, U KaTO Aucepen-

uMpaMe no r, noJjgydaBaMe:

! 5f(z) uwrm

P = FEr

Gl @ = P =-

V. IPOU3BOTHA HA ®YHKIUSA, 3AJANEHA TAPAMETPHYHO

Hecbunnnusn 2 Csgrynnocmma om mowcu M (z,y), wuwmo koopdunamu yoosnem-

= z(t)

T =
gopAcam ypagHeruama y = y(t) B kademo t e napamemsp, ce Hapu1a Kpuga Jjiu-

HUS G paGHUHaAMA.

AXo e Bb3MOXHO U onpefesum ofpatHata yHKumusa ¢ = t(x), nosydaBame

cberaBHa pyskuust y = y[t(z)], Ha KosTO W HamepuM y,. O3HauaBame T} = Z,
/ B
Yt =Y.

* v = Y [H(2)]t (z) = glt(2)]¢ ()

«or alt(z)]| == Bl (@) = 1=t (@) = (Y T G

#[t(z)] T (13)
x Yyt = y:cm+y:v =y = y%y_:f U T.H.

Kenaresnno e ga ce 3anomm camo cpopMyna (7.3) n upe3 noCAENOBATEHO

nudepennupane aa ce Hamupart y”, y'”, ¢", ... HT.H.

IIpumep 7.3. Hamepere n-TaTa NpoH3BOAHA Ha (DYHKLMSTA!

1
ayy = f(z) =z72; B) y = sin ar cos bz;

6)y = * in*

r)y = cos- ax + sin” az.

m .
22 — 5246’
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Peiuenue. a) llle uanonssame osvauenuata: 1.2.3..n = n!, 1.3.5.7...(2n — 1) =
(2n — 1)1 u 2.4.6.8...2n = (2n)!!. Torasa

1.3 13 _s (2n— 1)1 _2nt1
r_ T "o_ (n) _ (_
y— 21; 2)3/ _22$ 2 "yn)_( 1)77. 271 z 2 (1)
1 1 _1
* iposepsiBame (1) mpun =1: ¢y’ = (—=1)—z~ 2 = —im_2;

* nomyckame, 4e ¢oopmyia (1) e BapHa npn n = k, T.e.

— (- 1)k(2k_1) 2k2+1;

* e nokaxewm, ue (1) e Bsipua npu n = k + 1, T.e.

D =) = (- >

k(2k—1) (_2k+lm_2k_2+l_1)

Y
2
- 2k+3 - " 2k+3

2k+1

ToraBa no MeToza Ha bJIHATA MaTeMaTHUYecKa HEAyKuug popmyia (1) e BapHa
mpun=k+2,k+3,...,Te. VkEN;
6) Pasnarame hyHKuUuSITA B CyMa OT eJIeMEHTapHH ApoOH:

_ z A n B
y_(m—Z)(a:—S)_m—Q -3’

Karo Hamupame A = —2, B = 3. Toraga

y=(-2)(z—2)" 43z —3)"' = —2u+ 3v = y™ = —2u™ 4 3™

w=(z—2)"! v=(z—-3)7"

/ -2 _ 1 I = = !
e R e

" =12z -2 = (_1)2(35_1_.% "=12:2-3)7" = “Uzﬁ
) = (1) o = (T

(:L — 2)n+1 (:L‘ — 3)n+1
Torasa 3 2
v = 0l g - )

kosito ¢hopMysia TpsaOBa Oa ce OOKaXe IO METO/A Ha HbJIHaTa MaTeMaTHYecKa
HHAYKIUSA (BX. a));
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1
B) Hanucame y = %[sin(a +b)z + sin(a — b)z] = 5(“ + v). Torasa

u' = (a + b) cos(a + b)z = (a + b) sin[(a + b)z + g]

u” = (a+ b)*[—sin(a + b)z] = (a + b)*sin[(a + b)z + 2%]

™ = (a + b)"sin[(a + b)z + ng]

Anasoruuro nostydasame v = (a — b)™sin[(a — b)z + ng]. Torasa
1 1
Y = —z—[u(n)+v(")] =3 [(a—l—b)ﬂ sin ((a+b)z+ng)+(a—b)n sin ((a—b)z—l—ng)];
r) [Ipu ueTHH CTEneHu NOCTHIIBAME TAKA:
1
Y= (cos2 az + sin? az)? — 2cos® azsin®az =1 — 3 sin® 2az

11—cosdaz 3 cosdax
=1l-—-—==-+4

2 2 4 4
Torasa
"= 4a( sin4az) = — cos (4a:c + W)
Y= - 2
4a)? 4a)?
"= ( Z) (—cosdaz) = ( Z) cos <4am+2z)

4 n
Y™ = (—% cos (4@9: + ng).

[Mocsnennara gopmysta e BipHa Vn € N (nokassa ce no METOAAa HA MbJIHATA
MaTeMaTHIeCKA HHAYKLHA).

Ilpumep 7.4. Tloxaxere, ue pynxkumsita y = e sin £ yAOBAETBOPSIBa OOHKHOBE-
HOTO AudepeHnaIHoO ypaBHeHHe
y' —2y +2y=0.
Pewenue. Hamupame y’ 1y’ 1 3aMecTBaMe B ypaBHEHHETO:

y =e*sinz + e® cosz = €*(sinz + cos z)
y" =e*(sinz + cosx) + e*(cosz —sinz) = 2e* cos T
=>2¢® cosx — 2¢”(sinz + cosz) + 2e"sinz = 0 < 0 =0.
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Iipumep 7.5. Hamepere Bropus augeperuua d?y na ynxuusTa:

1 2
a)y =e’lnz+arctgz; 6)y = arcsin— + 2z +
z
Pewenue. a) Hamupame y' uy'' v 3amectame B (7.1):
1
1+ 22

1 1 1 -2
y”=ezln:r+e””—+el——|—e1(——5) bt
T z T

1
y =e"lnz+e*= +
T

(1+22)?
2z —1 2z
2, T T — .
=>dy—{e Inz+e . (1+$2)2]dz (n = 2);
6 o = (_i) 22z —1) -2 _ 1 +m272x
P = 1 1 z? z-1)2  z/z2-1 (z—1)
22
1 +$2—2z+1 1 1 Lo
z I2—1 (z—-1)? (z—-12 zv/z2—-1 (z—-1)2 7
2
"__
y‘x2<w2 (VP -1+a .»,,-2_1)*(30_1)3
2 —1 2 2z° —
L (L2
22(z? — 1)2 (z-1) 22(z2 — 1)2 (z—-1)
, 2 1 2 1
B) ¥ =173 A @1
\/§1+(2z+1) V3 z?2+z+1
V3
2z +1 2z +1
”—_————-——"=>d2 -« rt=- 2
[ D N R ) P

IIpnmep 7.6. Hamepere n-TaTa NpoH3BoHa Ha (DyHKIHATA:

a)y = z2e%; 6) y = e sin; B)y =xz’Inz.

Pewenue. a) Hexa y = e%®x? = yv. e npuioxum (7.2):

u = ae v =2z
’U,” — a26a1: ’U“ =92
......... 2" =0
u(n) _ a’nea‘z .........

n
_aneaa:x2+nan leamzm_!_

= a""2e%[a2z% 4 2anz + n(n — 1)];

2
——; B)Y = ——arctg ———=
c-1 PYTRTET

1
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6) O3snauaBame u = €%, v = sin z (wm o6paTHO) u npusiarame popmy.a (7.2):

u' = e" v = cosz = sin(z + 7/2)
= e® v = —sinz = sin(z + 27/2)
ul® = e* o™ =sin(z + nm/2)
Z ( > (n=k)y(k) = ¢= Z <k> sin (:v + na)

k
n{n—1)

o sin(z+m)+- - +sin (m-{—n?)]

=0
™
{sm T+nsin (a;-l— 5) +

2

B) [Tonarame u = Inz, v = z° n no (7.2) umame:

1
u = l . v =2z
T x
' = __13 _ i V=2
Toe o
) P .
" — — 4 =% " =0
U(n) — (_1)n+1 (n — 1)' ,U(n) =0
n
(n—=1)! (n—2)! n(n-1) 1 (n=3)!
=y = (_1)n+17$2+n(_1)" 1 2zt 2! (=)™ T2 e 20

- (_1)n+1(7;+j)![(n —1)(n—2) = 2n(n — 2) + n(n - 1)]

_ (—1)nH 2(n — 3)!'

zn—Q
3abenexica. Hamepenure npon3Boasu OT n-TH pef ca Bepun Vn € N, cnen xaro

C€ OKAXKAT 10 METOAA Ha I'bJIHATA MATEMATUUCCKA HHAYKIHAA,

Mpumep 7.7. Usuucnere y(™ (0):

3 2
a) y = L; 6) y = a[’Ctg:L‘; B) Y = arCSin:L‘.
22 —2z+5

Pewtere. a) Tlo ycnopue umame y(z2 — 2z + 5) = 3z + 2. dudepenumupame
TOBa ThXAECTBO N IbTH MO hopMysiaTa Ha JlallGHum:

Y™ (z? = 22+ 5) + ny" D (2z — 2) + n(n — 1)y""? =0,
Ilpu z = 0 nony4aBame

5y(™(0) — 2ny™~(0) + n(n — L)y"~2(0) =0
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win 32 y(™ (0) u3Bexname pexypentHata popMya:

4 (0) = %ny("_l)(O) _ @y(n—z) 0, n>2
2
Henocpencreeno sHamupame y(0) = 5

Ory/(z? — 2z +5) + (2z — 2)y = 3 namupame y'(0):

2 19
5y'(0) — 2.- = "0) = —.
Y(0) -2 =3=y(0) =1
Tlosiarafixu B M3BeieHaTa peKypeHTHa BPBh3Ka MOCJIEA0BAaTEHO 1 = 2,3, . . ., IOy-
yaBaMe
2 2 2038 2 56
10Y = 2.9.4(0) — Z4(0 :_(____>=__
y'(0)=224/0) - 23(0) = £ (3 ~ o) = px'
2 3.2 6/ 56 19 234
"(0) = =.3.9"(0) — ==4/(0 :_(___)Z__ "
0= 5330 =5V O =513~ 3 625
6)y = T+ <= y/(1 + 2°) = 1. Incbepenumpame ToBa paBeHcTBO (N — 1)

obTH NocpeacTBoM dopMy.iaTa Ha JIaitbHuUN 1 mosydaBaMe
YA+ + -1y V2 4+ (n-1)(n -2y =0, n>2
Cnen xaro nosoxuM z = (0, u3BeXAaMe  PEKYPEHTHATA BPb3Ka
y™(0) = —(n - 1)(n-2)y""2(0),  y(0)=0, y'(0) =1;
B) Tnii xaTo

;o 1 y“— 1 T
v V=22’ V1=z21—2?

Hudepenupame nocpencrsom dopmyiara Ha Jlaiibuun n — 2 mbra

— Iyl — y//(l *.'32).

—2)(n—-3
v (10 n-2)y "D (-2ap E 2 o0 gy oy 90
Honarame z = 0 = (™ (0) — (n — 2)(n — 3)y™~2(0) = (n — 2)y"~2)(0), wm
y ™M) = (n-2%""P(0), n=3, y(0)=0,1(0)=1,y"(0)=0.

IIpumep 7.8. Hamepere npon3soaHaTa HA ChCTaBHATA (DYHKIMA:

a) y = vVu2+ 5u, w=1x3+2z+1, y =7
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6) y=Intg g, 4 = arcsinv, v = c0s 2z, y' =7

Pewenue. a) Ilpuiarame ¢opMyJiaTa 3a NIPOH3BOIHA HA CHCTaBHA (DYHKLMs
yh = Y. ul, U nosyyaBame
(2u+5)(3z% 4+ 2)
33/ (u? 4 5u)?

1 2
vy = 3(u? +5u) 73 (2u +5)(32 + 2) =

Y A I I
O)ym_yuuvvz

— 1 1 1 1 (—25sin 22) 2sin 2z
Yp = —f = —28in2z) = ——8——.
Yo tg% coszg 2V1-92 sinuy/1 — v?

IIpumep 7.9. Hanmmere napaMeTpUYHHTE ypaBHEHUS W HaMepeTe IbpBaTa Mpo-
13BoHA Ha (pyHkuusTa y = f(z), 3ananena B Heasen Bua z° + y3 — 3azy = 0
(mexapToB JIMCT).

Pewenue. Ilonarame B 4af€HOTO ypaBHEHue y = It:

3, 3,3 2 _n. 2 _ 3at . 3at?
z°+2°t° —3az’t=0/:z 7é0:>$_1+—253’ y=at=1g
[TapaMeTpHUYHHTE ypaBHEHUS Ha KPUBATa Ca:
3at _ 1+¢3-3t3 3a(1-2t%)
1+8 (1+13)2 (1 +3)2 b _t2e=t)
,_ daf’ g 2L+ %) —3t4)  3at(2— ) Y= T 123
= =oa =
Vo1 v (1+5)2 1 +83)2

Ilpumep 7.10. Hamepere npou3soasara Ha yHKumATa f(x), 3anaeHa c napamer-
PHYHHTE ypaBHEHHS:

z = a(t — sint) ' on o

T = acost ~
= Oy=f@) =) 1 —cost) VY =

y=asint * 7

W f(2) =

Pewenue. a) I nawun: Ot 2% +y? = a?(cos® t+sin® t) = a? cnensa, ue mapamer-
PUUHHUTE ypaBHEHUsI ONPEIeJISAT UeHTpaJIHa OKpBXKHOCT ¢ 7 = a. Ilo popmyna (7.3)
nMame

T = —asint , U acost
. — Yy =T = = —cotgt = p(t).
Y =acost y £  —asint § w(®)
T z T
Ot — = cost = t = arccos — (—1§—§1,0§t§7r)
a a a
cos(arccos

=y’ = —cotg(arccos L) = —

2)
a
sin(arccos Z)
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II hawun: OT y = asin(arccos E)
a
-1/a z

= 1’ = acos (arccos —) )
v \/l—azz/a2 \/0.2——3:2

6) Oyskuusra f(z) onpepesis paBHMHHA KpuBa (yuk/ioudd) CbC CKasapHU
napaMeTpuyny ypasrenud. Ilo chopmyota (7.3) nmame:

.t t
i =a(l ~ cost) .0 asint 2s1n§cos5 ‘
) =asint _—)y:E:a(l—COSt)z 7 :cotgg.
Y ZSinZE

[TostyyeHoTO paBeHCTBO AucbeperLupaMe Mo ¢:
1 1

"o_ _
ARG 1 it
2a sin 5(1—0057&) 4a sin

2 sin

Axo mudepeHuupame 0THOBO 10 ¢, 1e nostyuuM y'” i T.H.

2
ITpumep 7.11. Hamepere 7 Z Ha pynkuusTa f(z), 3aaaeHa ¢ napaMeTpUYHHTE
T

CH ypaBHEHHUS:
T =t? =%
a) y = t+ t3 ) 6) 3t
Peuwienue. a) Ilo popmyana (7.3) umame
=2t :>,_y_1+3t2_1+3t
g=1+32 Y T Tt T2
(™),
3a mapaMeTpuyuHO 3afaeHa (PYHKIUSI HMaMe y™ =227t Torapa
z
( 1 n St)’ 1 " 3
Py_ o \at 3y Ty _ -1
dz? 2t 2t 4¢3
3 .\
T =2e P A d*y " (56 )t 3 ¢
Vgmsen =Y = =2° =T g2 =¥ = om —1°
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3AIAYM
1. Hamepeme BTOpaTa NPOH3BOAHA HA (DYHKLHATA;

1 y=axe orr. y" = 2¢% (3z + 22%)
1 n_ 62(22% - 1)
=13 Orr. =— -/

2.y 1128 Tr. Y @ £ 1)
3. y=(1+zarctg Orr. ¢y = 7 i + 2arctg
4. y=2z" ormr. y’ =2® [(lnm +1)% + l}

z

a(a®—1)sinz

~ /(A= a?sin? z)3

5. y = arcsin(asinz) Orr. y”

II. Hamepeme npoussoguaTa oT n-tv pen Ha QyHKUusTa:

I. y=sin?z orr. y™ = 271y <2z +(n— 1)%)
2. y=uzxe® orr. y™ = e®(z + n)
3. y=zlnz Orr. y™ = (- 2L (n ) (n>2)
z (-1)*n! 1 1
4. y=_2% orr. y™ = -
V= ey 2 <(1‘ —)m T (24 i)“+1)
1 1 1
_ ") _ (1) _
Rl rares O y™ = (=1) "‘(( € — 2)nH (a:—l)"“)
1 ( 1) 211+1
6. y= orr. y™ = 2n - 1)z -1
iy y o ( MMz -1)7
7. y=shzx orr. y™ = 5(8't —(—1)"e™)

IIl. Hamepeme nponspogsara ot n-Tu peAl Ha (DYHKUMATA ¢ NOMOLWITAa Ha (hopMyJiaTa Ha
Jait6uu;

1. y=(2® 4+ 1)sinz
orr. y™ = (z241) sin(z + ng)+2nm sin(m+(n—1)g)+n(n—1) sin(z+(n—2) g)

n

2. y=¢"sinz om. y™ =¢* 3 sin(z + Icg)
3. y=(2® —z)e” orr. y™ = e*(2? + (2n — 1)z +n® - 2n)

1

1 1

— n—1 ; (ﬂ.) — n
4. y=z"""e Orr. y (-1) $n+l
5. y=z"Inz Orr. y(")—n'(lnz—l—z Ic)
=1

IV. Hamepeme npou3spopnaTa Ha napaMeTpH4HO 3ajajieHaTa byHkuus:
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. +t° ,
=127 14+t
1. t2—1 =7 om. ¢/ = —————
! Y Vo2 3=
Y=
t .
=e"sint 1 -
2. |® . ,y =7 orr. ¢y = gt
y=e'cost 1+tgt
2
z =acos"t
3. 2y y' =? Otr. y" =0
y = asin
T =acos3t —3a’z
4, " =7 orr. ¢y =
y=asindt Y v (a? — 22)Va? — 42
3 2 2
z =acos"t cos“t —4sin“t
5. =7 orr, y"' = ————
y=asin®t ’ 4 v 9a2 cos” tsin® ¢
z=Int
6. , Yy =7 Orr. y" = 4t?
y = t2 -1 4 y
x = arcsint 2
7. vy =? orr. ¢/’ = ———
y=In(1l -1t v v 1—¢2
N :E:atCF)St Ly =7 Orr y//zﬂ;
y =atsint a(cost — tsint)3

V. Hamepeme npou3BoJiHaTa Ha CbCTaBHAaTa (DYHKUHUSI OTHOCHO HE3aBHCHMATa NPOMEHJTHBA:

2 . 2 _

1. y:coszu,uzm 1 ! Orr. y':—%sinm 5 1
1

1 2.3 Ingzx
2. y=3"u, u=Intgz Orr. y’:—gk—.ln3
In®tg . sin 2z

U

! 4z —

3.y:e“,u:%1nv,v:2m2—3z+1 OTr.y:%

VL. Hoxaxeme, ue, akoy = (1 — )" %

—az
5

TO

dy
1-2)22 = azy.
(1 -2)5 - =azy
VIL DysxunsaTa y = e > * ynonnersopasa pasenctsoro (1 — 2?)y” — 2y’ — oy = 0.
Ipunoxere (popmyata Ha JlaiiGuuu n aucepenLupaiite 7 IbTH, 32 2 NOKAXKETE, Ue
(1 -2y — (2n + Day "t — (n? + o*)y™ =0.

VIIL Jokaxeme, ue hyHKuuaTa ¢y = arcsin z y0BJI€TBOPSIBA paBeHCTBOTO (1 —z? Yy =y’
u namepere y(™ (0), n > 2.
orr. y®™(0) = 0, y*™(0) = ((2n — 1)1)?

IX. Hoxaxeme, ye dynxuusTa y = f(z), 3a0aAeHa C NAPAMETPHYHHTE CH YDABHEHHS Y =
e' cost, x = e' sint ynopnersopssa pasenctsoto ¥’ (z + v)? = 2(zy’ — y).

X.Hoxaxeme, ue, ako z = f(t) cost — f'(t)sint, y = f(t)sint + f'(t) cost, To
ds® = da? + dy® = [f(t) + " (t)]dt>.



e EVIH 34 KPAMHHATE HAPACTBAHHSL
,,_g?E%%m HA TEMJIOP U MAKJIOPEH

I. TEOPEMM 3A KPAHHUTE HAPACTBAHUS U CJIIEACTBUSL
Teopema 1 (na Pon). Axo ¢pynxyus f(x) omeosaps na ycnogusma:
a) f(z) € Cla,b] - nenpexscnama gpynxyus;
0) 3 f'(z) none 6 (a,b) - cewpecmaysa donupamenna t ¢ mouxa;
6) f(a) = f(b),
moeasa 3£ € (a,b) maxa, ve f'(£) = 0.

Feo.mempwmo meJjiKygaHne

1. f'(€) = k; = 0 o3nauaBa TanrenTa t B Toukara [€, f(£)], koaTO0 € ycnopenna
Ha ocra Oz.

2. Ot T1 cnensa, ue cblIeCTBYBa TOUKa a < & < b, HO MOXE [1a UMa U ApYyru
TOUKI.

3. Or Tl cnensa, ue chbulecTByBa Touka £, T.e. T e TumuuHa Teopema 3a
chiliecTByBaHe Ha &.

Teopema 2 (na Kowu). Axo pynxyuume f(z) u p(x) omeosapsm na ycaosusma:
a) f(z), p(z) € Cla,b] - nenpexschamu yrkyuu;
0) 3 f'(z), ¢'(z) none 8 (a,b) — dugpeperyupyemu;
8) ¢'(z) # 0, Vz € (a,b),

mozasa 3 £ € (a,b) maka, ue

11€) _ J() ~ f(a)
F©)  e)—vla)

Teopema 3 (ra Jlacpans). Axo ¢pynxyusma f(z) omeosaps na ycnogusama:

(8.1)

a) f(z) € Cla,b] - nenpexscnama @ynkyus,

6) 3 f'(z) none ¢ (a,b) — maneenmama t @ mouxa,
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moeasa 3 & € (a,b) maka, ue

PO =190 o) f@=re0-0. @2

FEO.MEIHPMHHO masJIKYyGBaHe

O B2 o, xaero Ala, @), Bb £(5). w0 1(6) =
—a I3 — Ty

k; - Tanredra kbM rpacukara B Touka (£, f(£)). Torasa uMma mowe egna
nonuparesmHa t || AB.

1.

2. Moxe Aa UMa MOBEYE OT €Ha AOMHpaTEIHA.

Cnedcmaus om meopemama Ha Jlazpanx

Caedcmasue 1. AKO f(z) e nudpepenuupyema Vz € (a,b) u f'(z) = 0, Vz €

(a,b), To f(z) =
Cnedcmaue 2. AKO f(z) = ¢'(z), Vz € [a,b], T0 f(z) = p(z) + C.
Ipumep: Dyukupure fz) = arcsinz u p(z) = —arccosz B [—1,1] umar

fl(z) = ¢'(z). Torasa f(z) — o(z) = C, 1.e. arcsinz + arccosz = C. Tlpu
r=0=C= 5 U MoJIyyaBaMe arcsin z 4 arccosz = g

II. ®OPMY JIK HA TEHJIOP U MAKJIOPEH

Heka f(z) e npou3ssosna dyHKums, nepUHApaHa B OKOJIHOCT Ha TOYKaTa Tg € R
(3 f(z0)) n nexa chimecrsysat npouwssoauute i 1o f™ (z0), n € N, BxmounTeMHO,

Heduuunua 1 [Toaunom om cmenen He no-aucoka om n, ceomsemcmaawy Ha f(z)
6 moka T

T — To
1!

(z —20)?
21

Tn(zo,z) = f(zo0) + [ (zo) + f' (o) + -+

\ 4 (I-—xo)_f(" (10) (8.3)
n

we Hapuuame noaunom Ha Teiinop.

[puz = zoumame T(zg, To) = f(z0), kaTo T' (2o, Zo) = f'(x0), T" (20, z0) =
F(z0)ees T (20, 20) = f™(20), HO 32 T # 0 — Tn(z0,2) # f(20).

OsHauaBame epewka (octaTbued uied) R, (zo,z) = f(z) — Tn(zo, z), KOATO
ce pomycka npu 3amsba (anpoxcumayus) Ha f(z) ¢ Tn(zo,z) B zo.
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Jecpnnunmsn 2 @opmyna va Tetinop napuuame

_ 2
£@) = @)+ Z5 2 P o) + EPE ey 4
L \ETT0) (I_CCO) f(n)( ) %f(nﬂ—l)(g)’ o <§<$. (84)

Teopema 4 Axo @yniyus f(z) yoosnemaopsasa ycnosusma:

a) f(z) € C™a,b], me. f(z) 3aedno c npousgodnume cu do n (ki) ca
Henpexscramu ¢ynxkyuu 8 [a, b);

6) 3 f" V() none s (a, b),

(x — zo)"H!

(n+ 1)! f(n+l)(£)r € € (z0,z) C [a,b].

moeasa f(z) = Tn(zo,z) +
Ocrarbunusr uned Ry (o, T) ce npencTaBs B passiuvuny gpopmis:

. (no Jlarpaux): f(z) — Th(zo,z) = %]‘("H)(E) = Ru(zo, 1),
E S (IO;:I;);

2°. (mo Komm): f(z) — Tn(zo,z) = gx(;f_—oi)lf(""'l)[mo + 0(z — zo)] =
Rn(mo,m), 0<d<1;

- (no Tlearo): f(z) — Tn(z0,7) = of(x — z0)"] = Rn (20, ), £ — o.

Teopema 5 (noxanna ¢popmyna na Tetinop). Ako f(x) uma npouzsoduu do n-mu
peo (eka.) 6 mouxama Ty € R, 6 ciusa e

! (I‘$)2
f(ﬂ:o)+—2!()——

+ Wf"(wo) +o[(z — z0)"], T z0. (8.5)

— 20
1!

f(@) = f(z0) + = (o) + -+

Hedounuuna 3 Om (8.4) npu xo = 0 nonywasame ¢hopmyna na Maxnopen:

z? z"
f(@) = FO) + 17(0) + G 8" (@) + -+ T F™(0) + Ra(a), 56

ksdemo R, (z) = f("+1)(0:r) 0< 6 < 1luawm Ry(z) =0[z"], 2 — 0.

(n+ 1)
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Hpnmep 8.1. Moxe s na ce mpusioxu Teopema 1 Ha Pos 3a dyukumsra:

a) f(z) =2 +42® — 7z - 10 B(-1,2);
6) f(z) = 4" B [0, 7;
B) f(z)=1—-z B[-1,1]7

Pewenue. a) f(r) € C[-1,2], 3amwoto € (—00,+00); f(z) e Ge3bpoit nbTH
pucpepenuupyemMa; f(—1) = f(2) = 0 u ToraBa MoXe [a ce NPH/IOXKH TEOPEMATA
na Pon, re. f'(§) =0.

—4 4+ /37
Torasa f/(z) =322 + 82— 7= 32+ 86 -7 =0=> €1, = 3

V37 —4
—1<3T<24:>—3<\/37—4<6<:>1< V37 < 10 - Bapuo! U Taka

BTd e 1,2 6 ¢ 1)

6) TMokasaremata pynkums f(x) e nepunupana B [0, 7); sinz e pecpunupana
Vi: 2kn <z < w4+ 2km, k € Z; f(0) = f(r) = 1 n Toraa Moxke [1a ce NPHJIOXKH
reopemara Ha Pos, T.e. f/(£) = 0. Torasa

cpiecTByBa 3§ =

f'(z) = 45"% Indcosz => 458 cosé =0 = cosE =0 = £ = —72E € [0,7];

B) f(z) e neounupana B [—1, 1] C (—o00, +00); f(z) e Ge3dpoit nbTu mudepeH-
mipyema; f(—1)=1- Y=1=1- V22, f1) =1 - Y1 =0.

Or f(—1) # f(1) cnenpa, ue He MOJKe fa Ce NPUOXKM TeopeMaTa Ha Pour.

IIpnumep 8.2. [lamena e pyukumsra f(z) = 1+ z2™(z — 1) m u n - uean
NOJIOXKHTE/IHKM yuciia. bBe3 na mamupare f'(z), mokaxere, Ue ypaBHEHHETO MMa
OHE eflMH KOpeH B uaTepsasa [0, 1.

Pewenue. * f(z) € C|0, 1], 3amwoTo z € (—00, +00);

* f(x) e 6e36poit nbTu oudepeHmpyema;

* f(0)=f(1) =L

CneposaresiHo hYHKUMATA YOBJIETBOPSABA yCIOBUATA HA TEOpeMarta Ha Pos i
torasa J £ € (0,1) rakosa, ue f'(£) = 0, T.e. ypasuenuero f'(z) = 0 uma mowne
eauH XopeH ¢ = ¢ B nurepsasa (0,1).

IMpumep 8.3. [Mapena e pyuxuuara f(z) = (z — 1)(z — 2)(z — 3)(z — 4). Ho-
Kaxere, ue ypasHenneto f'(z) = 0 uma TpH peasiHH KOpPEHa W OTpe/IesieTe HHTED-
BaJIUTe, B KOUTO T€ Ca Pa3NOJIOXKEHH.

Pewenue. f(z)e n0JMHOM OT YETBBPTA CTENEH, HENPEKBCHAT U ANDEPEHIMPYEM
3a Bcako z. 3a x = 1,2,3,4, f(z) = 0 u no reopemara Ha PoJs1 BbB BCcekH OT
narepsasmre (1,2) (2,3) u (3,4) uma nowe no eaxa uysa Ha f'(z) = 0. f'(z) e
IOJIMHOM OT TpETa CTENeH W MMa TOUHO Tp Hysu. CJienoBaTe/IHO BbB BCEKH OT
MOCOYEHHTE MHTEPBAJIH HMa TOYHO 110 efHa Hys1a Ha f'(z), KodTo e peasna.
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ITpumep 8.4. Ilpmnoxere Teopema 3 Ha Jlarpanx 3a pyHKIHMSTA
a) f(z) =z(1-Inz)B[1,2); 6)f(z)=Ilnzs[l,e]

Pewenue. a)Orz > 0= Inz, 1-Inz, f(z) = (1 —1n z) ca nudpeperumpyemu
B unrepBasa (0, +oo); f(r) e andepenumpyema vz, Thit kato [1,2] C (0,+o00);
fl)=1# f(2)=2—1nd. Or T3= 3¢ € (1,2) Takasa, ue

%:f’({)(:}l—lnél:l—ln{-}—&(— é) < Inf=lnd—Ilne = .f:%.

Ouesnpgno 1 < 4 < 2 4= e <4 < 2e - BsapHo!
e
6) Otz > 0 => f(z) = Inz e nudepenumpyema B (0, +00); f(z) e audepen-
upyema Yz, Toit kato [1, €] C (0,400); f(1) =ln1=0+# f(e) =lne=1. OrT3

Ine
= - = £ = e—1, KaTO Ca BEPHHN HEPaBEHCTBATa

=3J&e (1, ,4e
£ € (1,e) TakaBa 1%

l<e—1<e.

Ilpumep 8.5. Bwpxy KpuBaTa y = T° HaMepeTe TOUKa, B KOSTO JONMPATE/IHATA €
PXy Kp ) p

ycHopeHa Ha XOopaaTa, cheauusaBama Toukure A(—1,—1)u B(2,8).
Pewerue. Pasrnexpame y = 23 B[—1,2], 8%. Au B. Or

kAB=y2-yl:3:>f(b)_f(a):3:fl(£):352:=>f:i1
Ty — I b—a

Ho & = -1 ¢ (—1,2),aé =1 € (~1,2), npu Toa y = 3 e necdounupana

B (—00, +00), nudepenuupyema e Vz BbB Beeky nomuurepsan u f(—1) # f(2).
Tbpcenara Touka e C(1,1).

IIpumep 8.6. [loxaxeTe HEpaBEHCTBOTO

—f
——<tga—t <
cos?g@ — °© gf < cos? a

a—p e P o<p<a<’.
0 2

Pewenue. f(z) = tgz € C[B, o], mudepeHuupyeMa B HHTEPBAJIA, K MOXKEM O
MPUJIOKHM TeopemaTa Ha Jlarpadx

tga—tgﬁ:(a—ﬁ)ﬁé, B<&<a. ey

T
B unrepsana [0, 5] COS = e HaMaJigBalla (PyHKIUs, cJ1enoBaTesiHo oT 0 < B < € <

m
a< 2 nmame 0 < cos€ < cosfB < 1.



Teopemu 3a kpatinume napacmeanus. Dopmynu ra Teinop u Maxnopen 113

B (1) 3amecrBame cos? £ ¢ cos? 3 = 3HAMEHATEsIAT HAPACTBA, ASCHATA YACT Ha
pﬂBeHCTBOTO HaMaJisiBa, TOraBa

. @
cos?

Cera B (1) 3amectBaMe cos? £ ¢ cos? & =—> 3HAMEHATE/ISIT HAMAJUIBA, [ICHATA
9JacT pacTe U uMaMe:

—B
tga—tgf < — o 3)
Ot (2) u (3) umame
a—f —p
< <
cos?f — Ba—tgf < cos? o’

Ipumep 8.7. Tpunoxere tTeopema 2 Ha Komm 3a yuxnuure f(z) = 2° — 2 1
@(z) = 7% + 3 B [1, 2] u HamepeTe TouKaTa £.
Pewenue. Tomomure f(z) 1 ¢(z) ca pecunnpann Vz € (—o0,+00), mide-
peHuupyemu ca Vz u ¢’ (z) = 27 # 0. Torasa npuwiarame T2:
3¢ (8-2)-(1-2) 7 14 5

2% @re) (48 3 g lgehd

Ilpumep 8.8. [Joxaxere TbXAECTBOTO

r—1 {arctga:—vr/él, z>-1

arctg ——
8 z+1 arctgz 4+ 37/4, z < -1

. ™ 37
Joxazamencmso. O3Hauasame p(zr) = arctgx — — n wo(z) = arctgx + —.

Or cnencreue 2 Ha T3 umame, ue, ako f/(z) = ¢'(z), To f(z) — () =
oz —1 R
o f) =g Bt () =

*wmzmwz—g ¢ (z) =

1 +1I2
1122 r.e. f'(z) = ¢'(z)
-1
= arctg i_-kl —arctg z + % = (, Cy, =7
Hzbupame croitroct ¢ = 0 oT unTepBasa © > —1. Torapa:

arctg (—1) — arctg 0 + g =C

m ™
arctg (—l) =a <= tga=-1=a= -4 € <~ 5 5) — OCHOBEH HHTepBaJl
arctg0 = <= tgf=0= =0

— —2 =0+ % =Ci = Ci = 0wm f(z) = p(z) 3 > ~L.
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AHaJIOTHYHO OT

1
o(1-2) 3
arctg ————5— — (arctga: + —

$(1+%) 4

Heka £ — —o0, KaTo0 pasryiexxjame uarepBaja ¢ < —1. Toraga:

):02, Cy =7

3
arctgl—arctg(—oo)—?%:(b(:;,g_(_g) _{_202:}02:0_

Cneposatesmo f(z) = po(z)3a z < —1.
Ipumep 8.9. TIlokaxere, ve aBoiikara PyHKUMH

V1—1z?
f(z) =arctg———— u  ¢(z) = arccosz
z

MMaT €0Ha M CbIlla NPOU3BOAHA H HAMEPETE 3aBUCHMOCTTA MEXAY THIX.
Pewenue. [ledrnnuuyonnrTe 061acT Ha DYHKIMUUTE Cca:

Dy:—~oco<z <4032 f(z)
Dy:—1<z<1 3a ()

1

}$D=D10D2:~1§m§1.

Or fl(z) = ' (2) = ——= == f(z) —p(z) =Cunpuz =1 € D umame
f&) = ¢(@) =~ = f(@) = 4(a) = Cump
arctg 0 — arccos1 = C = C =0.
)
U raka, arctg——wzarccosxaa -1<z<1.
T

IIpumep 8.10. Paznoxere no crenenute Ha (z — 2) HyHKUMATA
f(z) = (2 — 5z + 6)2.
Pewsenue. Ile anpoxcumupame f(z) ¢ T,,(zo, z) B Toukara o = 2 no popmyJia
(8.4):
f(z) = (2* — 52+ 6)* — f(2) =0
f(z) = 2(z* — 5z + 6)(2z — 5) — f'(2) = 0;
f'(z) =2(2z - 5)* + 4(z® — 5z + 6) — f"(2) = 2;
f"(z) =8(2x — 5) + 4(2z — 5) — f"'(2) = ~12;
fY(z) =164+8 — f(2) = 24;
) =0,...,f™ =0;
flz)=0+ I;20+ (@ ;!2)22+ (= o
= flr)=(z—-2)?-2(z—-2)% + (z — 2)*.

DET LI

2 24
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1
Hpumep 8.11. 3a dbyuxuusara f(z) = 7—5 HaMHUIeTe MBPBHUTE MIET YJIEHA OT

passutHeTo Ha Teftnop no crenenn va (z — 5), T.e. 29 = 5.
Pewenue. DyHKIUSATa UIMa n-Ta MPOM3BOAHA (BX. 1. 7, p. 7.3.2))

(2n —1)Il _2n41

@) = (T
S ISP S S SR rL: . B
f(5)—\/5) f(5)——( 1)25 2 = 10\/3» f(5)_( 1) 225 2—100\/5—),
" — (_ 35_“ —Z__ 3 . v —(_ 41!_! —2: 21
)= (15572 = TN AR (5)=(-1)"33572 200078
1 1 -5 3 (z-%5°" 3 (z-5°

= /@)= - 0E T T o @ 200v/5 3!
21 (z-5)* n (z —5)° 9”5—%’ 5 <<z, Bx (8.4).

2000v/5 4! 5[ 25
Rn

_l_

Ilpumep 8.12. Hamuwere Mak/I0peHOBOTO passutHe Ha yHKumsTa f(z) = shzx
(.'I:o = 0).

Pewenue. Dynxmusra uma n-ta npowssopua f(M(z) = 5[62 — (=)™
Torasa
1 0 0 / 1 4} 0 " 1 0 0
f(O):shO=§(e —e) =0; f(O):a(e +e)=1; f 25(6 —e)=0;...
T 3 rn—1 r2ntl 1
0 =shzr = — — (et -£ ,
f@)=shz=qi+ g+t o T Garyiz® ¢
Rn

0< &<z, BX. (8.6).

Npunmep 8.13. Dyskuusara f(x) = arctgz pazjioxKeTre IO CTENEHUTE HA L, KATO

ce crurne 1o z° (zo = 0).
Pewierue. HaMupame NpOM3BOJHUTE O TPETH PEL, BKIHOUMTEIIHO:

—2x

J@) =g = O =0, () = oy = 10 =0
! 1 ! 1. " _ 6132 -2 " _
f($)=1+m2—’f(0)—1» f(515)—z1+—%2)—3—’f(0)——2
1 3

= f(z) =arctgz =z — 37
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Ipumep 8.14. Hamepere rpewkara, xorato B [—1, 1] dpyukumsra f(z) = e* ce
anpokcumupa ¢ Teitnopos nosmuam Tg(z).

2 n+l
Pewenue. Or e® = €0 +1e +§e+ +me +( _1_1) E,0<E<1.~:.
z 372 6
e”’mTﬁ(z):1+F+—2—|+ ‘ 6',Ka'ro[ 1,1] <= |z| < 1. Torasa
|z[” I _
< < - = - T <1073 € {—1,1].
|Ro(a) <2 <5 < gopp = le° ~ Ti(a) v l-1,1]

IIpumep 8.15. Hawmepere rpemkara, xorato B |—7 /4,7 /4] dysxmuara f(z) =

sin z ce anpoKcuMHpa ¢ Teﬁnopon nosmanM T7(z).
72 3 7

Pewenue. OTsmm—sm0+ cosO+ ( sin0) + J;I( cosO)+ s1n0+
" . n+1 T
--+;1—!sm(0+n ) ( Y sm[§+(n+1)§],0<§<1:>
48
IRv(ﬂv)I<| | 1< (Wé,) 8 < 0,0002.
]$|n+1 bn+1

Tyxk e usnosseano, ue, ako a < < b, 10 |Ry| <

U tax, |sinz — T7(z)| < 0,0002.

n+1) s (n+ 1)

Mpumep 8.16. Kato ce u3nosi3a pa3BuTHETO Ha nosmHoMa f(z) = z° — 15z% +
9223 — 28722+ 454z — 279 no CTENEHUTE HA T — 3, [1a Ce H3UKCJIA npubJiH3nuTesIHaTa
croitHocT Ha f(2, 98) ¢ Tounoct o 0,0001.

Pewenue. Ille nznonssame dopmya (8.4) na Teitnop:

f(z) = x° — 152* + 922 — 2872 4 454z — 279— f(3) = 12
f'(z) = 5z — 60z + 27622 — 574z + 454 —f'(3)=1

f"(z) = 20z® — 18022 + 552z — 574 —f"(3) =2
f"(z) = 602* — 360z + 552 —f"(3) =12
fY¥(z) = 120z - 360 —fv3)=0
f'(z) =120 —fY(3) = 120.

Teit/IOPOBOTO pa3BUTHE Ha MOJTMHOMA €
3. (z-3)?

_ z— (z—3)3 (z —3)* (x —3)°
f(:l:)—12+ 1 14+ o 2+ 30 12 + a 0+ 5]

=124+ (z—-3)+(z—3)2+2(z - 3)* + (z — 3)°.

120
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3a T = 2,98 umame

£(2,98) = 12 + (=0.02) + (—0.02)* + 2(—0.02)* + (—0.02)°
=12 — 0,02 + 0,0004 — 0,000016 — 0,000032 = 11, 9804.

3AJAYH
I. Mooxe nu fia ce NPUIOXH meopemama Ha Pon 3a dpyHkunsTa:
1. f(z)=cos"z B [—%, %] Otr. na, £ =0
2. flz)=1-Vz%t 3 [-1,1] Otr. He
3. f(z)=tgz B [0,7] OTr. He
4, flx)=2> B [1,2] Orr. He
5 flz)=(z—-1)(z-2)(z—3) B [-1,1] OTr. He
6. f(z) =In(sinz) B [%, %’r] Orr. 1a, £ = g
2 —2?
7. flz) = prt B [-1,1] OTr. He
8. f(z)=4""* & [0,7] Orr. ma, £ = %
9. f(z)=v27-3z+2 B [1,2 Otr. ga, £ = g
10, f(z)=2*+42*-7z2+9 B [-1,2 Orr. ga, £ = —_ZL—J;ﬁ
1. Hanuweme opmysiata Ha Jlarpaux 3a dpyukiusra f(z) n Hamepere cToHHOCTTa Ha £:
L. f(z)=lnz B [1,€] omr. £=e—1
2. f(z)=arctgz B [0,1] Orr. & =4/ % -1
: 4
3. f(z) =arcsinz B [0,1] Orr. £ =4/1— 7
4 f(:r:)—2:::—i—l B [1 2] Orr. ¢ =
' - T 2’ T
1
5 f(zy=2z—-2% 8 [0,1 Orr. £ = —
f(z) [0,1] (=7
III. Karo u3nos3BaTe Teopemara Ha Jlarpanx, dokaxeme HEPaBEHCTBOTO!
L2027t gopcq
a b b

2. " la—b)<a” —b" <na” a—b), a>b n>1;

1+z
Ynsmaane. TIpunoxere popmyata Ha Jlarpanx 3a f(z)=In(14+z), x € [1,1+z].

3. —i-—<ln(1+a:)<a:,~ z >0
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1 1
. — < In(1 =
4 1+1+e<n( +e)<1+e,

Ynsmaane. 3a (byHKuuﬂTa f(z)=Inz npﬂnoxeTé (bopmynara Ha Jlarpanx B [e, e+1],

5. 2+ <In(l+z) <z 5 z >0

Ynsmaare. PasrnenauTe ysxunsra f(z) =In(1 +2) 8 [1,1 + z].
6. 1ﬁ+ ik <arctgf — arctga < 1B+ o , a<p
7. 5> 14z

8. e >ex, z>1;
9. larctgz —arctgy < |z — y|.

IV. Bbpxy yactra ot mapaGosiatay = 22, orpannyena ot Touknre A(1, 1) u B(3, 9) namepere

TOYKa, B KOATO JIONHpaTe/IHATa € YCIopeaHa Ha xopaara AB.
Orr. M(2,4)

V. IIposepeme u3nbJHEHH JIi cA YCJIOBHATA Ha TeopeMara Ha Koww 3a dyrkuante f(2) u
¢(2) B nocoueHiTe HHTEpBaN i HamepeTe &:

I f(2) =2, o(z) = 2° 5 [2,3] Orr. € = f—g
2

2. f(z)=Inz, p(z) = % B [2,0%),a>0 orr. € = aa_llna

3. f(z) =sinz, p(z) =cosz B [0, g] Orr. £ = %

4. f(z) =sinz, p(z) =z B [0, E] _ OTr. He

5. f(z) =27 p(z) =cosz B |- z 72T] Orr. He

VI. Onpepesnete Gpost Ha peaniHuTe Hy/1M Ha ypaBHeRHETO f'(Z) = 0 1 HHTEpBAJINTE, HA KOHTO
Te npuRagiexar, ako f(z) = z(z — 2)(xz — 3)(z — 5).
orr. 3, (0,2), (2,3), 3,5)

VIL. okaxere, ye y = f(z) e koHcTanTa, HamepeTte Ta3u KOHCTAHTA:

3

1. f(z) = cos?z + cos? (% +z) — COS T COS (g—km) O1r. 1
o

2. f(z) = 2arctg z + arcsin 1—+IF mpHz > 1 Orr. m

VIIL. Hokaxere, ue dyuxuunure f(z) 1 (T) UIMAT eHa ¥ CHILA NPOU3BOIHA U HAMEDETE
3aBHCHMOCT MEXJY TX:

1. f(z) = arctg i t
2. f(z) = e®chz, p(x) = e®shx orr. f(z) = p(z) +1

z, p(z) =arctgx orr. f(z) = p(z) + %

2

3. f(z) = arctg 1:1:_—2’ p(z) = arccos ¢ orr. f(z) = p(z)
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[X. I ce pa3Bie [0 CTeneHuTe Ha (Z — @) 1o uieH, chabpxam (z — a)f dysxunsra:

1. flz)=2lnz,a=1,k=n

5 2, 11 3 (=1"6(z-1)"
. —1 —(z—-1 :
Orr. f(z) = (o=t g a1+ (o= ) 4o e s 4 R
1
2. flx)=—=,a=4k=3
( 7z
1 1 3 2 5 3
. = — = —(z—4)" — —=(z —
Om fle) =g~ gl - D+ 355@ =4 ~ 5=~
3. fz)=2® -2 -224+9,a=101m. f(z)=(z-1)*+2(z—1)* - (z—-1)+5
X. HamepeTe Mak/I0peHOBOTO pa3BHTHE HA DYHKUMITE:
° z  x? z" ™t
1. f(z)=e oTr.1+ﬁ+§+~-+—,+me
) 2 z® 2 n oz"
2. f(:v)=sm:v OTFT—§+§4F+ +(—1)Z+—1).
2zt g8 n"
3. f(z) =cosz OTr.l——2—!+E—a+ (=)=
: 2 4 6 n
sinz T T T n Z
4. f(z) = - OTr.l——?FJra—fW-i-H‘—F( 1) (n+1)!+
2 3 n
z z nZ
5. f(z) =In(l+z) OTF.$77+—3-+--'+(—1) - +
2 3 Iﬂ.-}—l
6. f(;z;)::pe OTT‘ I+1 +§+ -+ l + -



TJIABA 9
HEOIIPEAEJIEHHA ®OPMH. TEOPEMH HA JIOITUTAJI

Ilpu HamMupane rpanuua Ha Qyskuus lim ®(z) ca Bp3MoXxHH citydanre: §(z) =
T—To

f(z)

9(z)

0
CHOTBETHO Heonpedenenume opmu: {6} , [%} , [0.00], [00 —00] 1 [1°°], [007], [0°].

,®(z) = f(z)g(z), ®(z) = f(z)—g(z)ud(z) = f(z)9), xaTo ca BbIMOKHH

1. HEOIIPEJIEJIEHA OPMA OT BUJIA [8]

f(=)
9(z)

0
G moukama Ty om euda {6]’ axo f(z) u g(z) ca decpunupanu @ mouxama o u

Hedunnums 1 Kaseanme, ue yniyusma &(z) = e Heonpedenena hopma

naxaxaa 6-oxonnocm Ug(xg) na moukama zo (6e3 zo), kamo g(z) # 0, f(zo) =
9(zo) = 0.

Teopema 1 (npagunio na Jlonuman). Axo pymyuume f(z) u g(z) omeosapsm
HA YCII08USIMA:

[e]

a) f(z)ug(z) cadeppunupanu ¢ mouxa xo u e Us(xo) u ca Henpexschamu @ o,
6) f(zo) = g(zo) = 0 - Geskparino manku yrkyuu;

@) 3f'z), ¢'(z) - ducpepenyupyemu nowne 3a x # xo u g'(z) # 0.

) o i 1@

Toeaaa, ako 3 lim
==z0 g'(z) g0 g(a)

f@) _ oy @ ©.1)

I 1. i =i =1
pavep LI = Ty !
T __ ,—T T -z 2
IIpumep 2. lim e ¢ = lim < fe 2
:c—»OIn(e—x)—}-:z;—l z—0 —1 41 el
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Babenexxa 1. T1 ocraBa B cMia M KOraro £ — o = 00. HaucrHna, KaTo

MOJIOXKUM T = ; =t = —, HO
Z

f() .fG)

| (L ,
zoo0=t—0= lim oy =lin 9(1) =i ﬁ%ﬁ;_ﬂ& gég

t t 12

3abenexxa 2. Axo npousBogHure Ha f(z) u g(r) OT n-TH pen OTroBapsT Ha
ycsiosusita Ha T1, To

fiz) _ . (@)

(n)
lim @ = lim = lim —+=---= lim f (:c)
s=z0 g(z)  e—a0 g'(z) sz g'(z) z=wo g (z)

9.2)

IIpumep 3.

. eT—e T2z . €eF+eT-2 . e¥f—e® . e¥4eT
lim - = lim = lim — = lim =2.
z—0 zI—sing z—0 l—cosx z—0 ginzx z—0 COSZI

1. HEONIPEJIEJIEHA (>OPMA OT BHJIA [g]
_ flz)

Hedunuuusn 2 Kazeane, ve pynxyusma ®(z) = @) e Heonpedenena (hopma @
g(z

o0 o
moukxama xo om auda {—], aro f(x) u g(x) ca dedpunupanu 6 U 5(xq), npu mosa

g(z) #0, f(z0) = g(z0) = o0.

Teopema 2 Axo yHiyuume JF(z) u g(z) omeosapsim Ha ycnosusma:

a) f(z) u g(z) ca depurparu & Us(zo);

6) f(zo) = g(zo) = 00 ~ Beskpaiino eonemu pyrxyus;

¢) Af'z), ¢'(x) - oucpepenyupyemu nore 3a = # o u g'(z) # 0.
f'(=z) f(=z)

Toeasa, axo 3 lim =l mod lim —F u
A, () 2 (@)

ORI C) N ©.3)

amso g(z) | sms0 g'(T)

3a6enexku 1 u 2 npu T1 ocrasar B cuia 1 npu T2.
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IIpumep 4.

a8 322 . 6
lim —~ = lim —_— = lim — = lim ————— =0.

T70 eT00 TT®10-2eI00 T 10-4el00 T 10-6eTI00

I
H3600: €100 = O(z3) <= €2 = O(z") wm excroHeHmMaHaTa GyHKIUs e**
+00 n0-61p30, otkoskoro dynkumsara z, n € N, o € R™ (cpaBusBame Ge3kpaiino
rojieMn QYHKIUM).

III. HEOIIPEAEJIEHU ®OPMH OT APYT BH
A. 8(2) = f(@)g(x) — [0.00]

Torasa
d(z) = fx—) [6] wu  $(z) = ﬁ — [g] (9.4
9(z) f=)
1
Tpumvep 5. lim (:1: Inz) = lim th = xh—}&- & =- JDl_i_)%l-}_z =0
z x?
9(z) = f(z) — 9(z) — [00 — 9]
Torasa
Lo
3(a) = f(@) ~g(a) = 1~ ——= LD TE [ o5

f@  gl@)  fl@) gl

B. &(z) = f(2)9™) — [1°°], [00°], [0°]
Toraea cboreetHO In & (z) = g(z)In f(z) — [0o- 0], [0 - o0}, [0 - (—o0)]. Hakpas

lim (In®(z)) = L <= In(lim ®(z)) =L = lim &(z) = er.
T—Tq T— I

I—Tg

To3u pesysirar ce moJiyyaBa, KaTO CMEHHM MeCTaTa Ha omepatopure “lim” u
“In”, 3a10TO JIOrapuTMHYHATA (DYHKLHUS € HENPEK'bCHATA.



Heonpeoenenu ¢popmu. Teopemu na Jlonuman 123

Mpumep 6. 1imo 2% — [0°] u xato monoxum ®(z) = z° = In d(z) = zlnz
r—

1
e lim (In ®(z)) = lim (z1n z) = lim 2% = lim ~Z_ — ¢
Jm(n@(c)) = lim(zlnz) = lim == = lim —4- =0.
T z?

Torasa or In(lim 2%) = 0 = lim 2% = e® = 1.
T—

r—
0
IMpumep 9.1. IIpecmerHere rpaHuumTe (HEONPEOEIEHOCT [6] ):

In(3z? + 5z —21) T — 2arctg T

B) lim

a) lim 5
= — 6z ! 5 1\’
a2 zf—6r+8 * 00ln<1+—)
T
1422 —co @ _1
6) lim w; r) lim ———
z—0 sin“ x z—0cosz — 1
Pewenue.
6z +5
. 3z245r—21 _ 6245 17
1 = =—— . (9.1);
R R P—y; 6 = 20D
&) lir 2z + sinx lim 24+cosx 3
im —————— = lim ——— = —;
z—02sinzcosz z—0 2cos2x 2’
9 1
- 2 2 . o 1
B) lim ——1—1+—I1—=2 lim 2 ks =2 lim s =2 lim = =2
T—00 _ _) z—oo 1+ z—00 T T—00
1 2
1+- 7
T
< 2 T 2 sinzy -1
r) lim ——— = -21lime® lim — = —21lim €® lim ( )
z—0 —sinz z—0 a:»o sinz 50 -0\ I
— 2 lim &* ( lim smm) = -2,
z—0 z—0 I

Hpumep 9.2. TlpecMeTneTe rpanuuuTe (HeomnpeneseHoct [00.0)):

a) lim [x (arctg i—i; — arctg - j_ 2)] ; B) 21:1_131 [(a2 —2%)tg ;—ﬂ,

I—00

0) liII]d[(ﬂ' — 2arctg z) In zJ; r) lin%)[ln(l + sin? z)ctg(In(1 + x))).
T— T—
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Pewenue.

)

a) Ilpu z — oo arctg % — arctgl — T Torasa:
4
a:(l + —)
T
arctg — L arctg — 2
rc —ar -
i brt2 B et2 . 22216245 2s°t4z+d
im = lim
T z2
lim 22% li 2’ li 4z lim 2z
= —  — lim ——————— = lim -
z~oo123321+ 4rz4+4 502224+ 6x+5 zowdr+4 zo004r+6
=1-5 =2 mK (94)
———2 2 2
. m—2arctgxr . 1442 .. zln'z . In"z
R e B SRkl Sl
Inz zln’z z
2lnz 1
=2 lim lim —%— =—4lim lim -£-=41lim lim z=0;
z—0 1422 -0 1 z—014+2%z—0 -1 :1:—)»0 ]_—}-(1:21:—*0
T2 2 ‘
o a?— g2 . -2z 4a . 9 TT 4a?
B) lim 77— = lim e lim zsin® — = —;
T—a ctg— z—a - __T_l'_ mw T—a 2a m
2a . 2T 9,
sin® —
2a
2sinzcosx
M lim In(1 + sin? z) e 1+sin’z
z—0tg(In(l+z)) =—0 1 1
cos?(In(l1+z)) 14z
~Mim 2(1 + ) sin:rcosz.'c2052(ln(1 + xz)) —0
z—0 1+ sin“z

IIpnmep 9.3. TlpecMerHeTe rpaHuuuTe (HEONPENEEHOCT [00 — 00]):

2 lim ( 1 L Y (I_1+ ! )
Tl — 5 | B 1m 5
=0 \sin?z 4 sin? ) z-0\ 222  z(e*® 1)/’

6) lim ( r __ i), r) lim7r (Zztga:—

z—1l\zr—1 Inz o

cosm)'



Heonpedenenu ¢gpopmu. Teopemu na Jlonuman 125

Petuenue.
. Z:L' <2
dsin® o —sin"z 4 2sinz — 2sinzcosz
2) 7 lim T . —Z; 1 T
s 53111 z Esn 32+ 2sinzcoszsin® =
2 .. 2—2cosz 1 1 1
=0 ¢in? 7 + 4 coszsin ) 2cos:c—251n 2
. zhz-z+1 o o lnz+1-1 . zlnz
6) lm—————=lim————=1lim————
z—=1 (z—1)Inz I_'llnm—kl—l z=lzlnz+z—1
Inz+1 1
= lim ——— = —;
z=-llnzx+1+1 2
z—-1 1 1., (z—-1)(e*®—1)+2z
I [ ]:-1
B) 250 2:32 z(e?® —1) 2 250 x2(e?r - 1)
1. 2 _142(z—1) 2$+2 ez —1)+1

=1
2 zl—rr% 2z(e?® — 1) + 2z2%e%

Ll 2e2%(2z — 1) + 2e2®
4 -0 ze2% + 22 — 1 + 1(2ze?% + €27 4 2e27)
— L im 2ze%® ~ lim e?® + 2ze%*
2z—0e22(2x2 +4zx+1)—1 250 2e27 (222 + 4+ 1) + e2(dz + 4)
1 im 142z 1
2050202+ 6243 6

1
—lim
T 200 2z(ze?® + e2® — 1)

. 2xsinz — 7« . 2sinz + 2xcosz
r) lim ——= lim ———M———— = -2.

o X cos T o X —sinz
Npumep 9.4. TlpecmeTrere rparunure (HeonpemeseHoct [1°°]):
l4cosz

2 z 1
a) lim (—arctg x) : 6) lim (14 cos®z)sin2z; ) hm (2 —cosz) 2sinw .
z—+00 \ T T— %

2 z 2
Pewenue. a) [lonarame y = (~arctg m) = lny==zln (—arctg r) Torasa
m T

2
9 In (— arctg :U)
. T s — 1 T
IETOO(In y) = xgl}goo [:z In (7r arctg z)] lim —f=——~

T—-+00
T
z? . 2z 2
- zll»g-loo 1+ 2%)arctgs zll»l-}-loo 1+2°
2zarctg z +

1+ 2
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ﬂlld)epEHL[MMHD cmamane Ha (pyHlCl[llﬂ Ha eOHa u nogeue NpOMEHNIUBU

2 _2
Mraka lim (Iny) =——<«<=In( lim y)=——= lim y=e 7,8x 1B
r—+00 e T—+400 e T—+00
1 In(1 + cos®
6) Hosarame y = (1 + cos® z)sin2z = Iny = n(+—<:2z) Torasa
sin 2z

3 2 .
lim (hl y) = lim ]_'1_1(1+C—OS$) — [9] = — lim 3cos®rsinz
T 3 e T sin2z 0 y

=0
z— T 2008 2z(1 4 cosd z)
Or lim (Iny) =0<+=In(lim y)=0= lim y= e =1,

7 o= g o= g
1+cosz
B) Iloyarame y = (2 — cosx) 2sinz

—s Iny = (14 cosz)In(2 — cosz)
Torasa

2sinz
1 In(2 —
limo(lny) = 1111})( +cosz)In(2 — cosz)
— o

5]
2sinx 0
sinz
—sinzIn(2 — cosz) + (1 + cosz)
— 2—cosT _ 0
= lim =
z—0 2cosz
Umame lim(Iny) = 0 <= In(lim y) = 0 = lim y = % = 1.
z—0 z—0 x—0
Ipumep 9.5. Tlpecmernere rpanumuTe (Heonpeesienoct [0o’])
1\e&= 1
a) lim ( ) ; 6) lim (tgz)?®~™; B) lim (z + 2%)%.
z—0+ \T z— 12r_ T—00

1
Peiyenue. a) Ilonarame y = (

gz 1

—) = lny=tgzln— =tgz(lnl—Inx)
x x

—tgzlnz. Torapa

. . Inz
lim (Iny) =— lim (tgzlnz) =— lim
T— 0+ z—04 z—0+ cotg x
. 1/z sinz
=— lim ———— = lim
2—0+ —1/sin*z =0+ I

41 lim (1 = i = i =el=1 . 5
Taxa, I_1}})1{_( ny) =0« 111(731_1)1;1)1+ y)=0= a:li%l+ y=¢e , x. III, B.;

lim sinz =0.
z—04+

6) Iosarame y = (tg£)%*~™ = Iny = (2z — 7) Intg z. Torasa

1 1
. . Intgz . gz cos?z
B 2r—m (2z — m)?
_ (2m —m)? ~ i 4(2z — 7) _
z2— I sin2z

e 2cos2z



T— 5

Or lim (Iny) =0 <= In(lim y) =0=Iny=¢"=1;

2 =2
B) Honarame y = (z + 2”3)% = lny = ln(xT—FZz)_ Torasa
14+2%In2 ,
i (v = Ji P = i 2 =
= lim 27 lnz 2 =In2.

T—00 2T In° 2

U raka, lim (Iny) =In2 <= In(lim y) =In2 = lim y=2.
T—00 T—00 T—00

Ilpumep 9.6. TIpecmernere rpanuuute (Reomnpenesesoct [0°]):

1
a) lm (7 —2z)°%; 6) lim z!™e*~1); ) lim (arcsinz)®®.
z— I z—0 z—0

2

Pewenue. a) [lonarame y = (m — 22)°°5% = Iny = cosz In(m — 2z). Torapa

-2
In(r — 2 — cos?
lim (Iny) = lim In(r —22) = lim Z=2% — 9 lim —I
T— % T— % 1 T— T SinzT T— -‘% (7T — 2$) sinx
cos T cos?z
1 —2si o}
=-2 lim — lim SIMTCOST _
o 28T o T -2
< 1In( lim y) =0== lim y=¢"=1;
S — Inz
6) Mosarame y = zn(e"~1) — Iny = —————. Torasa
In(e® — 1)
1
. : . Inz . T et —1
amyny) =In(imy) = e = 1) ~ 22 e~ i g
et —1

T
. € . .
= lim = lim =l=limy=e' =¢
z—0 T + zet z—01+ 2z z—0

B) Ioslarame y = (arcsinz)®® = Iny = tgz In(arcsinz). Torasa

1
In(arcsi =7 arcei
lim (ing) = In(lim g) = Jim 2&S02) o Vi—a?arcsing _
z—0 z—0 z—0 cotgr z—0 -1
2

sin“
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Il

sin

2

T 1

2sinz cosx

= —lim lim

— lim

1 5
im -
z—0 /1 — z2 z—0 arcsinz 0 /1 — 22 20

= limsin2z =0= limy=¢ = 1.
z—0 z—0

3AZIAYH

0
. HamepeTe rpannuaTa (HeonpeaeseHocT [6] HTH [%] )

1.

10. 1

11

12.

13.

14.

15.

16.

. lim

e
lim
©—0 arctg 5z

. In?z
lim
T—o0 I

. gz —sinx
lim 8% — Sz
x—0 :1:3

. e 1
lim .
=—0 arcsin

lim —\3/5_ V5
T—5 \/—_\/5

In cos az

. lim

z—0 In cos bz
et —e ™ -2

z—0 r—sinz

. T —2arctgzx
lim T _<arcte T
oo e3/T — 1

. x—sinx
lun _—
T—0 T —tgT
. e —e7"

m ——
z—01In(1 + z)
e 31
lim ————
z—0 sin” 5z

. cotgx — 1
lim —=~ —
e— 7 sin 4z

.2 —42? 45z -2
lim

1—o1I3—52}2+72)—3

. Inz
Iim —, m>0
z—o0 ™

. Inz
lim ——————
z—0 1+ 2Insinz
T
im ——2
Pl In(1 - =z)

1
Vv1-—1z2

orr, 2

5

Orr. 0

orr. -

Orr. c2

2, -1/6

Orr. 35

orr. —

orr. 2
orr. -

Orr. — =
T 9

Orr. 2

Ortr. 0

Otr. —oo
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17' lim 552 In(z — 3)

z—3 In(e® — €3) Orr. cos3
In(l1—-z)+tg %"
18. lim w OTr. —9
51 cotg 7z
1 —cosazx
19. lim —————— Oorr. —a?
=0 z(a — Va2 + z) ¢
11. TIpecMmeTHeTe rpanuuuTe (HeonpeaesieHoct [0 - 0o] nitu [oo — oo)):
1. lim sin(z — 1)tg e Orr. _2
T—1 2 ™
2. lim (z — In*2) Orr. +00
I—00
3. lin}](ez +e™ " —2)colgz Orr. 0
oo
1
4. lim z%ez? Ortr. +oo
z—0
5. lim (2 — 1)cotgm(z — 1) Orr. 1
z—1 s
6. lim zsin = Ortr. a
T—00 T
7. lim1 Inzln(z—1) Orr. 0
T
8. lim (i - orr. 1
z—1\lnz Inz
9. lim ( L _ l) Orr. 0
z—o \arctgz
1 1 1
10. li ( - ) o L
= \2(1—vz) 3(1— ¥z) ™12
11. lim ( r__ W—/Q) Orr. —1
o T \COIgT  COST
. 1 2 2
12. }cl—r.% (P — cotg z) orr. 3
111 Ipecmernere rpannuute (neonpeaeenoct [1°%°], [0°], [00?)):
2
1. lim (1+ l) : Orr. e?
T—00 T
2. lin%):rSi“" Oorr. 1
1
3. lim z= Orr. 1
T—00
1 1
4. lim(cotgx)nz Orr. =
x—0 e
S 1
5. limxl-= Orr. -
z—1 e

1

6. lim (1+ )" orr. 1
T

=00
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3
7. lin%)(cos 2x) =% Otr. e~©
1
8. lim(e® + z)= Orr. €2
z—0
; _sinz
9. lim (%) oosine Orr L
" 250 T ) €
__1
10. lin})(l +z?)e-1-w Orr. ¢?
tgz 27
11. lim (ﬂ)r Orr, !/3
-0\ 2
1
12. limo(cosm)sinm Orr. 1

[V. IlpecmeTHETE rpaHuLUTE:

e*+e ®—2cosz

1. lim —m8———— Orr. 2
x—0 $2
sinz —tgx 1
2. x_r%—ma— Orr. 3
3. lim % OTr. —1
z—0 2 2
. 1 2 2
4. ilg}) (;5 — cotg a,) orr. 3
5. lim (L — 1 ) Orr. 1
z—=1\lnz =z-1 2
32
€T T —1—2
6. illl"{) —Q OrTr. ~3
7. lim = VST Orr. 0
x—0+ 1 — cos /T
1
8. lim (1_+m)_z;e OTr. ——
x—0 xr 2
. ¥ —z
9. lm ————— Orr. —2
z=llnz —z+1
10. lim Sthe —cotg o, 2
x—0 z 3
- " 1 1
11. lim (ﬁ)F Orr. e~ 3
z—0 \ ¥ —
12. lim (tga)®2® Orr. e !
T— “—1‘
2 3 2
13. lim (— arccos a:) Orr, e™ =
z—0 \ 7T

1
14. lim (COSI)F Orr. e~ !
z—0 \ chx
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; 1 1
15 lim (= - —) orr. 0
z—0 \ 2 sSinx
e — 1y 7= 1
16. lim ( )e'_l OTr. e2
z—0 r
17. lim (cos z + asin E) " OTr. e%*
n—oco n n
. 2 1 1
18. lim (:r—m In (1+—)> OTr. =
T— 00 X 2
19. lim (Vz?2 4+ z + V2?2 — 2 — 22) Orr. 741_1:
T— 00
1
= 1
20. lim ( Inz )1” O, e”2
z—1\g —1
g o= 2
21. lim (2 - E) £ 2 OTr. ew
T—a a



TJIABA 10
MOHOTOHHOCT HA ®YHKIIMA

Haneno e dyukuus y = f(z), T € [a, b] - KaKbB Ja € HHTepBaL.

Hedbnuuuus 1 Oynxyusma y = f(z) ce napuua MOHOMOHHO pacmsya (He-
Hamanssawa), ako V1, Ts € (a,b), z1 < o — f(z1) < f(z2) u monomonno
namanngawya (nepacmawma), ako ¥xy,zs € (a,b), T1 < zo — f(r1) > f(z2).
Hedbunnuun 2 @yuxyusmay = f(z) ce napuua cmpozo pacmawma, axoVz1, o €
(a,b), z1 < 79 — f(z1) < f(x2) u cmpozo Hamanacawa, ako VI, Ty € (a,b),
T1 < 2y — fz1) > f(z2). '

Teopema 1 Axo f(z) e depunupana u nenpexecrnama @ [a, b] u e dugpepenyupyema
none 8 (a,b), mo neobxodumo u docmamesuno ycaosue f(x) 0a 6sde MOHOMOHKRO

pacmawa e f'(z) > 0, Vz € (a,b) (meopema na Jlaepanx 3a kpavinume Hapa-
CMGAHUS).

Teopema 2 f(z) e monomonno namannsaya < f'(z) <0, Vr € (a,b), f(z)
e pacmawa <= f'(x) > 0, Vx € {(a,b) u f(z) e namanasaya < f'(z) <0,
Vz € (a,b).

Ipumep 10.1. Hamepere uHTEpBaIMTE HA MOHOTOHHOCT Ha (DYHKUMSATA
1/, 1 1 T o
= —|z* - = )arcsinz + ~z/1 — 22 — —z“.
=3 ( 2) 1 12
Pewsernue. [lecpurnnyonHaTa 06J1acT Ha (PYHKIHUSATA CE ONMpPEIEsIs OT YCJIOBUATA!

1°. 1-2? > 0 <= z € [~1,1] (3a na cbuwecrsysa V1 — z2);
2°. -1 < z < 1 (nepPUHULEOHHO MHOXEeCTBO Ha () = arcsin z).

Torasa DM : z € [—1,1]
Hamupame y':
2

1 1 1 1
Y = E[ZIarcsinl'-l- (932 - —)——} + —(\/1 —z?— ———,lx__zz) - %

2/ /1 — x2 4
zarcsinzx + 22% — 1 + 1~ 227 Tz m(alcsinm W)
= zarcsinz - —= Y ——=.
41— 22 41 —z2 6 6
, >0 z<0
y >0 arcsina:f%>0 U arcsinx—%<0
z>0 x<0 1
= 1 1 =z € (—00,0) U (5, +00).
$>§ l‘<§ 2
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1
Ory >03az € (—o0,0) U (5,—0—00) Az € [-1,1] cnenBa, ue y pacre B

1 1
unrepsaia [—1,0) U (5, 1] u Hamanssa B uaTepBana (0, E)

Ilpumep 10.2. Hamepere uHTepBaIMTE Ha MOHOTOHHOCT Ha (DYHKIIHHTE:

T
a) y:m; r) y=z—2sing, z € [0,2n];
6) y=z%e%; n) y=2sinz + cos2z, z € [0, 2x);

B) y=2z%—Inz; e) y=ln(z+ v1+z?).
Pewenue. a) * DM : z € (0,1) U (1, +00),

v 4 lmz-1
y = e Y >0 he-1>0z>e¢
n

Baz € (0,1)U(1,e) umame y’ < 0 == y HaMasIsIBa.

3a z € (e, +00) umame y' > 0 == y pacre,
6)* DM : z € (—00,+00),
¥y =2ze7% — 12e% = ge%(2 — 1),
*y>0=222-12)>0z€(0,2) (Vz, e * > 0).
3a z € (—00,0) U (2,+00) - y HamMa14Ba.
3az € (0,2) - y pacte;

B)* DM : z € (0,+00),

1_42°-1_ (22-1)Qc+1) 4z-3)c+3)

* ’:4 —_ — =

Y - z T T ’

1 1
z—3)(z+3 1 1
* y'>0<=>(———2u>0<:>:c€ (—§,O)U(§,+oo)na:e (0,400)=
1
€ (=, .
z (2 +00)

1
3az € (0, 5) - y HaMaJiaBa.

1
Baz € (E’ +00) - y pacre;

r)* DM : z € [0, 2n] (no ycnosue),

* ' =1— 2cosz;
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1
y>0<:>1—20081>0<:>c05z<2@)&76(% %7{)
5
3az €0, —g) U (?ﬂ, 27] - y HaMaJIIBa.
3am€(§ ?) y pacre;

n)* DM :z € [0,27],

1
* 9/ =2cosz —2sin2z = 2cosz —4sinzcosz = 4cosz<§ —sin:r);

cosz >0 cosz <0
*y'>0=|1 1
4 i—sinw>0U E—sinx<0

T e

oD o] e ()
e B o Y oo

—aepg)u(zF)v(F )

Bazx € (W 7r> U (BW SW) HaMaJIsdBa
62 G g ) Y HaMaLma.

w57 3
Bace |05)uG )0 (5] -vpers
az€06 U(2 5 5 » 27| -y pacte

e)* DM : z € (—oo, +00),

% o0

. 1 (1+ T )_ Vi+z+z
T+ V14 a? V1+2? V1+ 22(z + V1 +z2)

1
= —= > 0Vx;
V142

DynsxuusTa pacre VT (B uesms ci fAeUHAIMOHEH HHTEPBAT).

3AIAYH

HL!.MEPBITLE HHTEPBAJINTEC HA MOHOTOHHOCT Ha Cl)yHKL[HI'ITC.'

2
1L y= % Om ze(~L,1)yl,z e (—o00,~1)U(l,+00)y T
10
423 — 922 + 6
3. y=z—¢€" Otr. z € (0,00)y |, 2 € (—00,0) y T

4, y=z —2Inzx Omr.z€(0,2)yl,z€ (2,00)y T

2. y= Orr. z € (—00,0) U (0,3) U (1,400) y |,z € (5,1)y T
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5. y =lng —arctgz Omr. Ve e DMy 1

6. y=e"cosz

10.

11.

12.

Orr. z € (Bk+1)5,(8k+5) )yl z€((8k—3),(8k+1)3) y T

y=4z—tgz, v e (-%,3)
O ze(—3,-3UEFylze(=-53)y1

33
1+1
Y= +zna: Oomr.ze(0,)yT,ze(l,+o0)y !
Yy = T — arctg 2z Orr. z € (=00, —3)U (5, +o0)y T,z € (-3, 3)y |
1,5 i ™
= i — = ——= < < =
y=2zsinz + cosT 41,( 2_:c~2)
Oor.zel[-2,-3U0, Nyl ze(-5,0U(F 5yl
— 1
Y= mcosr(m+3)+ﬁsinw($+3),O<a:<4

Oomr. ze (0,)UB,4)yl,ze(1,3)yl
y=z° om. ze(0i)ylze(l,+0)y1



TJIABA 11
EKCTPEMYM HA ®YHKIIHUA

Hanena e dyukumus y = f(x), z € [a,b) u 2o € (a,b) - esmpewna mouxa.

Hedunnumn 1 Kasaame, ue f(z) uma nokanen (mecmen) makcumym 8 moukama
Zg, ako cswecmaysa d-oxonnocm (g — 8, g + 6) Ha moukama zo (6 > 0) , m.e.

lo]g(xo) C [a,b), 8 koamo f(z) < f(xo), Vz € Us(zo) (axo f(z) < f(zo) noxan-
HUSIT MAKCUMYM CE HApU4a cmpoe).

Ako f(z) uMa Hal-roJIIMa CTORHOCT B Lies1Ms HHTEepBal [a, b], ToBa e afcorrom-
Husm maxcumym. IIpi 3aTBOpPEH HHTEPBAJI OT BCHUKH JIOKAJIHH MaKCHMYMH H TE3H
B KPauI[aTa HA HHTepBaJsa ce u30upa aGCOJIFOTHAAT MaKCHMYM. AKO HHTEPBaJIbT
HE € 3aTBOPEH, Ce M3BbPIIBAT JONIbJIHATEIHI PasrJIeXKAaHus.

Nedunnunn 2 Kasgame, ue f(x) uma noxanen munumym @ mouxama xo, ako
[o] o]
AUs(z0), maxa ue flz > f(zo), Yz € Us(zo) (axo f(z > f(zo), noxannusm

MUHUMYM € CINpoe).

Haii-ronsimara (Haii-mankara) crofiHocT Ha HenpekbcHata ynkuust f(z) B
JlafieH 3aTBOPEH HHTEPBaJI [a, b] ce NOCTHra MIIH B KPHTHYHUTE TOUKH HA (DYHKLHUATA,
HJIM B KpaHiaTa Ha HHTEpBaJja.

Hail-o61wo ka3aHo, B Toukata zg MyHkuuaTa f(r) UMa J0KaseH excmpemym,
KOliTO HEe chbBMaja M3001I0 C HAl-rosIsIMaTa MM Hail-MaJsikaTa CTOfHOCT Ha f(z) B

[a,b].

Teopema 1 (Heobxo00umo ycnogue 3a excmpemym). Axo @ moukama xo dynkyu-
sma f(zx) npumexasa nokanen excmpemym u f'(xg), mo f'(zo) = 0, a mouxama
T Ce Hapu4a CIayuoHapHa (KpUmuuna).

Teopema 2 ([Jocmameuno ycnosue 3a excmpemym). Hexa

1° f(z) e 0sa nsmu dugpeperyupyema pynxyus 6 Us(zo) C [a,b], me 3 f(z),
f'(@), f'(=z);

2° f'(z) € Clzo) - nenpexscrama gyniyus @ mnuxkama To;
3° f"(zo) # 0. Tocasa:

a) axo f"(z) > 0 < f(z) uma nokanen MuHUMYM 8 To;

6) axo f"(z) < 0 <> f(z) uma noxanen maxcumym e zo.
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Teopema 3 (o6o6iyenue na T2). Hexa

1° f(z) e n nemu dugpeperyupyema pyniyus a Us(zo) C [a,b),

m.e 3f(z), f(z), f'(z),..., f™ (),
20 f(™(z) € Clzo] - Henpexscrama @yriyus 6 mnukama o,
3° f'(zo) = f"(z0) =+ = f""V(z0) =0, f(M(z0) # 0. Tocasa:

a) npun = 2k (vemno) ¢pyrxyusma f(x) uma noxanen excmpemym. Ipu
mosa, ako f™(zo) > 0 unu f™(zo) < 0, Pynkyusma uma csom-
BeMHO JIOKAIER MUHUMYM UYL JIOKATIEH MAKCUMYM G To;

6) npun = 2k + 1 (newemno) pynkyusma f(z) HAMa excrmpemym @ Ty, a
ungiexcra mouka.

Ilpu HaMHpaHe Ha Hal-2oIAMA U Hal-Mmaska cmotiHocm Ha f(z) B uHTEpBal,
ako f(z) € Cla, b}, To:

a) HaMupaMe JIOKaJIHUTE eKcTpeMymH Ha f(z);
6) mpecmsrame f(a)u f(b);

B) CpaBHJABaMe MOJIyYEHHTE Pe3YJITATH.

Ipumep 11.1. HMacnenpaiite OTHOCHO €KCTPEMYMH H HH(JIEKCHSA (DYHKLHHTE!

3 1
) y=f2) =503 r y=flz)=1+e*-3;

| 1
6) y=fla)=——; R y=f(e)=arctg .

B) y = f(z) = cosz — ln(cos z);

Pewenue. a) DM : z € (—o00,—v/3) U (—/3,v3) U (v/3,+c0). Hamupame
IpOH3BOAHUTE Ha PyHKuMSTa M npuwiarame Tlu T2:
32%(3 — 2%) — 23(—2z) 922 —2*
I — = =0 = = _'J:3, 3 = (.
(3= 22)2 (3 z2) 1.2 s
Taxa noJiyyuxMe TPM TOUKH, B KOMTO €BEHTYAJIHO (DYHKLHATA HMa €KCTPEMYM
(cTanuHapHU TOYKH);

*

(18z — 42°)(3 — z%)? — (922 — 2*)2(8 — 2?)(—2x) 62 + 5dz
B_) BEEET ot

% "o
Yy =
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6(—3)% + 54(-3) (-3)3
* " —3 = ——— mi = — = = 4, 3
V=3 Goop 0T yma(r =8 = 5Ty =45
ey = ST EMS e =8) = o — 4.5,
y - (3 _ 9)3 yma.x - - 3 —_ 9 - Y

* 9"(0) =0, a or y(0) = 0 = (0,0) e unchsrexcha Touxa 3a GpyHKUHsTA (BX.
ria. 12, T3).

3abenexka. Bugbr Ha eKcTpeMyMa Ha (DYHKLMSITA MOXE [1a Ce ONpe/e/H KaTo
ONpe/ies M HHTEPBAJINTE Ha pACTEHe H HaMaJisgBaHe Ha (PYHKIMATA B 3aBUCHMOCT OT
3HaKa Ha Y.

Taka oTr y' > 0 <= 22(3 —z)(3 + =) > 0 = dysxumsara f(z) pacre B
uHTepBaja —3 < z < 3 M ToraBa f(x) MMa JIOKaJIeH MUHUMYM B TOUKaTa £ = —3,
a JIOKaJIEH MaKCHMYM B TOUKATa T = 3.

6) DM : (0%, e) U (e, +00). Hamupame mpoussopnute Ha DyHKUMATA:

1 1
—(lnz—-1)—=Inz 1
* yl — X X — .
(Inz —1)2 z(lnz - 1)2’°
1
. (lnz —1)2 —|—2:c—$—(hlz—1) lnz+1
y z?2(lnz — 1)4 ~ 22(Inz - 1)3°

Yy # 0Vz = f(z) nsama excrpemym, y' < 0 Vz = f(z) e camo Hamass-
Ballla

Ine~!
*ory’ =0=lnz+1=0=z=c¢',ao0ryle™") = Inel—1

SR

=
11

TOYKaTa I(—, 5) e uadiekcHa 3a f(z).
e

B) DyHKUMSITA € UeTHa ¥ MepHOAMYHA C MepHOd 27, 3alOTO COST € TaKasa
dyukumns. Ocsen ToBa In(cosz) e nedunupana 3a cosz > 0. H Taxa DM :

™ w
—— < z < — (OCHOBeH HHTepBaJ, I'bPBH M UeTBBPTU KBaipaHT). Hamupame
np%nanoum-rre:

. . 1 . sinz — sinz cosx .
¥ = —sinz — ——(—sinz) = =tgz —sinz;
coszT coszT
. 1 1—cos’z
Y'=—%—-—cosz=—c—;
cos? x cos?z

sinz=0=2z=0

* r_ i 1-— =0=
oty =0=>sinz(l — cosz) {1—cos:c=0=>$:0



. , T ™
1Ie H3CJIe/iBaMe 3aHaka Ha y' B HHTepBasmTe (— 5 0) u (0, 5);

V2

y’(—%) =1g (_;_r)_sin(_£> = —1+—2— < 0= f(z) e naMas1ABawa
B —g,O s
y'(g) =tg (%) —sin (%) =1- ? > 0 => f(z) e pacrsiua B (O, g)

U TaKa, Ymin(0) = cos0 — In(cos0) = 1.
r) DM : z € (—00,3) U (3, +00). Hamupame nponsBoguure Ha (PyHKIMSITA:
1
L P
_ 1 e;i_a Z(I‘B)efw—iﬁ— 2¢ -5 Lo
(z —3) (z—3)4

*

* 1"

* ol £ 0Vz == f(zr) Hama excrpemyM, iy’ < 0 = f(z) e camo HaMaiIBaLIa,;

5
*ory' = 0= 2z—-5=0= z = E,aory(§> =1+e? =
)
I<§, 1+ 6_2) e undiexcHa Touka 3a f(z).

n DM :z € (—oo,—1)U(—1,1) U(1,+o0). Hamupame npoussonuure:
vyl = 1 —2z - 9 T )

( 1 )2 (22 —1)2 (z2-1)24+1°

14
2 -1
.o _2(12 —1)%2+1—2z(z% - 1)22 _ 3zt - 222 -2
(@ -1+ 1P (VTS

* o1y’ = 0 = z = 0 (crauonapHa Touka), oy’ >0 <= —z > 0=z <0

(Bs11B0 or Toukata ¢ = 0 dbyHKuuATa € pacmsua). Toraa Ymax(0) =

arctg (—1) = —%.

2

* ory” =0 = 3z* — 222 — 2 = 0 u xarto nosoxum 2 = u umame 3u? —

14+4/7 1-7

20u—2=0= u; = > 0, ug = 3 < 0. Torapa z1,2 =

12 &~ £1,1.

~ +1,1. Utaka f(z) uma 0ge unghnexcru Touxu Ip o ¢ abenucn
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ITpumep 11.2. Hamepere excTpeMymuTe Ha QYHKUUATA:
3
a)y y= (12 —2z)Inz — 53:2 + 4z

6) inz + cos 12 e[ Ww}
6) y=uzsi -z, ze|—=, =]
y Z+cose — o 55

Pewienue. a) Nedununuonnara o6iact Ha pyukuuara e DM : z € (0,400). (3a
na ceiiecTByBa @(z) = lnz).

1 3
* y’:(233—2)1n2:+(:52—2z)——§2m+4:2(m—1)lnm+$—2—3z+4
=2(z—1)lnz—-2(z—-1)=2(z—1)(lnz — 1),

8

¥y =0 z-1=0wmhz—-1=0<z=1uz=e¢.
, 17 2 2
* oy :2[lnzfl+(z—1)—] ==—(zlhz—z+z—-1)==(zlnz - 1),
zl =z z
2
y”(l):i(l.lnl—l):—2<O:>y(1)=ymax;

2 2
y'(e) = —é(elne -1)= g(e —1) > 0= y(e) = Ymin.

3 5
* ymax=y(1):(1—*2)lnl—-—-+4:—;
2 2
2 3 4 e?
Ymin = y(e) = (e —2e)lne—§e +46=7(4e—1);
6) DM : z € (—o0,+00)
* o,/ : . x 1
y :sma:—l—zcos:r~smx—§:z(cosx_é)

1 by
* y':O<=>a:=OHJmcos:z=§<=>z1=O, .'1,‘213::t§.

1 .
* o' =cosT — 5~ zsinz

yn(o)zl_%:%>O=>y(0)=ymin?
y//<_73_r>:%_%+\/7§(—g) 0:>y<_;_r):ymax;

P(E) =T oy (D) <



Excmpemym Ha @pynkyus 141

* Ymin = y(O) =1

T T V3 1 172 67rvV3—72418
y’““'y(_E)‘(_§)(_7) 2 49 36 :
7 ™ (V3 1 17a% 6mv/3—7n2+18
ma=3(3) = (3)(F) +3-375 = 36 '
3abenexka. Or r € (—00,4+00) (CHMETPHYHO MHOXECTBO) i f(—z) =
1
—zsin(—z) + cos(—z) — Z( z)? = f(z) = dynxuuara e yetHa. AKO
T 67r\/§—7r2+18 T 67v3 — 72 +18
f(g) -fmax——T—:;'f(*g) = Jmax = T

IIpumep 11.3. Hamepere excrpemymuTe Ha (PyHKLHATA
1 1 1
Y= 5(9:2 - 5) arcsinz + ZI\/ 1—122 - 112-1122.
Pewenue. DM : z € [—1,1] (Bx. npumep 10.1),
¥y = x(arcsina: — %)’

* y'>0<=>:ce[~1,0)U(%11}’l/'<0‘:*$e<O’l):>

2
€ [—110) y1
re (1 ) Y13 = y(0) = Ymax, y(%) = Ymin-
me( , ] y 7T
Torasa Ymax = Y(0) = 0, Ymin = y(%) = %

ITpumep 11.4. Hamepere Haii-rossimarta crofiHoct M u Hafi-MaJikata cTOHHOCT
m Ha (PyHKUMsTA B YKa3aHUs 3aTBOPEH MHTEepBasl (MJIH B Uesus feMHHIHOHEH
UHTEpBaJI):

1—z+22 1-z

D vEiigge tC0I O y=wmyTy, wel0l;
z? -1 _z?
— . = 2

B) ¥ 21D r) y=ze .

Pewenue. a) OyHKUuATA e HenpekbeHaTa Vz € [0, 1) (DM rr

~14 V5
1: 5>.
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*y0) =1, y(1)=1

s QRz-104+z-2*)-(1-2z)1-z+2%) 202z-1)
v= (1+z—12)2 14z —22)?

1
*Ory =0«=2r-1=0= 2z = 3° KPHTHYHA (CTALMOHAPHA) TOUYKA 3a

1
dyHKUUATA, T = 5 € [0,1].

1 1
*Baz e [0,§> umame y' < 0 = y HAMAaJIABA, 4 32 T € (5,1) yY>0=y

1
pacte = y(-) = Ymin,

2
11
, 1y _l73+7 3
y‘“"‘y(i)“Hl_l‘E’
2 4
3
*OTy(O):y(l)zl}lymin(IE:%)Zg———>]\/[:1,m=g.

3abenexxa. BuabT Ha eKCTPEMyMa He € OT 3HaUEHHE Tpu onpejesisHe Ha M u
M, 3a10TO CPaBHABAMe CTOHHOCTHTE Ha (DYHKUMATA B KDUTHUHUTE (CTALUOHADHUTE)
TOUKH CbC CTOMHOCTHTE B KPauLIATa Ha HHTEPBaTIa;

6) DM : z # —1 = y € C|0, 1] (uenpexscuara B [0, 1)),

* y(0) = arctg 1 = %, y(1) = arctg 0 = 0;

e 1 —+p-(-z 1
y_1+(1—:r>2 (1+1x)? 1422
l1+xz

* 3/ =0 <= z € ) = PynxuugTa HAMA CTauMOHapHK Toukn, OT 1 + 22 > 0
Vz = y' < 0 Yz = y namanasa Vz € [0, 1]

:>M:y(0):%, m = y(1) = 0;

B) DM : z € (—00,400). Tepcum M u m B uesust nepHHALKOHEH HHTEPBAJT,

(932 + 1)2 - ($2 + 1)2;

* oy = 2z(z? + 1) — 2z(z? - 1) 4z

* ¢/ = 0 <= 41 = 0 = z = 0 - cranuoHapHa TOYKA.
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* Ory <032z € (~00,0)ny >03az € (0, +00) => y(0) = ypyin = —1;

y

2
i im 21— him 22 oy =1
im y= lim = lim -— = = 1 - XOpH30HTA/IHA acHMII-
z—o:l:uoy ztoo 2 41 T—+oo 22 » Y P ‘
TOTA.
@DyHKUMATa UMa Hal-Masika ctofinocr m = y(0) = —1 ~ aGCOJIOTEH MUHUMYM 1

HAMA Hali-ros1AMa CTOHHOCT;

r) DM : ¢ € (—00,+00). AHajIOrHYHO Ha B) ThbpcuM M M m B uesms aedu-
nummone natepsan. Ot f(z) = ze ® /2 u f(—z) = —ze /2 = —f(z) =
(yHKUHsITA € HeUeTHA H e 51 n3cJieaBaMe B HHTepBada T € [0, +o0), f(0) = 0.

2 2 2

z? z? z*
¥y =e"2 —x%7 2 =e” 2 (1—z)(1 +1);

* Yy =0= 212 =11,z =1¢€ [0,+00) - KpUTHYHA TOUKA,

Y>0=zc[0,l)=1y? _ .

1
* (1) = Ymax = €72 = N Ot HeueTHOCTTa Ha QYHKLWATA CJeaBa, e
1
y(_l) = Ymin = _%;
* lim y= lim ze~% /2 = [00.0] = lim —f— =0= lim =0.
z—+oo T—+00 o400 eT2/2 T——00
* Or li 0NY(£1) = e = M = y(1) = —=,m = y(~1) = ——
T 1m = = = = = —, = — e

(abcosroTed MaxCHMYM H aGCOJTFOTEH MUHUMYM Ha (DYHKUMATA).

Ilpumep 11.5. [la ce mokaxxaT HEPaBEHCTBATA:
2(z—1)
z+1
6) l+zln(z+vV1+122)>V1+22, x>0

B) sinz +tgz > 2z, z € (0,7/2).

a) Inz > , T>1,

Pewenue. a) ObpasyBame noMomHaTa GyHKUHST

_2(z—1)

y=f@)=lns- ="

, > 1.

Hamwupame nponssoauaTa 1

, 1 z+l-z+4+1  (z-1)°
V=1 @112  zl@+)?
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¢

KOATO € noJioXxuresHa Vr > 1. Cnemgopatenino Vz > 1 y e pacrswma hyHKOus u

flz) > f(1)

f)=0= f(z) >0« Inz —

€Urp — —
—(I—l—)>0<:>1na:>2($ 1),a:>1;
T

+1 rz+1

6) * AHaJIOTHYHO, KaKTo B a), oGpa3yBame

y=fz)=1+z(z+V1+22) —1+22, z €0, +o0)

*y' =In(z+vV1+2z2)+
=In(z + v1+ z?).

* HW3cnensame 3aHaka Ha y':
In(z++vV1+22)>0<=h(z+v1i+22) >hle= Vi+22>1—2z

1 -2z <0 <= z > 1 HepaBEHCTBOTO € U3IIBJIHEHO,

T

T T
1+ ) -
z+\/1+a:2( V1+ 22 V1+ 22

*%

¥ 1l-z>0<><1= (V1+12)?> (1 —1z)% <> 0> 2, KoeTo e
BsApHO Yz € (0, 1].

CnenoBaresto Vz € [0, +00) f(z) e MOHOTOHHO pacTsiia (DyHKIHS H TOraBa

f(@) > f(0), FO)=0=1+zln(z++/1+22)—/14+22>0
— 1+zln(z+V1+22) > V1422 z>0;

B)xy = f(z) =sinz +tgz — 2z, z € (0,7/2)

. 1 cos>x —2cos?z +1
Yy =cosz + 3 2= 5
cos? z cos? T

*y' >04=cosPz—2cos’c+1>0 (cos’z>0Vze0,7/2))

cos® z — cos?z — cos?z + 1 = (cos — 1)(cos® z — cos — 1)

’

Korato z € (0,7/2) <= cosz € (0,1) umame y' > 0 = f(z) e pacrama
¢ynxnnsa. Cnegosaresmo f(0) < f(z) < f(w/2), f(0) =0, f(7/2) — oo, Torasa

sinz+tgzr —2x > 0<=sinz+tgz > 2z, z€(0,7/2).



Excmpemym na gpyHicyus 145

Ilpumep 11.6. Cymara Ha 1BE MOJIOXKHMTEJIHM YMCA € paBHa Ha a. Hamepere
YKCJIaTa, aKO MPOM3BEACHUETO UM UMa Hail-roJ1aMa CTOHHOCT
Pewenue. Heka eqnoro cbbupaemMo e  , Torasa Apyroro e a — z. Dyaxuusta
y = z(a — ) = az — T? e THPCEHOTO NPOM3BEEHHE, 32 KOETO 3HAEM, Ue IpHEMa
Haii-rosisMa croitsoct npu = € (0, a)

* oy =a—2x;
* y’=0<=)af2x=0:>x:%€(0,a);
a

* gyl = -2 <0=>y(2) = Ymaz,

. . : a a a?

*limy =0, limy =0. Or lim y :Oxiylna,((x: ~) = = y=—c¢

z—0 T—a z—0 4
T—a

Hail-ros1stMaTa CTOHHOCT Ha (DYHKLHMITA.

T e a a a (a a)
'‘BPCEHHUTE YHCJIa Ca = —H _—— = = -y, = J.
peeHHT TTRteT 9Ty 2’2

IIpumep 11.7. Ot Bcu4kM MpaBOBIBJIHMLA C AAfICH NepHMETHP P na ce Hamepu
TO3H, KOUTO HMa Hal-roJIsIMO Jinne.

1
Pewenue. Hexa eqnara cTpaHa Ha NpaBOBI'bJIHMKA € T, a pyrara 3 (P—2z)=

—5 — z. Torasa smuero Ha nNpaBOBI'bJIHUKA €

P P
* y’:0<:>5—2z=0=>z=71-.

oy =2 <0—y(E) — (e =2) = 2
—_ — —_— = r = — = —
Yy Yy 4 Ymax Ymax 1 16
* lim 0, lim 0= ( P) P e Hall-rojisMaTa CTOHHO
— = = — ) = — -ro d
limy ’_—,;_l.lﬁy Ymax | T 1 16 H sIMaTa CT CT
2
Ha PYHKLUSITA.
P P P
Orz = T BTOpaTa CTPaHa Ha NPaBOBI'bJIHHKA € 2 1°1 => KBaJpaThT HMa

HaW-roJIIMO JIMLE.
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ITpumep 11.8. B nosykpsr ¢ paguyc R e BoucaH npaBObI'BJIHHK C Halt-rosismo
smue. Hamepere crpanure my.

Pewenue. Hexa enHaTa cTpaHa Ha NPaBOBI'BJIHMKA € T (HAIIPHMED Ta3H, KOATO
e NeprneHauKyJIsipHA Ha AMaMeTbpa, OrpaHndapall nostykpsra). Torasa no ITuraro-
poBaTa TeopeMa H3pa3siBaMe BTOpaTa CTpaHa

2
(%) =R?-12? & y=2yR? -2  (nanpaBere UepTeXK).
JInuero Ha npaBobrejnuka e S(z) = 22V R? — 22, z € (0, R).

z? 2(R? - 22?)
: SI(I):2<m_ R2_$2) - \/R2_;1;2 ;

* S'(z) =0<+=R2-212 =0z =+ € (0, R).

7
*Baz e (0, %) u (%,R) S’(x) cmens 3Haka cu ot (+) Ha (-) = S(z)

pacre 3a (0, %) H HaMaJIsBa 3a (-}23, R)
> 2R R
:5(%) :Smﬂ,(:?—g Rh%:%EZRz,

* lim S(z) =0, lim S(z) =0 = S(ﬂ = Syre-
z—0 T—R

73

TTpaBOBIb/IHHKBT C Hali-rOJIAMO JIHLE, BIMCAH B MOJIYKPBI ¢ paauyc R MMa CTpaHu
R R> 2R

T=-—uy=20/R*- —=—.
V2 2 V2

IIpumep 11.9. 3axkoHBT 32 ABMXEHHE HA TAJIO, XBBPJIEHO BEPTHKAJIHO Harope €
s(t) = vt — % gt2 t > 0. Hamepere Haji-rosisMaTa BHCOUMHA, Ha KOSTO LUE Ce
H3UCHE TLJIO0TO.

Peuseriue. CKopocTTa Ha JBHXKEHUETO HA TSJIO, XBBPJICHO BEPTHKAJIHO Harope B
Vo

Halt-BHCOKaTa TOYKaA Ha JABWXKeHue e Hysna. Orv = §'(t) =vg—gt =0 =t = —,
g

(Y V U
xato s'(t) < Ompnt > — u s'(t) >0mput < = —s3at = — PpyskunaTa s(t)
g
HMa MaKCHMYM. g g
. . (Y
Orlim s(¢) =0u lim s(t) = —00o = s(—q) = Surc:
t—0 t—+o0 g
ToraBa MakcuMaJiHaTa BHCOUMHA € pPaBHA Ha Hall-roJisMaTa CTOHHOCT Ha (pyHK-
HUsITa, KOITO €

S(vo) vo 1gv§ v v vd
e =Yypy— —=g—F =— — — = —.
g g 2°¢* g 29 2



3AIAYH

1. Hamepeme excTpeMyMuTe Ha (DYHKUHHTE:

3z + 4z +4 8

. = 1 Orr. ax =0)= s Ymin = - = =

Ly 24+ z+1 Tr. Ymax (€ = 0) = 4, Ymin(z 2) 3
2. y= 1 O1r (z=-3)= !

V= In(z4 + 423 + 30)  Ymaxl = " In3

3. y=z—-In(l+x) O Ymin(z =0)=0

4, y=z—In(l +z%) OTr. HIMa eKCTPEMYM, MOHOTOHHO PacTsia

5. y= % OTr. Ymax(z =1) =1

1 T 1

6. y =z — arclg 2z OTr. Ymin(z = %) =35= 2, Ymax(Z = _5) = % — %

—z/2 — 2

7. y==ze OTr. Ymax(z = 2) = -

1 1

8 y==zl OTr. Ymin(z = =) = —=

y==zlnz T, Ymin (T e) e

9. y=2gzx —tg’z OTT. Yinax(z = % +hkm)=1

10. y = z + In(cos z) OTr. Ymax(z = % + 2k7) = % +2km —In V2

1. y=Inv1+22 —arctgz Orr. ymin(a::l):lnxfi—E

12. y = :r2e—$ Otr. ymin($ = O) =0, ymax(il: = 2) = eili

II. Hamepeme waii-ronsiMaTta cToitHocT M U Haii-MasikaTa CTOHHOCT ™ Ha (DYHKLHSTA B
yKa3aHHUTE UHTEPBAJIH HJIH B HSJIOTO AeOHHULHOHHO MHOXECTBO:

1. y=z+ 2/, [0,4] or. M=8,m=0
2. y=Yr+1- ¥z -1, 0,1 or. M=2,m= <2
3. y=sin2z — =z, [—g,g—] Orr. A/[:%,m:-—g
4 y= Y@@ -22)7 0,3 orr. M =9,m=0
5. y=1z% (1071, 00) Orr. AM,m =e /¢
6. y=2sinz — cos 2z, [O,g] Orr. M =3, m=-1
7. y = sin 2z, [—g,g Oomr. M =1,m=-1

1. JJoxaxxeme nepaBeHcTBaTa
1. e >14z,z#0
2. 2zarctgz > In(1 + %)

22
3. ch:c>1+—2—,:1:#0
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4. In(1+z) > w, z>0
l1+x

5. z>In(l+2), z>0

[V. CymaTa Ha [BE MONOXHUTE/IHH UHCIA € a. HamepeTe dHcs1aTa, aKO CymMaTa OT KyGoBeTe
UM € Haii-Masika.

a a
Oorr. -, =
272
V. OT BcuuKH NpaBOBI'bJIHHIM C JaA€H NEpHMETbP P HaMepeTe CTPaHHTe Ha TO3H, KOHTO MMa
Haft-MaJTbK AHAaroHasI.

P P
27 2
VI. B nonykper ¢ paguyc R € BoncaH NpaBObIbJIHHK C Haii-rosissM nepumeTbp. HaMepere
OTHOLIEHHETO HA CTPAHHTE MY.

orr.

Orr. 1:4

VII. B xpor ¢ paguyc a € BOHcaH paBHOGEAPEH TPHBIBJIHMK. HamepeTe OTHOLIEHMETO Ha
CTPAHHTE MY, aKO JIILETO MY € Haif-rossamo.
Otr. 1:1: 1 (paBHOCTPaHEH TPHDBIbJIHUK CHC CTPaHa av/3)

VIIL 3akoHbT 3a NpaBOJIHHENHOTO ABHKEHNE Ha Tasio € 5(t) = —t°+9¢% — 24t —8. Hamepere
MAaKCHMAaJIHATa CKOPOCT Ha TSJIOTO.
Orr. v(t =3) =3 m/s
Ynemeane: v(t) = s'(t).

IX. 3aKoHBT 3a ABHKEHHUE HA TSJI0, XBbDJIEHO BEPTHKAJIHO HAarope, e s(t) = 19,6t — 4,9t2.
Hamepere MakcuMasiHaTa BHCOUHHA, HA KOSTO IIE CE H3QUIHE TSJI0TO.
Orr. 19,6 m.



TJIABA 12

HU3ITBKHAJIOCT U BJUI'bBHATOCT HA ®YHKIHS].
HH®OJIEKCHH TOYKH

Hexka f(z) € Cla,b], dynkuusara f(z) e mudeperuupyema note B (a,b) u
toukara zop € (a,b), T.e. naneHa e HenpexbcHata dyukuus f(z) B [a,b], If(zo) u
Zo € (a,b). Torasa chiecTByBa TaHreHTa (IomuparesHa) KM f(Z) B TOUKaTa Tg.

\$)
ms//&

\\@\ A y
Y3

L

Gwr, 12.1.

Hedpnuuuns 1 Kazeawme, ve f(z) e usnoknana nadosty s moukama o (esedana
omdosy, no nocoxa Ha ocma +Q0y), ako acuuky mouku om kpugama (c) @ y =
f(z) e naxaxsa oxonnocm Us(zo) ca mad maneenmama t ¢ moukama My € (c),
Mo[zo, f(zo)], me. Iz € Us(zo) mara, ue mouxama M € (c) e Had moukama
T € t(gue. 12.1a).

Hedununmna 2 Kaszaame, ue f (a:) e u3nekHana Haezope (801s0HamMa) 8 moukama
zo (enedana omdosry, no nocoxa na ocma +0y), aKko GCuuKlL Mouky om Kpusama
(¢c) : y = f(z) 8 oxonnocm Us(xo) ca nod manzenmama t ¢ moucama My € (c),
m.e. Iz € Us(zy) maka, ue moukama M € (c) e nod mouxama T € t (¢pue. 12.16).

Hedunmuusn 3 Toukama Mg[zo, f(z0)] ce napuua ungpnexcua 3a xpusama (c) :
y = f(z), axo 8 nsakos nomyoxosnnocm (Tg — 6, o) Kpusama e U3NsKHANA, A 8
Opyeama nonyoxonnocm (o, o + d) e adnsbrama, unu o6pammo (ue. 12.1a).

U Taxka u3mbKHaJI0CT, BOIBOHATOCT 1 MH(JIEKCHs Ha f(T) mpewu3npa Xapaktepa
Ha pyHKuaTa f(T) IpH pacTese ¥ HaMaJIABaHe.

Babenexia 1. Axo Vz € Us(zo) Toukure Ha (c) ca Haj taHresrara t, 7o f(z) e
cmpoeo usnsknana (peci. CTporo BAJIbOHATA).
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3abenexka 2. Oynkuusara f(z) e H3bKHAJIA B HHTEPBAJI, aKO € U3MbKHAJIA 33
BCsIKa TOYKa OT MHTEPBaJia.

Teopema 1 Hexa 3a gpynkyusma y = f(z), ¢ € [a,b] moukama zo € (a,b), kamo
Us{zo) C [a,b] u ca usnssnenu yerosusma:

1°. 3f(x), f'(z), f"(z) 6 Us(zo)s
2°. f"(z) € C|zo| — Henpexscnama @pyrxyus 8 moukama Tp;
3°, f"(zo) # 0. Tocasa

a) axo f"(x9) > 0 <= f(z) e usnexnana nadony;
0) axo f"(z¢) < 0 <= f(z) e usnoknana nazope (80n1eb6nama).

Teopema 2 (Odobwenue). Hexa dynxyusma f(x) e n nsmu Ougpepenyupyema
(n > 2) 6 Us(zo) u f"(x0) = f"(mo) = -+ = f™ " V(zo) = 0, fM(z0) # 0,
f™(z) € Clzo). Toeasa:

1°. npun =2k

a) axo f™(xzy) > 0 <= f(z) e cmpozo usnoxknana e mouxama o,
6) axo f™(z0) < 0 <= f(z) e cmpoco sdnvbHAMA 6 mouxama .

2° npun =2k + 1, f(z) uma unghnexcun s moucama xg.
Teopema 3 Heobxodumo ycnosue moucama M |zg, f(zo)] 0a 68de unghnexcna

moura 3a pynapusmay = f(z) e f"(xo) = 0w f'(x0) 0a ne cewyecmaysa.

ITpumep 12.1. U3cnenpaiite (pyHKUMATE OTHOCHO M3MBKHAJIOCT, BIUIBOHATOCT U
HHTEPBaJI Ha pacTEeHe U HaMaJisBaHe:

z? 1
a) y:f(ff):g_—xg; r) y:f(;p):1+ez—3;

I§
0) y:f(m)zln;l—i]_, o) y:f(;r):arctgz2_1_

B) vy = f(z) = cosz — In(cos z);
Pewenue. a) (8x. 11.1.a) DM : z € (—o0, —v/3) U (—v/3,v3) U (v/3, +0).

;922 — gt s 623 + 54z

Y = G y' = Boap 0(0,0) - undiexcHa Touka,

a ¢yHKuusATa pacre B MHTepBaia —3 < z < 3. H3mbkHasocT Ha f(z) onpene-
Jgsame no T1 (rsienana oTAosty) Ype3 MPOM3BOJIHM CTOHMHOCTH OT ACOUHHLMOHHUTE
HHTEPBAJIH:
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H3ansxranocm u onsbHamocm Ha pyHkyus. Mugnexcru mouru

@ @ Mo
' V3

|
|
0

3

6(=2)° +54(-2) >0 == f(z) e usnsknana 8 (—co, —/3)

* " _2 —
< 0 = f(z) e 6dn86Hama B (—/3,0), a npu

6(—1)% + 54(—1)
% 1 _1 —
Y ( ) (3_ )3
uHcpsIexcust i Menu 38aka cu, T.e. f(z) e usnsinana B (0,/3)
2)3 4(2
* y(2) = ( ()3 +45)3( ) < 0= f(z) e edrs6rama (v/3, +o0)
Inz+1 _
I(e 17 %) -

6) (Bx. 11.16)) DM : z€ (0%, e) U (e, +00), " = 2(ns~ 1)

uHIIeKCHa TOUKa, f(Z) € caMO HaMaJlsIBalla
Wsnpkuanoct Ha f(z) onpepename no T1 (ryienana oTnosty) ypes MpOU3BOJIHH

CTOHHOCTH OT )Ie(bPIHHlIHOHHHTe HHTEPBaJIA
> T

lne?+1 ~1
ne -+ — T > 0 = f(z) e usneknara B
(z) e ednsbHama B

eo-2\ _
fyieT) = e 4(lne 2 -1)3
0+ e~!), npu uncnexcus y” MeHu 3HaKa cH, T.e.

(
(e tye);
Ine? +1 3
" —
y"(e?) = e 1)~ eii > 0= f(z) e usnsknana s (e, +00)
1—cos®z
— ymin(o) =1

m T "
e Y = 9
cCos“ T

B) (BX. 11.1.8)) DM : z €
Usmskuanoct Ha f(z) onpepensime no T1 (ryiepano oTaoJ1y) upes NpoH3BOJIHH

CTONHOCTH OT HBCI)PIHHHHOHHHTG HHTEPBAJIU
z

ST e o

IMEE
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. - 1—cos3<:|:z> 1—(—)3 42
y<i2)= cos2<i£)4 - (@2)2 2 -0

W rtaka B JisiBa YW [sCHA MOJIYOKOJIHOCT Ha Toukata z = ( (yHKuMsATA €
U3NBKHAIA,
2z —5 1 59
r) (8x. 11.1.r)) DM : z € (—00,3) U (3,4+00). ¢y’ = (7_—3)461—3, 1(5) 5)
- uachriekcHa Touka, f(z) e caMo HaMasisIBaa,
WanexHanoct Ha f(z) onpenensme no T1 (ryieqana oTaos1y) 4pe3 NPOM3BOJIHH
CTOHHOCTH OT Ae(OHHUIMOHHUTE HHTEpPBaIU:

©

} T z
5 3
2
* " -5 —’l 5
y"(0) = (_—3)46 3 < 0= f(z)es0nsbHamaB (—oo, 5),npnnﬂ¢mexcm{
5
y" menu 3Haka cu, T.e. f(T) e usneknana B (5, 3);
" 8 — »
* y"(4) = me > 0= f(z) e usnsxnana B (3, +00);
Y(Bx. 11.1a)) DM : z € ( 1DU(~1, 1)U(1, +00) np 32 -2
m(ex. 11.1a 1T 00, , ,+00),y" = (=141

Ii(1,1;y1) w Ie(—1,1;y2) - nacpnexcan touxkw, f(z) e pacrsiua npu z < 0 u
HamasgBawa npu z > 0. Ot f(—z) = f(z) = f(z) e verna, rpacdukaTa 1 €
cHMeTpryHa cnpsamo ocra Oy.

Hanexeanocr va f(z) onpenename no T1 (riegana 0TaosLy) dpe3 NpOM3BOJIHA
CTOMHOCTH OT AehMHULMOHHUTE HHTEPBa/Id, KAaTO C€ ChbOOpa3sHM ¢ YETHOCTTa Ha
dyHKLIHATA:

Q@  © . m

1 1 o
-1 -1 1 1,1

48-8—2

Y-y =Rt
THBHO usnsknanau e (1, 1; +00), npu uagexcus y” Mend 3Haka cu, T.€. f(z)
e gonsbramas (—1,1;—1);

> 0 => f(z) e usnsxnana B (—oo; —1, 1), pecrex-

* o"0) = 2%2 < 0= f(z) e 6dnsbuamas (—1,1).
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ITpumep 12.2. Onpenesiere xapakTepa Ha (DYHKUMSITA B OKOJIHOCTHTE HA NA/IEHATE
TOYKH:

ay y=arctgz, A(l,n/4)uB(-1,7/4),
6) y=2*Inz, A(1,0)u B(1/e? —2/e%).

Peuterue. XapakTepbT Ha (DYHKUMATA CE ONpPEMeJid OT 3Haka Ha ¢’ (Bx. T1).
1 2z

a)y =arctgr = y' = ppnpel Yy’ = —(TH:—Q)Q'
2
*yl(z=1)= 1< 0 = B OKOJIHOCT Ha TO4Ka A (DYHKIMATA € H3NBKHASIA
Harope (BAs1bOHATA);
* 4(z = —~1) = = > (0 = B OKOJIHOCT Ha TOUKa B - U3NbKHA/IA HA/I01y;

4
6)y=2’lnz =y =z(2lnz+1),y” = 2Ilnz + 3.

* y'(z =1) =3 > 0: B TouKka A - H3MbKHA/IA HANOJTY,

1
* y'(z = —) = —1<0: BTouka B - u3nbKHa/Ia Harope.
e

Ipumep 12.3. Kpusure y = p(z) ny = 1)(x) ca U30bKHAIIH HANOJIY B HHTEPBasIa
(a,b). Hokaxere, ue B NaACHUS UHTEPBAIL:

a) xpusata y = ¢(z) + () e H3nsKHaIA HAKOITY;

6) ako ¢(z) n1(z) ca NOJOXHUTETHN ¥ MMAT OOLIA TOUKA HA MUHHMYM B HHTED-
Bana (a,b), o xpuBata y = @(z)1(z) € chIIO H3MbKHAIA HALOJTY.

Pewerue. a) Ot (x) n (z) wanbkHanu Hapgoay B (a,b) = ¢"(z) > 0
w(2) > 08 (a,0). Ory = p(x) +9(e) = ¥ = ¢(z) + W(2), ¥ =
©"(z)+1"(z) > 0B nanenus uareppan. CaenoBaTesHo uy = p{z) + () € cblo
M3IIBKHAJIA HAJI0J1Y;

6) Ot ¢(z) u 9(z) - uMar ob1a TouKa Ha MHHEMYM B 29, a < Zo < b cyieqsa,
ue 3a T € (a,To) p(z) u () ca Hamanasamm pynkumn => ' (x) < 0, Y'(z) <
0 = ¢'(z)v'(z) > 0. Baz € (x9,b) Ppynxumnre ca pacraum = ¢'(z) > 0,
¥'(z) > 0 mrorasa ' (z)y/'(z) > 0, r.e. Vz € (a,b) ¢'(z)¥'(z) > 0.

Uscnenpame 3uaka Ha y' B (a,b). Ory = o(z)y(z)

=y = ¢'(2)9(z) + ¢(z)¢' (),
y' =" (@)Y(2) + ¢ (@) (2) + ¢'(@)¢(2) + p(2)¢" ()
= ¢" (@)P(z) + 20 (2)9'(z)) + p(z)¥" (2).
Oyuxumure @(z) ¥ P(z) ca NOJOXKMTESHH M M3NBbKHA M Hajoay B (a,b) —>

o"(z) >0, ¢"(z) > 0 = ¢"(z)¢Y(z) > 0 u p(z)y"(x) > 0. ToraBay” > 0B
(a,b). Cneposatenuo y = p(z)y(z) e usnbxuana vanony B (a, b).
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z+1
IIpumep 12.4. Hamepere uxdsiekcHATE TOUKM Ha (DYHKIHATA Yy = 2 u
JIOKaXKeTe, Ue JIEXKAaT Ha e/Ha NpaBa.
Pewenue. DM : z € (—00,+00);
o o TH1-2z(z+1) —2®-2z+1
- (z? +1)? T (@4 1)2
o o (F22-2)(2*+1)*-2(z®+1)2z(—2®—2z+1)  2(z—1)(z*+4z+1)
v = (x2+1)4 - (z2 4+ 1)3 ’

Fy'=0= (z—-1)(z® +4z+1)=0= 121 = 1,203 = —2+ V3.
3a:r;=1:>y:1ﬁ11(1,1)a

—-2—v34+1 1-3 1-V3
jar=—2—3=y= = =1 (42—\/?_),—)
Y Bt 4 2 4
—24+V3+1  V/3-1 V3-1
saz=-243=y= = =1 (—2+\/§,——).
T A 4 ? 4
Yy—u xr — T
KaTO H3M0J13BaMeE ypaBHCHHC Ha mnpaBa Npe3 ABE TOYKH = N
Y2 — Iz —I1
HaIlluCBaM€ ypaBHEHMETO Ha IIpaBarTa, OHPG,HGJICHa OT TOUKUTE I2 H I3I
V3-1
y- 4 _ z—+/3+2
1-v3 V8-1 —2-v3-+v3+2

4 4
4y — /3 — — 2
- Y V3-1 _z—-+3+
1-v/3-v3-1 —2+/3
ITposepssame maym I7 (1, 1) yooBeTBOpsiBa OJIyYEHOTO ypaBHEHHE Ha ITpaBaTa

npe3 Ipu I3: 1 —4.143 =0 <= 0 =0 = tpure Touxu [;, I» n I3 1eXaT Ha
€0Ha npaBa.

= z—-4y+3=0.

ITpumep 12.5. Tlpu KakBu cTOHHOCTH Ha mapamerpute a m b roukata I(1,3) ce
ABsBa HHCDJIEKCHA TOUKA 3a KpHBaTa y = x> + bz??
Pewenue. JlocTaTbuHOTO ycsioBue 3a nHGJekcus e y” = 0.

* o' = 3az? + 2bz, y" = Gazx + 20b.

3=a+0 a=-3/2
*
0=6a+2b < |b=9/2.
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Ilpuvep 12.6. Onpepeniere o u 3 Taxka, ue KpUBaTa T2y + oz + By = 0 pa uma
undsiexkcus B Toukara A(2;2,5). Onpenesiete u apyrute HHMDIEKCHH TOUKH Ha
KpWBaTa.

Pewenue. Kpusara e 3ajaneHa c ypasHedue F(z,y) = 0, T.e. B HeABEH BuA.
Hudepenuupame paBEeHCTBOTO JiBa IbTH, KaTO T € HE3aBUCHMA TIPOMEHJINBA, 4 Y €
PyHKLMA:

2zy + 2y + a4+ Py =0;
2y + 2z + 22y’ + 2%y" + By = 0 <= 2y + 4y’ + v (z® + ) = 0.
B roukara A(2;2,5) umame (y” = 0):
10+«
15
) =0 <= 55— 8a = 60.

222,54+ 22 +8)y +a=0<=1y = -
10+«
440

Touxa A e ot rpacukara Ha dyskuusTa. CIeH0BaTEHO YAOBIETBOPSABA YPaB-
HEHUETO Ha KpUBaTa:

5+8(—

2225+ 20+ 2,58 = 0 <= 4o + 508 = —20.
OHPC,E[BJ'ISIMC au ﬁ OT CHCTEMaATA:

20
—8a + 53 = 60 o=—-=
+ 50 — 3
da+ 50 =-20 4
B=z.
3
Karo 3amectuM nostyuenute cToifHOCTH 3a ¢ 1 3, 10J1yUaBaMe ypaBHEHUETO HA
KpPHUBATa U ONpenesIsiMe Y B SIBEH BHI:
20z

m, T e (—OO,+OO)

2 20 4
zy—?1+§y=04:>y:

Hamunpame y' m
3z +4—62®  20(4—3z%)
(322 +4)2 (322 +4)2"
—62(32% + 4)? — 2.6x(32% + 4)(4 — 32%) _ 360z (z? —4)
(3z2 4 4)4 (322 44)3

OT OOCTaThUHOTO YyCJIOBHE 3a HHCII)JICKCHH HaMHpaMe:

y' =20

y’ =20

V' =0¢<=zd—-2")=0= 2, =0, 393 = +2
32 13 =0:y1 =0= [1(0,0),
38 Tg=—2:ys=—2,5 = [(—2;-2,5),
3a r=2:y3=2,56=> A(2;2,5) (nanenara Toyxa).
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3AIAYH

I. Onpedeneme nuTEPBANINTE Ha H3ITHKHAIOCT H MH(JIEKCHITE TOYKH HA rpacpukuTe Ha PyH-
KUHHTE:
3

l.y= %32, a>0 Orr. (—00,—3a) U (0, 3a) - n3nbKHaIa HANOJTY
2%+ da (—3a,0) U (3a, +00) - n3mbKHasIa Harope
I (—3a,—9a/4), I2(0,0), I3(3a,9a/4)
2. y=ein?, —% <z< g OTr. (- g, arcsin \/52_ 1) - U3ITbKHaJ1a HAA0JTY
. VE-1m
(arcsm 5 5) - H31'bKHAJIA Harope
. VB—1 6=t
I(arcsm 3 ,e 2 )
3. y=In(z* +1) Orr. (—1,1) ~ u3nbKHANA HANOJTY
(—o0,—1) U (1, +00) - u3nbKHAIIA HArOpe
I12(£1,1n2)
4, y=ere® Orr. (—00,1/2) - n3nbKHaIA HAROJTY
1 1
(1/2, 00) - u3IBKHaa Harope; I(—2—, ey )
5. y=z*(12lnz —7) Orr. (1,00) - H3MBKHATA HAJOJTY
(0, 1) - usmbkuana narope; I(1,—7)
6. y= |= _2 1 Otr. (—00,0) U (0,1) U (3, +00) - n3mbKHaa HAfOy
r (1, 3) - nu3nbkHana Harope; I(3,2/9)
elnzx 3
7 y= Orr. (€2, 400) - u3mbKHas1a Hagoay
T 3 3 3
0,e2) - u3m 11(e2,5%)
(0,e2) - usmbkHasa Harope; I'( e NG
8. y=2z—Inz OTr. HaBCSKbAE H3MBKHAIA HANOJTY
9. y=exe™” Orr. (—00, 2) - H3MbKHaa Harope
(2, +00) - n3mbkHana Haposty; I(2,2/¢e)
10, y=a+ . j‘_ 5 Otr. (—00, —2) - H3NbKHAJIA HArOpe

(=2, +00) - u3bKHAIA HAROJTY
IL. Ioxaxeme, ve MH(JICKCHUTE TOYKH HAa KpuBaTa y = z sinz JsiexxaT BbpXy KpuBaTa
y2(4 + 2?) = 422
III. Ioxasxceme, ye rpachukaTa Ha PyHKUHATA
1. y = zarctg z e HaBCAKBAE U3MBKHAJIA HAJIONY;
2. y = In(z® — 1) e HaBCAXb/E HAMBKHAA HATODE.

IV. Hexa P(z) e MHOroWIeH C OJIOXHTESHH KOS(UIHEHTH W YETHH CTETEHH) OKA3aTe 1.
Hoxaxere, ye rpacdukata Ha dynkuuata y = P(z) + ar = b e HaBCAKDBAE H3MBbKHAJIA
Hamouy.

h _;2.2
V. Ilpu xaxbB 1300p Ha napaMeTbp h KpHBaTa Ha BEPOSTHOCTHTE i = —=e Mot R >0

VT
Orr. h = (6v/2)7!

HMa HHdIIeKCHH TouKH ¢ abcuucn £ = 67



I'JIABA 13

ACUMIITOTH HA PABHUHHA KPHUBA

Hexka dpynkuusara y = f(z) e nedunnpana npu ¢ € (—o00,+00). Onpenesiena e
paBHuHHA KpuBa (¢) : y = f(z).

HDedunmuun 1 Acumnmomana kpusama (c) Hapuname npasal, kosmo ce donupa

00 (c) @ beskpatinocmma (T — 00).

Hedbunumusn 2 Axo lim f(z) = c = const, npasama l : y = c e xopuzonmanna
T—00

acumnmoma 3a kpusama (c), | || Ox.

Hedbnuumun 3 Axo lim+0 f(z) = o0, kedemo xo e mouka na npexscaare 3a f(z),
I—To N

mo 6 moukama To uma depmuranna acumnmomal : x = xo, | || Oy, 3a z > xg
(cao 3a ¢ < x).

Hednunumn 4 [pasamal : y = kx +n e Haknonena acumnmoma (acumnmoma
@ 061yo nonosxenue) 3a kpuaama (c), axo f(x) = kx+n+8(z) npux — oo, kedemo
&(z) e 6esxpaiino manxa pynxyus ( lim 6(z) = 0).

ITr—00

Teopema 1 Jocmamsuno ycnogue npasamal : y = kx + n 0a e acumnmoma Ha
kpusama (c) 1 y = f(z) e
z
k= lim @) u n= lim [f(z)— ka]. (13.1)
z—oo T—00
Hoxazamencmao. Tlpasata | : y = kz + n e acumurora 3a (c) : y = f(z).
Torasa

a)mpu z — oonmame f(z) =kr+n+6(z)|:z#0

{:}M___k_x_ngr&j)ﬁ lim @Zk—l—o-’rozk‘;

x T T [e]

6)or f(z) —kz —n = 4é(z)

= wlLII;o[f(:E) —kz—n]= zli.n;oé(a:) =0=n= zl:n;o[f(m) — kz].

3abenexxa: Ako y = f(z) UMa XOPH3OHTAJIHA ACHMNTOTA, TO TSl HSIMa HaK-

. .Y b
JIOHEHa, 3aloTo OT lim gy = b (const) cnegsa k = lim = = |[—| = 0#u
z— 100 T—too I T
n= lim (y—kz)= lm y =0b, T.e. XOpM30HTAIHATA ¥ HAKJIOHEHATA ACHMII-
z—too z—too

TOTa ChBIajar.
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Ilpumep 13.1. Hamepere ypaBHeHHsTa HAa aCHMITOTHTE Ha XHnepboJiaTa ¢ KaHo-

y2
HWYHO ypaBHEeHHE — — —& = 1.
a? b
Pewenue. Oty = f(z) = 3:— z2 — a? u popmysm (13.1) nmame:
a
b 2 b
e k= 1m 1@ Z 4t g 1—(5) =42
T—00 T a T—oo T a
b b
* n= lim [f(a:) - (:I: —)m] =+— lim (v/22 —a? — 1)
T—00 a a T—00
b 2_,2_ .2
42 lim 22T

a$—>°° ViZ—a’+z

" TaKa, ThpCCHUTC aCUMIITOTH UMaTa ypaBHEHUA Y = +-—zx.
a

Ilpumep 13.2. Hamepere ypaBHEHHATA HA ACUMITOTHTE Ha (pyHKIUATAY = fI) =
T — 2arctg .
Pewernue. DM : z € (—00,+00) u no dopmysm (13.1) umame:

i — 2arct
* kio= lim Lﬂ:): lim T cacer _ lim (1~2

! z—too I T—%oo x T— %00

arctg
g ) =1,
T

* Nio= lim (z—2arctgz —z) = —2( + %) = Fm.

T—to0

W raka acumntotu [y : y =T —7Huls i y = T+ 7 Ha y = f(Z) UMaT CbOTBETHO
OTPE30BH ypaBHEHHA

llzf—l—i:l n 12:_9{_+}J_:1, kato Iy || la.
T - - ow

Ilpumep 13.3. H3csepnBaiiTe 0OTHOCHO acUMITOTH (DYHKLUUTE:

z3 1
a) y=f(:1:) = 3——;327 1") y:f(z):1+em~3;
1 1
6) y=f(z)= = N y=f(z) = arotg ——;

B) y = f(z) =cosz — In(cos z).

Pewenue. 2) DM : z € (—o0, —V/3) U (—v/3,v/3) U (V3, +00). o nechunuuuu
2 1 3 HaMMpaMe CHOTBETHO XOPH3OHTA/IHM M BEPTHKAJIHM acuMnToTH 33 f(T), 4 OT
(13.1) - HaKJIOHEHH aCHUMIITOTH:
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3
hm —_— = h —_— = — iOO = OO HJIN T

zot0 3 — 12  zotoeo 2 3 ) (£00) = F f(z) nama

xOquOHlnaﬂHM AaCUMIITOTH,

. z? . (-vV3-¢)® (—v3—¢)?
im ——= lim —————— = lim
z—3-3—2Z2 e=03 — (—/3—¢€)2 €e203-3—2/3—¢2

_ =3

= = 400, HO f(—z) = —f(z) Wi DYHKIHATA € HeUeTHa,
S f(-2) = ~f(a) wn
rpacdukarta e cumeTpuusa cupsimo O ¥ ToraBa  lim 2 __ —00;
p p p 1;_..\/§+ 3 _ .'L'2 - )
@ —V3+e)P (—V/3+4¢)®

lim —— =lim = lim
s34 3 =22 e=03 —(—/3+4¢€)? e~03—-3+2+/3—¢?
(=v3)° m
=——— " = _—ocounopaau HeueTHOCT Ha f(z) umame lim 3
0(2v/3 - 0) 23— 3T
Y taka B TOUKHTE T = ++/3 Ha IpeK'bCBaHe Ha f(T) UMQ GepMUKANHY ACUM-
nmomu,

=400

3ampasara [ : y = kz 4+ n HaMEpame:

2 2
k= lim M: lim z = lim _:1:—_:_1;
z—too I o400 3 — 12 z—+o0 2( 3 )
il — -1
z2
3
T 3z
n zEr:{:loo[f(m) k] m—loriloo 3 —z2 T zllvlezloo 2( 3 ) 0
4| — —1
I2
U raxa f(z) uma naxsonena acuMnToTa y = —z (bIJIONOJIOBSINA Ha BTOPH

YETBBPTH KBaJIPaHT);

6) DM : z € (0%, e)U(e, +00). Tlo nedunummu 2 u 3 u (13.1) Tbpeum acuMuToTH
Ha f(z):

*

Inz . 1z n
im = lim === =17, 1.e. y = 1 e XOpH30HTA/IHA ACUMOTOTA
g—toolnr —1 z—+4ool/x

3a IECHUA KJIOH OT rpaduKara;

. lnz . 1/z
lim —— = lim —— =
=0+ Inz -1 z-0+1/z

KJIOH Ha rpacpukara Ha f(z);

17, T.e. (0%,17) e npasna Touka 3a JieBHs
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) Inz In(e +¢€) 1
* =1 = —— =
st Inz — 1 e In(e+¢e)—1 0t oo,
. Inz . In(e —¢€) 1
lim = lim — = —o0.

z—e-Inz—1 e—0lnle—g)—1 0

M Taxa B TOUKaTa T = e Ha IPEKbCBaHe Ha f () HMa BepIMUKAIINA ACUMARINOMA
3a 1BaTa KJIOHa.

* 3anpaBata [ : y = kz + n HaMupame:

1

k= lim m: lim _ln_:_c__z im —ﬁ-——
Z—o400 T z—>+oo:c(ln:1;—1) z—toolnz—1+4+1

1 1
= lim =— =
z—+toozlnz 00
|
n:zgrfm[f(z) — kx| = xlil»lgo —ln;lil =1.

W raxa f(z) Hama HarxioHeny acUMITOTY,

BYDM :x € ( - —72[, g) no aecpunniuy 2 u 3 u (13.1) ThpcuM acCHMITOTH Ha

e
"l f@) = lim [cos (= 5+ ) <u (cos (- 5 )]

T—— e—0
. § T T . . .
= lim [COS (—- —E) —1In (COS (— - ))] = hm(sn]E - ln(sm&?)) = +4-00;
e—0 2 2 i
* I_l.ingl_ f(:c) = 21_1‘1(1) [ (— - 5) —1In (cos (g —5))] = +00;
T 7r
M TakaBTOYKHTEZ = —— UL = —

5 M3 6EPMUKANHG ACHMTTOTR. ACHMITOTH
B 060 nosI0XeHue HAMA, THit KATO T ce MEHH B KpaeH ¥ OTBOPEH HHTEpBaJI;

1) DM : z € (—00,3) U (3,+00). Ifo necdmnmmpu 2 u 3 u (13.1) tbpcum
ACHMINTOTH Ha f(z):

_1_
* lilzll;l (1 + 61—3) =1+4+1= 2, Te. npaBaTa y = 2 € XOpU3OHMAJIHA
T— T OO0

acumnmoma 4 3a ABaTa KJIOHa Ha rpa(pHKaTa;

1
* hm f(z) = hm (1 + e3—€—3) =14+e% = 1%, re. rTouxara 3,1) e
npasna mowa 5a e KJIOH,;

1
* lim f(z) = lim (1 + e3+€—3) =14 e* = +o00, T.e. BTOUKaTa £ = 3
T—3+ £—0
uma eepmulcafma acumnmoma 3a NECHUA KJIOH;
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* Toil xaTo f(Z) MMa XOpPU30HTA/IHA ACHMITOTA Y = 1, TO TA HAMA Haknonena
acumnmoma.

n) DM :z € (—o0,—-1) U (—1,1) U (1, 400). Io pedpunumm 2 u 3 u (13.1)
ThPCMM acUMITOTH Ha f(T):

*

1 1
. — . _ . . _ + _
LA f (z) = AR, (amtg z2 — 1) = g (x_lilfoo z2 — 1) = arctg 07 =

0%, r.e. npaBata y = 0 (OT) € XopuU3oHMaHA ACUMRIMOMA 32 TIHPBHS 1 Tpe-
TUS KJIOH Ha rpachukarta Ha f(z);

1 1 1
* i t =1 ( t—):l' (t——-)
i (aretg ) = lim (aretg (55— ) = lim (arcte =

= lim (arctgu) = il u, Toit Kato f(—z) = f(x) - ueTHa, TO
u—4oo 2

I ( otg —— ) i
m | ar =—;
x-LH- & z?—1 2

* lim (arct ! ) = lim (arct ——1——) = lim (arct —1—)
F—1- 82 —1) 7% g(1—5)2—1 T =0 gs(—2+5)

= lim (arctgu) = S nopaju yeTHoct Ha f(x),
u——00 2 )

i ( " 1 ) s
im (arctg =—=.
z——1+ 2 —1 2
W Taka npaBute z = 1 He ca depmuxaiHy aCUMNTOTH.

* (DyHKLMATA HIMAa HAKJIOHEHa acMMITOTa (BX. 3abesexkara).

3AJAYH
1. Hamepeme acuMnToTHTE Ha (DyHKIMUTE:

2 p— J—

l.yzﬂj—:’:1 Omr.z=0,y=z—1
z
2 =z — L Omr.z2=0,y==z
- Y= Nz cr=0y =

3. y =3z + arctg 5z Orr. y =3z + g (pscHa), y = 3z — % (n1sBa)
4.y:ln(a;—:-1) Omr.z2=0,y=2z,z= -1
5 4= sinx orr. y =0

T

1 1
6.y———azln(e+—) OTr.a::—;y:m%—;
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10.
11.
12.

= arccos 2z
Y= 1422

Y= pry

_ s
V=7

1

y:emz—l
y =In(1 + &%)

v*(1 —2) = z*(1 +z)



I'JIABA 14

H3CJIEABAHE HA ®YHKIIHAA
N IIOCTPOSABAHE HA HEMUHATA I'PAMUKA

Hedunnunun 1 Ako e dadena pasnunna xpusa (c) : y = f(z), z € [a,b], mo na
Vz € [a,b] omeosaps mouka Mz, f(z)] € (c) @ pagnunama. Mroxecmeomo om
mouicu M ce Hapuua epagpuxa na ¢ynxyusma y = f(z), koemo mroxecmso ne e
Kpatino.

I'padpuxama na ¢ynxyusima ce deprae NpuOIM3UTENHO (KAaTO Ce M3MOJI3BAT
cBoiicTBaTa Ha f(Z)) MO CIEOHUS aJITOPATBM:

L DM, HENPEeKbCHATOCT HJIM TOYKH HA NIPEKbCBAHE, YETHOCT,
HEYECTHOCT, MEPHOAHUYHOCT

1. JedmmunuonHa 006J1acT- 3aBHCH OT €JIEMEHTapHUTE (DYHKIHH, yJacTBAll{ B
aHaJIMTHYHUA M3pa3 Ha JafieHaTa (QyHKIMA:

e 0pobHa hyHKyus — 3HAMEHATEJIAT TPSIOBa [a € pa3JIMUeH OT HyJIa;

® upayuorasen u3pas ¢ uvemeH Koper - TOAKOPEHHaTa (DYHKUMS € HEOoTpli-
pHaTeJslHa;

® Ji0capuimmu4Ha prHKL[u}l — apryMEHTBHT € NOJIOKHTEJIEH,

o mpuzoHoMempuury pyHKylu tg U cotg — cbobpa3gBaT ce TeXHUTE AeDHHHIIM-
OHHM MHOXECTBA;

o obpamHu mpueoHomempuunL @yHkyuu arcsin ¢ u arccos ¢ - |¢| < 1.

2. Touxku Ha DIpeKbCBaHe— TOYKMUTE, B KOUTO (DYHKIMATA HE € AeDUHIpaHa.

3. quHOC’I‘, HEYETHOCT, NMEPHMOAUYHOCT- 332 YETHOCT M HEYETHOCT C€ U3cC/ieaBaT
caMo CIJyHKL[l/II'I, KOHUTO HMaT CHMETPUUHO HeCpP[HHLHrIOHHO MHOXECTBO.

e Axo f(z) = f(—z), To f(z) e yeTHa u rpacpukara i € CHMETPHUHA CIIPSIMO
ocra Oy.

e Ako f(z) = — f(—z), 10 f() e HeueTHa H rpachHKaTA il € CUMETPHUYHA CIIPSIMO
HAYaJI0TO Ha KOOPAMHATHATA CHCTEMA.

e Axo f(z) # £ f(—z), To f(z) e HUTO UeTHa, HATO HEUETHA.
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IIpn f(z) = +f(—z) n3creasame dyHKumaTa U IOCTposiBaMe rpaduKara U camo
B NOJIOXKHUTEJIHATA YacT Ha AeUHALMOHHOTO MHOXKECTBO, @ B OTPHIATE/IHATA YacT
rpacHKaTa nocTposiBaMe CHMETPHYHO B 3aBUCHMOCT OT YETHOCTTA.

o Axo f(z) = f(z +T), T > 0, pyHxumsTa e nepUOAUYHA.

1. Excrpemymmn, MHTepBaJIM Ha pacTeHe H HamaJiABaHe Ha (DyHK-
LUSATa, H3M'BKHAJIOCT, BIUIbOHATOCT, HH(DJIEKCHA TOYKH

1. Ekcrpemymu
* gy = 0 - HeOGXOANMO YCJIOBHE 33 €KCTPEMYM; T; - HyJM Ha ¢y = 0;
>0 - MHHUMYM3aZ = I;
¥y =2;){ <0 - MakcuMyM 3a T = IT; ;
=0 - [ONBJIHUTEJHO U3CJIEBAHE
* y = f(z;) — M(z;, f(z;)) - TOUKH Ha EKCTPEMYM.
2. MoHoTtouHocT Ha f () (pacreHe, HamMaJIsiBaHe)
* y' > 0- f(z) pacre;
* y' < 0- f(z) Hamanssa.
3. M3mbKHa0CT, BAJIBOHATOCT
* 4" > 0 ~ u3nbKHATIA HAIOTY;
* 4" < 0 - u3nbKHAJIA Harope.
4. Huchnekcun Toukn

* ' =0 <= 2 =uzj, I(z5, f(z;)) - nacdnexchn Toukn.

m. I'pannmm Ha PYyHKUMATA, KOraTo = KJIOHHM KbM KpaHiaTa Ha
Je(PMHULIMOHHNTE HHTEPBAJIH (XOPH30HTAJIHH H BEPTHKAJIHH
ACHMIITOTH)

1. Axo z € TouKa Ha NpeK’bCBaHe, TO

* lim = lim f(zg —€),€ > 0,& — 0 - J1sIBa rpaHuua B Zo;
T—To e—0
<z

* lim = lil‘% f(zo +€), e > 0,e — 0 - pscHa rpanuna B Zo;
I— I E—
z>:v(?

*r= Iy — @epmuxkaJina acumnmoma,

2. Ako 111}:1 f(z) = b= const <= y = b - xopusonmanna acumnmoma.
T— 00
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1v. HakJIoHeHH aCHMOTOTH U HAKOH MPOMU3BOJIHH TOYKH OT rpa-
cbm(aTa, BKJI. IPeCEeYHHUTE TOYKH Ha rpanKaTa C Koopau-
HATHHUTE OCH

1. IIpaBara c ypaBHenue y = kz + 7, KbHAETO
e f®@) L
PR LRV

CE HapHuua HakJIOHeHA acUMNmoma.
AxO pyHKIMATA MMa XOpH30HTAJ/THA ACUMIITOTA, TO TS HIMA HAKJIOHEHA aCHMIT-
toTa. 2. Touxu or rpacukara:

* g =0 ==Y/[0, f(0)] - npeceunu Touxu ¢ ocra Oy;

* y = f(z) = 0 (axo Moxe na ce pewm) — T => X 2k, 0] - npeceunn Touku
cocra Oz.

v. IlocTtposBaHe Ha rpacpukarta Ha (PYHKIHATA N0 NpeBapHUTEJI-
HO HU3roTBE€Ha Taﬁmma C HAHECEHH BCHYKH IIOJIYUECHH pe3yara-
™

ITpumep 14.1. Hscnensaiite u noctpoiite rpacukara Ha byHKIHSITA
3
= r)= ——-:,:

Pewenue. 3rorssime Ta6HHLIa, B KOATO 1€ HaHaCAME pE3YATATUTE OT H3CJIea-
BAHETO.

z |—o00 0 17 |[1F 3-V3 2- [tot 3+V3 400

Y + + + 0 - —- - 0 +  +

yn /_-\ 0 s /_\ /__—\ N -

yl-oco 1T 0 T +oofl—c0 T —6v3 | —ooll+o0 | 6v3 T  4oo
infl max min

I. Onpenesname DM

* DM : 22 -3z +2 # 0 < z € R\ {1,2} ww f(z) uma dse mowcu na
npexscaane. Torasa DM : z € (—o0,1) U (1,2) U (2, +00).

* DM ne e cUMETPHYHO MHOKECTBO, CJIEJOBAaTE/IHO He H3cjeABaMe (PYHK LT
OTHOCHO YETHOCT (HEYETHOCT).
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* f(z) e HenepuoOuuna, 3aIMOTO B aHAJIMTHYHKS M M3Pa3 HE Ca BKJIFOUEHH KDPb-
rOBH (TPHIOHOMETPHYHHM) (PYHKIHUH.

I1. Hamupame npou3BOAHKTE Ha (DYHKIHATA:

, 3z%(a? =3z +2)—2*(2c-3)  2?(z® —6z+6)
B (22 — 3z + 2)? (22 -3z +2)2°

*y

(423 — 1822 4-122)(2? —32+2)? —22% (2% — 62+ 6) (2% — 3z +2) (22— 3)
(22 — 3z + 2)

% I
Y

_ 2x(72® — 1824 12)
(22 -3z +2)3
Ipunarame T1 n T2:

¥y =04 121 =0, 293 = 3+ 3, T.e. DYHKIMATA UM TPH CTAUMOHADHHU
TOYKH (TOUKH, B KOHTO (DYHKIMATA UMA EBEHTYAJTHO EKCTPEMYM);

. _ 23 V3)[7(3— v3)? —18(3 — V3) +12]
VO = TG e s v e
_ 2(3—v/3)(42 — 24V3) <0:

(5-3v3)® ’

' _ 23+ V)73 + v3)? 183+ V3) + 12]
VO = T e VA5G 1 Va4 2
23+ V3)(42 + 24V3) S0

(5+ 3v/3)3 |

* 4"(0) =0,a0ry(0) = 0 = I = 0(0, 0) e uucpsiexcHa Touka (BX. ri1. 12, T3).

* Ory”(3—v3) < 0= (3 = V3) = Ymax, JIOKaJICH MAKCUMYM.
Ory"(3 4 v3) > 0 = y(3 + v/3) = Ymin, JI0KAJICH MUHAMYM.

. e A (8 -Vv3)° e
* Ymin = y(3 + \/§) = (3 + \/3-)3 \/§

(3+\/§)2—3(3+x/§)+2:6

3abenexka. BunbT Ha eKcTpeMyMa MOXKe J1a Ce ONPEE/IH 1 OT MOHOTOHHOCTTA
Ha PyHKLHATA:

* gyl > 0= 22—62+6> 0=z € (—00,1)U(1,3-v3)U(3++/3, +c0);
*y <0e= 22 -6r+6<0<=zc(3-V32)U(23+V3).
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Koraro y' > 0 = y pacre, anpu y' < 0 = y Hamangsa. Torasa

max
y/’ / \ - T T———————— min " N Y3 — v3) = ymax
y 13- ° 3+v3 ¢ ¥(3+V3) = ymin
1 2

IosryueHuTe pe3ysITaTH HaHACsSMeE B TabsmuaTa.

* oy =0 22(722 — 182+ 12) =0 <=1, =0, 123 ¢ R, y(0) = 0 =
toukata I (0, 0) e nachsrexcHa Touka,

T
¥y > 0= R v >0 <= z € (0,1)U(2, +00) uTorasa yHKUHATA
€ U3NBKHAIA HAOO0JLY;
* ' <0 = _5_x___ < 0 <= 1 € (—00,0)U(1,2) nTorasa pynKumsaTa
e —3r+2

€ usnskHa/ia Hacope.

Hanacsme pesysirature B Tabsauara.
$3

o0 . z _ .
We B 5~ o) —mﬁilm?(l—s—z)—im’
X s
z3 (1—¢) 1
* 13 = — | =
A TN =2) SR A=e-D(—:=2) [0.1} oo
3 (1+¢)3 1
o @-D@=2) ed(Ite-Dlte-2) [o.(~1)] 0%
3 3
- T _ 2-¢) _ 8 _
B I DE-2 ez —c—2 {1(—0)] o
3 (2+¢)? 8
li = lim == =
oot (T —1)(z—2) e20(2re-1)(2+e—2) [1.0)] oo

Hanacsime pesystaTure B TaGunara.

* IlpaBure £ = 1 m ¢ = 2 ca @epmuika,Hu ACAMITOTH KbM rpadukara Ha
dyHKIHATA.

IV. Tsit kato f(z) HIMa XOPU3OHTAJIHH aCUMITOTH ( liril f(z) = £o0), ThpcuM
T—r L 00
HAKJIOHEeHU ACUMIITOTY C ypaBHEHUe y = kz + n:

z3 z3

* k= li —_— = ] —_—— =1
a:—{l:ll;loo :13(1:2 —3I—|—2) zEl:ltloo 23 (1_ 3 2) ’
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* n = lim
z—+o0

z3 o -8+ 3x2 -2z
% — )= lim 5 =
x? — 3z +2 T—too % — 3T+ 2

CriepoBaTesHO npaBaTa y = T + 3 e Hakonena acumnmoma 3a f(z).

V. I'pachbrxara Ha (pyHKUMSATA MOCTPOSIBAME, KATO M3HOJI3BaMe NONBbJIHEHATa Tab-
sauna (cpur. 14.1).

3+V3 z

z=1

—6\/§

™
I
8

Qur. 14.1.

Ilpumep 14.2. W3scnepsaitre u mocrpoiite rpaduxara Ha hyHKUMSITA

3
y=f($)=3f—$2-
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Pewerue. V3rorBsame Tabsuna, B KOATO HaHACSIME TOCTENEHHO HOJIyYeHuTe
pe3ysratd (Bx. nmpumepu 11.1, 12.1, 13.3a):

z|—o0 -3 —V3_||—v3, 0 V3_||v3y +00

Y- - 0 + + ||+ 4+ 0+ ++ + 0o = -

ol N N TN D N

ylHoo | 45 7T +o0 || —o0 T 0 1T 4oofl—00 T —4,5 | -0
min infl max

I. Onpepensime DM

* DM :3 — 2% # 0 <= z = +v/3 wm f(z) uma dge mouxu na npexsceare.
Toraba DM : € (—c0,—v3) U (—=v/3,v3) U (v/3, +0).

(~z) B 73

—(—x)? 3 —x?
KaTa u e cumeTpuyHa capsimo O.

* Or f(—z) = = —f(z) = f(z) e neuemna, a rpacdu-

* f(z) e nenepuoduuna, 3au10TO B HES JIMIICBAT KPBrOBH (TPHCOHOMETPHUHH)
(PyHKIHUH.

IL. Bx. 11.1.a) u 12.1.a), KaTo NOJIyYEHUTE Pe3yJITATH CE HAHACST B TabJHuaTa.
III. Bx. 13.3.a) u HaHacsiMe pe3yJITaTuUTe B TabsHuaTa.

IV. f(z) uma naxnonena acumnmoma y = —x (8x. 13.3.2)).

* TIpou3BOJIHH TOUKM OT rpacpuKaTa HaMHpaMe Taka: npH ¢ = £2 = y = F8
wiu Toukure (—2,8) u (2, —8) ca CbOTBETHO OT HPBH M TPETH KJIOH, KaTO

1 1
ca cuMeTpuynHM copsiMo O; mpu z = 1 =y = j:§ WM TOYKUTE <1, 5) H

1
( — 1, —5) Ca OT BTOPH KJIOH U Ca CHMETPUYHH CNIDAMO 0.

* [lpeceunure TOUKM Ha rpacdukara ¢ KoopauHathure ocu (y = 0,z = 0)
HaMHpaMe OT [B€ CHCTEMH:
3 z3

312 , Y= 3,2 = camo Touxa 0(0,0).

0 z=0

Yy
Y
V. I'pacdhukara Ha yHKUMsITa NOCTPOsIBAME, KATO H3II0JI3BaMe NONbJiHeHaTa Tab-
smua (uar. 14.2).
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Yy
min
3 5 w1 B 3 z
/3 IO,
5= -3
Our. 14.2.

IIpumep 14.3, Uscnensaiite n nocrpoiire rpacdukarta Ha (pyHKIHUATA

Inz

y=f(z) =

T lnz—1"

Pewenue. Wsrorsame Tabsmua, KOSTO NONBJIBAME NOCTENEHHO (BX. IPHUMEPH
11.1,12.1, 13.3.6)):

1. Onpepensame DM

DM - >0 z € (0%, +00)

. m +
’ 11'1(11—].>0<:> :l:;ée :>D]V[2’E(O ,G)U(C,—{—oo)
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8
il
o

Qur. 14.3.

wm f(z) uMa edna mouka Ha npexscéare. BBIPOC 32 YETHOCT He MOXeE [a Ce
nocrass (f (—z) He cblecTByBa), cuMeTpus HaMa U f(z) e Henepuoduuna yHKUmS

T ot e”? 1 1 e et e? +0o0

Y DU N NN N

Yy 1~ %l % 01 —00 +00 ! 2 1 1t
infl

II. Bx. 11.1.6) 1 12.1.6), KaTo noJiy4eHuTe pe3yJITaTH ce HaHACAT B TabJMIaTa.

IIL. Bx. 13.3.6) u nanacsiMe pe3yJiraTuTe B TaGJmnara.
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IV. f(z) nama naxnonena acumnmoma (BX. 13.3.6)).

* TIpOH3BOJIHN TOUKH OT rpachMKaTa HAMHPAME TAKa: NpH T = 2 = y = 2
wm Toukata (e2,2) e oT BTopHs K/10H Ha rpachMKaTa, a OT bPBHS KJIOH ~ NpH
2

r=e?=y=2,

3
* Ilpeceunure Touku Ha rpacukara ¢ Oz : y = 0 HaMUpaMe OT CHCTeMaTa:
~ Inz
T hzr—-1 < hz=0=z=1, re. (1,0).

Yy
y=0

V. I'pacbuxara Ha dhyHKUMATAa TOCTPOSBaMe, KAaTO U3NOJI3BaMe MNONbJHEHaTa Tal-
suna (ur. 14.3).

IIpumep 14.4. M3scnensaiire n nocrpoiite rpacduxara Ha PyHKIMATA

T —2

y=fl)=ln_—.

T —2

Pewenue. 1. DM : 5 > 0= (z—2)(z+2)>0=z € (—00,—2)U

(2, +00).
* e (ODUHMLIMOHHOTO MHOXECTBO € CUMETPHYHO CNPSIMO HyJ1aTa. CJiefoBaTe/HO
MMaMe OCHOBAHME 2 W3CsleqBaMe (DYHKIHSATa OTHOCHO YETHOCT:

T+

—z—2 m+2:1n<z—2)—1:_lnz—2

n T+ 2 z+2=

f(_z):hl—a:+2= -2

—f(m)a

T.e. DYHKUUSITA € UeTHa U LIe u3caeasaMe camo 3a ¢ > 0, wm DM™* : z € (2, +00).
I/I3FOTBHM6 Ta6mn_[a, KOATO 1IE NMONBbJIBAME NOCTENEHHO!

z 2t +o0
y' + + + +

" N N D N

y —0 1 T 1 0

DyHKUHSTA € HEIEPHOANYHA.

II. Hamupame ' u y'":

,_z+2z+2—-z+2 4
T z—2 (z+2)? T z2-4
1 —8z

= — 2 .
y @ =472 <0, Vze(2+0)

>0, Vze(2+00)
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Oty > 0Vz € (2,+00) = f(z) pacre B DM*.
Ory” <0Vz € (2, +00) = f(z) e n3nbkHasa Harope B DM™.
CrienoBaTeJsiHO (PYHKUMSITA HAMA eKCTPEMYMHU H UH(JIEKCHI TOYKH.
III. B Touxata £ = 2 ThpCHM [SICHA I'PaHULA:
T2 2+e—2
* lim f(z) = lim In =lhlim —— =n0=-x
a:Av2f() T—2 $+2 5—"02+€+2
T>2 z>2
== T = 2 € BepTUKaJIHa CUMIITOTa.
-2 -2
* lim f(z) = lim In z =1In lim =Inl1=0
T—00 - ) z—o0 T + 2
=— y = 0 e XOpH30HTa/IHA ACHMIITOTA.
IV. 1. f(z) nama naknonena acumnmoma, 3aIOTO HMA XOPH3OHTAIIHA,
2. T'pacbuxara Ha pyskuusTa He npecuya ocure Oy (z = 0 ¢ DM);
z—2 z—2
In =0 =l azcl,
T+ 2 T+ 2
T.e. rpachuxaTa Ha f(z) He npecuua octa Oz (Ts € XOPU3OHTA/IHA ACUMIITOTA).
V. IocrposiBame rpacukara (ur. 14.4) 3a z € (2,+00), a3a z € (—o0,—2)

nocrposiBame rpacduxara cumerpuuso cupsmo O(0, 0) (seuetHa GyHKLMS).

A
Y

|
)
Q
N}

e ey

8
Il
|
ro
]
1l
S

Our. 14.4.
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IIpumep 14.5. H3csiensaiire n nocrpoiite rpadukara Ha HYyHKIUATA
y = f(z) = cosz — In(cos ).

Peuwierue. VIarorssame Tadiiina, KOSTO NMOIbJIBAME [IOCTEHNEHHO (BX. NPUMEDH
11.1,12.1, 13.3.8)):

™+ P
- 0 —
v 2 2
v - - - 0 + + +
" N N o, N Naalig N
y +oo l l ! T T +00

L. Bx. 11.1. B)) DM : z € ( — g,g), a BCHUYKM MHTEpBasM ca 2km — g <
3 5
T < g+2k7r,k€Z. Mpuk =1= 1z € (%,%
(— om 3”) U T.H
2 )—7 s
f(=z) = cos(—z) — In(cos(—z)) = cosz — In(cos z) = f(z),

),npnk::——1=>1:€

T.e. f(z) e uemna, rpacduxara e camerpuusa cupsmo Oy.
IL Bx. 11.1.8) u 12.1.8), KaToO NOJTyUeHATE PE3yJITATH CE HAHACAT B TaGJIMLATA.
IIL. Bx. 13.3.8) u HaHacsMe pesyJiTaTuTe B TabrmuaTa.
IV. f(2) nama naxnonena acumnmoma (8x. 13.3).
* TIpOH3BOJIHM TOUKH OT rpadHKaTa € H3JIMLIHO A3 ThPCHM.
* I'pachukara He npecuya KOOPAUHATHHUTE OCH.

V. MocrposiBame rpacpuxara (pur. 14.5).

3
2 2

'
'
1
]
1
]
1
1
i
1
1
1
1
1
1
[l
i
1
1
]
1
I
1
1
i
1

ol

r
2

Qur. 14.5.
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Ipamep 14.6. Mscnenpaiite 1 noctpoiire rpacdukara na GhyHKUMATA

y:,f(x)=1+e%—3.

Pewsenue. W3rorssme Tabauua, KOATO NONBJIBAME NOCTENEHHO (BX. TPHMEDH

11.1,12.1, 13.3.n)):

5
T |—00 3 3-1] 3+ 4 +00
Y - - - - - -
' TN TN N N NN
y |27 Ny 1% \ 1Tjl400 | 14e N ot
infl

1. Onpenensme DM :

* DM : 2z -3 # 0 < z # 3 wm f(z) uma edna mouka Ha npexscaare.
Torasa DM : z € (—00,3) U (3, +00).

* DM e HECUMETPHYHO MHOXECTBO = f(Z) € HUmo uemHa, HuUMo HeuemHa.
Oyukupsra f(z) e Henepuoduuna.
II. Bx. 11.1.r) u 12.1.r), KaTO MOJIyYEHUTE PE3yJITATH Ce HAHACST B TabJHuaTa.
IIL. Bx. 13.3.r) u HaHacsiMe pe3yJsiTaTHTE B TabJyMLATa.
IV. f(z) nama naxnonena acumnmoma (Bx. 13.3.r)).

* IIpou3BOJIHH TOUKM OT rpachuKaTa HaMUpaMe Taka: IpHz =4 == y = 1 + ¢,
n (4,1 + e) e Touka OT BTOPHS KJIOH Ha rpacdukara,  T.H.

* [lpeceunuTe TOUYKH Ha rpapuKaTa C KOODAHHATHHTE OCH TBPCHM CbC CHCTE-

MHTE!

1
y=1+4ez-3 — P(0.1 _]‘_)
z=0 <’ +€/E)

1

y=1+e"3 _ ¢0)n0z = 0.
y=0

V. [locrposiBame rpacukara (pur. 14.6).

Ilpumep 14.7. MHsciepnsaiite u nocrpoiite rpaduxara Ha QyHKIUATA

y= ()= (@ —2)e s

Pewenue. 1. Onpepename DM:
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1
i
v |
1
]
]
R— P “y =2

|

! 0 (3,1)

2

z=3

Qur. 14.6.

* DM : z € (—00,0) U (0,400) = z = 0 - TouUKa Ha NpeKbCBaHe.
* (DYHKUMATA € HUTO YeTHA HUTO HEYeTHa, 3aL0TO
L 1
F(=2) = (~2 —~2)e 7% = ~(@+2)e* # f(a).

* Dyukuusra f(z) e renepuoouuna.

Hsrorsame Tabsmuara:

T | —00 -2 0- [0+ % 1 2 +00
Yy + + 0 - - _ _ n n
v’ — S - 0+ + +
yl|-so S -4 N om0 0 N —feTE —et S oo
max infl min
Ly —ez+ (o 2)6—%% _ e—%””z_ﬂ:;i;
yu:e—%_l_w+6_%(2$+1)$2—2x(12+$—2) :e_%5$—2.

T2 2 x4 x4
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1. Excrpemymu:

* gy =02tz —2=0= 131 = 2,32 =1,

o= -2)=et(=3) <O=> f(=2) = fmax
y"(z=1)=¢"13>0= f(1) = fmin.
* Yo = 1) = ~4V, yoin = [(1) = — .
2. MOHOTOHHOCT:
¥y >04¢=22+12-2>0= z € (~00,—2)U(1,+00) - f(z) pacre;
* o <0< x€(-2,00U(0,1) - f(z) namans=sa.

3. VI3nbKHAJIOCT, HH(DJIEKCHH TOUKH:

2
¥y < 0= b5r—-2< 0=z € (—00,0)U(0, ) - f(z) e nanmpkHana

. )
Harope;
2
* ' >04=bzx-2>0==z¢€ (g, +oo) - f(z) e u3mbKHAIA HAZOTY;

wlon

2 5
= I<~,—§e_2> - uHdIeKCcHa

*yuzo‘:”:%’f(g):_'s'e 55

TOYKa. 5 5

1
IO * lim f(z)= lim (z—2)e"= = [to0.1] = Foo0;
T—+oo T—+oo

1 1
* lim f(z) = lilgl (z—2)e = lin%)(—s —2)ee = [—2.00] = —00;
z—0 z—U— e—
<0

1 1
* lim f(z) = lim (z —2)e” = lim(e — 2)e ¢ = [-2.0] =0.
T—0 z— 0+ e—0
z>0
= z = () ~ BepTHKa/IHA aCUMNTOTA, (DYHKIHMATA HAMA XOPH3OHTAJIHA ACHM-

nrora ( lirjr} f(z) = oo # const).

IV. 1. HakJioHenu acUMOTOTH y = kT + 7

. T . r—2 _1
* k= lim M = lim e
z—toco I z—to0 I T—too I xT—otoo
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*n=_lim [f(z)~ke]=_lim (& ~2)e"F —z] = [£oo ~ Foo]

r—2 _1 r—z+2 1 -2 11
—e z —1 0 IR — e z + e 17—2
= lim L — = {—] = lim z z - -
T—+o00 1 0 T—+o00 1
z z2
. 1 2-3z
lim ez lim = —3 = y = = — 3 - HaKJIOHEHa aCUMITOTA.
rz—+oo z—+oo €T

2. Toukn ot rpacdukara:
* £ =0,H00 ¢ DM = usma npeceunu Touk ¢ ocra Oy;
*y=0<=2-2=0= z=2-X(2,0) - npeceuna Touka c ocra Oz.

V. Ilocrpossame rpacrkara (dbur. 14.7).

v

Our. 14.7.
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ITpumep 14.8. V3cnensaiite 1 mocrpoiire rpacuxara Ha HyHKUMATA

= = t .
y=f(z) =arctg 5—

Pewenue. I. Onpenensime DM :

* DM : 22~ 1 # 0 < 1 # £1 wm f(z) uMa dge mouku Ha npexscaare.
Torasa DM : z € (—oo, —1) U (—1,1) U (1, 4+00).

* Ot f(—1z) = arctg = f(z) = f(z) e uemna, rpacpuxara i e

1

cuMerpryHa cnpamo Oy.

* f(z) e Henepuoduuna pynxyus, 3am0To € 06paTHa KPHrosa (yHKUMA.

Harorssame tabnuiara:

T |—00 9 —1_ —1+ 0 1- 1+ 1 +o0
y' + + + + 0 - - - -
R NN TN — ,
+ TH_E _r _mr +
v|ot S v S5 5 /7 1 N 3z M moN 0
infl max infl

II. Bx. 11.1 n) u 12.1 ), KaTo HaHACSAME NOJIyUEHHTE PE3YJITaTH B TaOJIHIATA.
III. Bx. 13.3 ) u HaHacsiMe pe3yJiTaTuTe B Tab/MMUATA.

IV. % f(z) Hama HakJOHeHa acamuToTa (BX. 13.3 11)).
* [Ipeceunure TOUKH Ha TpacpuKaTa C KOOPAUHATHATE OCH THPCHM ChC CUCTEMATA:

1
Yy = arctg :132 — 1 — (0’ _I) = max;
z=0 4

y=0
V. IloctposiBame rpacukara (¢pur. 14.8).

IIpumep 14.9. U3cnensaiiTe n nocrpoiite rpacukara Ha PyHKLHITA

2
y = f(z) = arcsin 7 _:;3

Pewenue. 1. Oupenename DM

* DM:—151_2:”

5 <1 <=z € (~o0,+00);
T

1
y=acg oy — f(z)NOz = 0.
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E m
2 y A 5
I I,
T 1 Q:A
_r
4
_r
2
Our. 14.8.
* (DyHKIHATA € HeNPeK'bCHATA,
—2z 2z
* f(—z) = arcsin (——) = —arcsin—— = —f(z) (zamoro
(=) G )
arcsin(—a) = —arcsina => f(z) e HeueTHa (DYHKUHS U N3CIICABAHETO

e u3BbnumM 3a z > 0, .e. DM™* : z € [0, 400).

* (DyHKLHMATE € HelepHOauyHa.

T 0 1 400
Y + + - -
Yy /_-\ /_\ N N
I
Yy 0 /! 3 N N 0
infl max
2 0,1
Ly = 1 1+22-222  201-2?) 7527 €0,1)

422 (1+x2)2  [1—-22|(1—22)

1— 2T , ¢ € (1, +00);
(1+12)2

1+ 22
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4z

y ——m, IG[O,].)
vy = 4z
m, ol S (1,+OO)

1. 3’ He ce aHyJIMpa 3a HUTO ej{Ha CTOHHOCT Ha T, HO
*3az€[0,1)y >0Vz = f(z) pacte
* 3ag € (1,400) ¥y <0V => f(z) HamassiBa.
CnepoBatesiHO 3a £ = 1 (DYHKIHMsITA IMa MaKCHMAaJIHa CTOHHOCT
Ymax = f(1) = arcsinl = %
2. xy" <0,z €[0,1) => f() e uambKHaA HATODE,;
* 4" >0,z € (1,+00) = f(z) e u3mbKHAIA HANOJTY.

3.y =0 12=0, f(0) =0 = I(0,0) - undpsiekcha Touxa.

IIL * lim f(z) = arcsin lim 5 = arcsin0 = 0 = y = 0 e xopu30oHTa/Ha
—00 T—00
aCUMITOTA;

* (DyHKIIIUITa HsAMa BEPTHKAJIHA aCUMIITOTA.

+x

IV. * Tsit xaTo f(x) MMa XOPU3OHTAJIHA ACUMIITOTA, TSI HIMA HAKJIOHEHH.
* ['pacbukara npecnya KOOPUHATHHTE OCH B KOOpAMHATHOTO Havasio (f(0) = 0).

V. I'padpuka (¢pur. 14.9). Hait-nanpen nocrposiBame rpacukata 3a z € [0, +00)
¥ CJleJ TOBa HauepraBaMe cumeTpuuHo copsmo T. O rpacdukara 3a z € (—o00,0),
3aUOTO MoKa3axMe, ue f(z) e HeueTHa hyHKIHMA.

]

Qwr. 14.9.
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Ipumep 14.10. 3crreppaiite u nocrpoiite rpacdukara Ha GyHKIMATA

y=f(z)= |:r—1|

Pewenue. 1. DM : £ € (—o00,0) U (0, +00);

| |~z—1] |m + 1]

* f(—z) = o # tf(z) - dyHKUMATA € HUTO UETHA, HHTO
HEUYEeTHA H MMa €Ha TOYKa Ha npem;cnaﬂe

* DYHKIMSATA € HelepHOAMYHA.

T |—00 0- | O 1 3 +oco
y + o+ o+ - A + 0 - -
J" - N < ) N
y| 0 / +oo|4+c0 N\, 0 % N -3— N 0
max infl
z—1
|z — 1| ———5, T € (~00,0)U(0,1)
Ory = 2 Y z—1
1;2 bl CC€(1,+OO)
—2 2(3 —
T2, z€(—00,00U(0,1) i—fg,me(ﬂmﬂﬂﬂmn
ILy'=<{ T y" = z
2—-z : 2(z —3)
7 T € (1,+00) ———— z€(l,+0)
z 3
* 0 = () 2_1"_ _ (o _l_ .
y =0 o —0<=>z—2,y($—2)<0:>f(2)—4—ymax,
:r—2 0 Z—m 0
*y < 0= < < <z € (0,1)U(2, +00)
zE(—ooO)U(O 1) a:E(l +00)

f(z) namanssa 3a z € (0,1) U (2, +00);
f(z) pacre 3a z € (—o00,0) U (1,2) (¥ > 0)

Torasa 3a z = 1 f(z) uma MmusuMasHa croitHocT f(1) =0 = fp.

2(3 — ) 2z — 3)
>0 i >0

T T
z € (—00,0) U (0,1) z € (1,+00)
&z € (—00,0)U(0,1) U (3,+00)
z € (—00,0) U (0,1) U (3,+00) f(z) u3nbknasia Hajoy;
z e (1,3) f(z) n3upKHAIA HArope.

"> 0+
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2(xz—3 2 2
*yll:0<=>(—r4_)_:()=>a’;:3’ f(3):§:>-[(3)§)_l’lﬁq)ﬂeKCHa
TOYKa.
I+ lim f(z) lim Z21 =0, lim f(@)= lim ot =0
ok = — — = = —
A S = = lim S =0 i ) = i S
= y = ( - XOPH30HTa/IHA acUMNTOTa Ha f(T);
——1 e—1
*l. :—1' — ;l' :—1' —
o 10 =~ = oo I ) = =iy g = e
<0 z>0

= z=0- BEpPTHKAJIHA aCHMITOTA.

IV. « I'pacdukara Ha f(z) He npecuua ocra Oy, Teit kKato 0 ¢ DM; y = 0 <
o 1]
2

=0 = z = 1 (TouxaTa Ha MHHMMaJIHATa CTORHOCT JieXH BbpXy O).
z

V. I'pagpuka (dpur. 14.10).

Y,
max
\L
o 1 2 3 T

Gur. 14.10.

Ilpumep 14.11. Hzcnepsaiite n noctpoiire rpacdpukara Ha (DyHKUMATA Y, aKO
(1 -z)y? =z?(1 +x).

Pewsenue. 1. Kpusure ot Buna y> = f(x) uMaT rpacuki CUMETPHYHH OTHOCHO
ocra Oz, 3amoto (—y)? = f(z) = y*. Taxa 4e, ako Toukara (z,y) NpUHAMLIEXH
Ha KpUBaTa, TO ¥ (T, —Y) U IPUHANJIEKH.

OnipeniesisiMe y SIBHO OT JafI€HOTO YPABHEHHE:

1+z
1—-z

Yy==z :>*D]\/[Z$€[—1,1).

* f(z) e HITO YeTHa, HUTO HEUETH?, HEMEPHOAHYHA.
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Lo — 1+SL‘+ 1—:v+1+a:__:1:2—:1:—1 11—z
YoV1T s /1+x 1-z2 — (1-z2 Vi+z
1—:c

1+v6
Hyymua y caz = 5 HocaMo T = 2\/3 € DM:
1—-+5
ze[-1, 2\/—) Yy’ < 0 = y HamaJIsBa
— Vb
z € ( 2\/_,1) y' > 0 = y pacre.

Torasasaz =

nMaM€ MUHUMYM H

v (e-10-z2+20-2)(@®-z-1) [1-z
YT (1-z)t 1+z

22—z—1 1 —l—z—1+z_ T+ 2 14z
(1—z)2 5 11—z (1+x)? T a-a22)2V1-2
1+z

- 2.

=y >0 V€ DM = f(z)en3nbkHalia Hafl0Jly B Ls1aTa CH AeDHHULMOHHA
06J1acT ¥ HMa HH(IIEKCHH TOUKH.

1L + mh_)rrli fl@) = lim(1—e)y |1 1t 8 =
<<

CJ'le,E[OBaTCJ'IHO r=1e BEPTUKaAJIHA ACUMIITOTA, HAMA XOPH3OHTAJIHM ACHMII-
TOTH.

=o0; f(-1)=0.

IV. * Tpii kaTo 2 € [—1, 1), He H3cJIeqBaMe 3a HAKJIOHEHH aCUMIITOTH.
* z=0= f(0) =0 = 0(0,0) e Touka or rpacukara;
*y=0=2z=0Uz=—-1= (-1,0) e Touka or rpacdpukara.

V. TabamuaTa uMa cJI€OHNAS BUL:

z | -1 1-v5 0 1_
2
v - - - 0 + o+ o+
" N N Nl N
1-+/5
y |0 \ N 2\/— vVE-2 0 /S 4o
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* I'pacpukara (cpur. 14.11) HauepraBame, KaTO IBPBO UepTaeM rpacukaTa Ha
+z

Y=z e (n3cnenBanaTa GYHKUMS), a CJIe TOBA CHMETPHYHO OTHOCHO OCTa

Oz yepraeM U ApPYryHs KJIOH.

Y i |
: i
1
: i
1
i
i
1
1
]
max i
1_2\/5 (o] E
-1 il T
min E
i
:
1
i
| |
1 ‘
H i
1
|
)
)
Qur. 14.11.

Ilpumep 14.12. Hacnensaiire u noctpoiite rpacukarta Ha QyHKIHATA

y=f(z) =
i
l
;E3 <0 ‘
Pewenue. L* DM : |z —_ 9 =° <=z € (—00,0]U(2,+00). ‘
z—2%#0

* DM uee CUMETPUYHO MHO2KECTBO U HE H3CJIEABAME OTHOCHO YE€THOCT. I
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* f(x) e HemepuoAMYHA.

, 1 3z%(z — 2) — 2° z%(z - 3)
II.*y = = 2 = T N
NE (z—2) |l__ |(x_z)2 =(z — 2)
T—2
z , z? — 32
(2z-3)(z-2)vz2 -2z —(2* —33:)[\/322 2z + \/_—(233——2)]
. ) (z = 2)%a(z - 2)]

(x - 2)?|Vz? — 22

1.y =0¢=122-32=0= 11 =0,2p = 3,80 z; = 0 He € TouKka Ha
EKCTPEMYM.

y'(z =3) = \% >0 = £(3) = fouin = 3V3.
z(z — 3)

.3 0 <= z € (3,+00) = f(z) pacre;

*y <0 <4=z € (—00,0)U(2,3) = f(z) HamassBa;

2.xy >0+

* y" #£0Vz = f(z) Hama undIIeKCHU TOUKH,

*y' <0<« zeby’ >0Vr € DM = f(z) e u3anpKHasIa HATOJIY B LA/IaTa
cu aecbuHMIMOHHA 06JTacT.

2 3 9 3

* lim = lim Q+e) = lim - ﬂ -
z2 e—0 24+e—2 e—0 £
r>2

Crneposartenno f(x) MMa BepTHKa/IHa aCHMOTOTa T = 2 i HSMa XOPH3OHTAJIHA.

IV. Tppcum Hak/IOHEHa AaCUMINITOTA C ypaBHeHue y = kz + n (Tbii KaTO HIMa XOpH-
30HTaJIHA)

* k= lim L = lim
z—too I z— o0
23 T 1
. 23 z%(z — 2) -2
* n= lim < —:v) = lim =
T—+o00 x—2 T—+00 1 T—+00
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1 r—2—zx
T  (z—2)2
2, ,
. T—2 T —2 T
= lim = lim
T—to0 1 T—+oo z (z-—2)?
-=
2
. - ) T
=MV e e T

== y = £ + 1 e HakJIOHEHa acCUMNTOTa OpH £ — +oo. Ilpu T — —oo HsIMa
HAKJIOHEHA aCHMNTOTa, Thil Karo lim [f(z) — z] = oo.
T——00

* ['pacpukaTa Ha (PYHKUMSATA MUHABA Npe3 KOOpAMHaTHOTO Hauaso (f(0) = 0).

V. TaGmmaTa C BCHUKH HaHECEH! PE3YJITaTH UMa CJIEAHHUS BUA:

T —00 0 24 3 +00
Y - - - - 0 + o+
J" N N 0 N
] +00 N 0 +00 AN 3V3 / +00
min

I'pacdukara e nokazana Ha gur. 14.12.

‘ 1
1
y ]
: 7
1 /X
: o
33 > 7
\ mini &
H S,
S
1 yd
1 //
/;’
0
. 1
A
S I
i
i
=
1, '
,
:
s’ i
)
ol ' .
:
S -1 O 21 3 T
|
e : =2

Our. 14.12.
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Augpeperyuanto cmamane Ha QpyHKyUs HA eOHA U NOBEHE NPOMEHIUBY

3ATAYH

1. Hacnedsaiime dyuxuunte i Havepraiite rpachuxure nm (BX. npumep 14.1, 14.2):

1 2 -3z +2
lLy=14 — 2.y =
4 +a:2 Y (z+1)2
-1 z—1)3
5.9= R y:(‘ )2
22 -5z +6 (z+1)
_(=+1)° 21
9.1;—(56_1)2 10.y-(m~1)2

222 1-2°
LY = 4.y =
3y z2 41 y T2
z? -3z +2 T
7 8. y=
(z+1)? 22 -4z +3
4
__= g2yl
11.y—ma_1 12.y=z +a:2

1. H3cnedsaiime dynkwinTe n Havepraiite rpacukute um (XK. npumep 14.3, 14.4):

z-—1 Inz—-1 Inz z
l.y=1 Y= Y= — 4.y=———
y=mn—3 2.y z 3.y Nz Y= hz-1
Inz T z—1
5.y=zhs y=1-22 7y=Z 8.y=ln|
y=ahe 6.y z 4 Inz y n:1:+1
9.y=z-In(z+1) 10.y=z+ 2% 1ly=In(a®+1) 12, 9= 21
Y= :z V=TT V= Y= e
z—1 z—1 Inz
13.y=="—-— 4. y= —— Ly = - 16. y = —
Y=g dy=7—— 15y Inz—+z 6.y=z+ .
Inx 2—-Inz 2, 2
17 y=——""— 18.y = 19.y =In(z 2-1) 20.y=2z"1
Yy A—no)? 8.y o 9. y=ln(z+ vz ) y=z"In"2
21,y = 2% In |z| 22.y=Mh|z*> -1 23.y= —1-1112 jz| 24.y = 1
o Y= VE ' zlnz
111. M3cnedaaiime pyHkuunte 1 HauepTaiite rpaduxure uM (BX. npumep 14.6, 14.7):

, 1 z z 22
l.y==z"er 2.y =zgex-1 y=1+e=-1 4. y=1ze 2
5.9y=(1+2%)e" 6 —a;ezi? 7.y= e’ 8 —2+e=1-2
Y= Y= V=T y= ?

1
1 1 s z
9.y=(z+2ez 10.y=1+e=?-1 1l.y=ze 12.y= —
1 1 " .
zew zew shz —e i
Y ) 4.y 52 15 3 6.y=ez —z
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1
17.y=z’ez 18 y=z%" 19.y=

2

21y =e* =T = z -
y=e 22.y=1z"¢ 23.y=(2z—1)ex 24 y=

_2 1
e"2 20 y=lea
x
1
1
xr

1V. H3cneosaiime pysKuunTe 1 Hauepraiite rpacpukute um (Bx. npumep 14.8, 14.9):

1. y = arccos 2.y =arcsinz — 2z

T
1+ 22

2

4. y = arcsin 1522

5. y=x—2arctg
z
7.y = xarctgx 8. y= ) + arccotgz

10. y = arctg (z® — 2°) 11. y = & + arccotg2z

1
13. y = arctg p 14. y = x + 2arctg

11—z
14z

3.y==z+arctgx

x

6. y = arctg T

9.y =12° — 6z 4 Garctg z

12. y =Iny/1+ 22 — arctga

V. H3cnedsaiime GyHKIUATE 1 HauepTaitTe rpaddHKUTE UM:

l.y=z+1In(cosz) 2.y=In(sinz) 3. y=et” 4.y= lni_l—_z
5.y = 1—1;lna: 6.y= lniti T.y= iii 8.:1/——9:2;4‘7r
9.y=zVl—z 10. y = |z|(z + 2) 1.y = /622 — 23
12.y=Y1-2° 13.y=V22 -z 4.y=+23—32
15.y=2zvz +3 16. 9> =z*(z - 1) 17.y* = z(z —1)°

+z

18. 42 = 222
a

—,2>0 19. %2z —z)=12%a>0 20.2%°=(z—1)(z—-2)



MMPUJIOZKEHUE

INTPONU3BOJHH HA HSJIKOU
EJIEMEHTAPHHU ®OYHKITUH

QyHKUMsa  npou3BoAHa | (DYHKIMSA NPOM3BOAHA | (DYHKIMST  MPOM3BOAHA
x™ nz"1 sinz " cosz shz chz
1 1 .
- - cos T —sinz chz shz
T T
1 n . 1 th 1
—_ T T
™ zntl g cos?z ch2z
1 1 1
T — cotgx - cthz -
v 2Vz & sin® sh2z
1 1
a® a®lna arcsinz —_—— Argshx —_—
Vv1-—z2 & V1+z2
1 1
e’ e arccos —_—— Argchz _—
v1-—-1z2 g V2 -1
1 1 1
log, z arctg x Argthx
Ba zlna rele 14 22 & 1—z?
1 1 t 1 Argcth 1
nc — arcctg -_— rge
z & 14 z2 gtz 1— 22

Argshz =In(z + V22 + 1)
1
A['gthl‘ = Eln ']ﬁ, 'Il <1

1+

. 1
Argcthz = 3 In

Argchz=In(z £ 22 —-1), |z| > 1
z+1

, zl > 1
z—1

3abenexxa. 3a cperasra Qyskuus y = f[u(z)] npoussopnata ey’ = ful,
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