
CHAPTER

3
TRANSMISSION LINES

AND WAVEGUIDES

This chapter is a long one and for this reason has been divided into three
parts, namely:

Part I-Waves on transmission lines
Part 2-Field analysis of transmission lines
Part 3-Rectangular and circular waveguides

The three parts are closely related but independent with the exception of
Sec. 3.7, which is needed as an introduction to both Parts 2 and 3. With the
exception of this section, the three parts can be studied independently and
in any order.

In Part 1 we give an introduction to waves on transmission lines using
a distributed-circuit model of the transmission line. By using the dis
tributed-circuit model, we are able to study the excitation and propagation
of current and voltage waves on a transmission line without the need to
invoke Maxwell's equations.

The electrical characteristics of a transmission line such as the propa
gation constant, attenuation constant, characteristic impedance, and the
distributed-circuit parameters can only be determined from a knowledge of
the fields surrounding the transmission line. Thus in Part 2 we carry out a
detailed field analysis of transmission lines. This part also includes an
extensive discussion of planar transmission-line structures such as the
microstrip line.
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72 FOUNDATIONS FOR MICROWAVE ENGINEERING

Part 3 presents the theory for waves in hollow rectangular and circular
waveguides (pipes). In the beginning section of Part 2, we show that
Maxwell's equations can be separated into equations that describe three
types of waves. These are transverse electromagnetic waves (TEM), trans
verse electric (TE), and transverse magnetic (TM) waves. The TEM wave is
the principal wave that can exist on a transmission line. The TE and TM
waves are characterized by having no axial component of electric and
magnetic field respectively. The TE and TM waves are the fundamental
wave types that can exist in hollow-pipe waveguides. Hollow-pipe wave
guides do not support TEM waves. The ability to reduce Maxwell's equa
tions into three set of equations, one set for each wave type, facilitates the
analysis of transmission lines and waveguides. Thus this decomposition of
Maxwell's equations is carried out in the first section of Part 2.

PARTl
WAVES ON TRANSMISSION LINES

In this section we introduce the topic of voltage and current waves on a
two-conductor transmission line by using a distributed-circuit model of the
transmission line. This allows us to explore a number of fundamental
properties of one-dimensional waves without having to consider the electro
magnetic fields in detail. The distributed-circuit-model approach has limita
tions and in general must be replaced by a detailed solution for the
electromagnetic field associated with the guiding structure if we want to
determine the distributed-circuit parameters. The field analysis of transmis
sion lines is presented in Part 2.

3.1 WAVES ON AN IDEAL TRANSMISSION LINE

In Fig. 3.1a we show a two-conductor transmission line consisting of two
parallel round conductors (wires). The conductors will be assumed to be
perfect, i.e., have infinite conductivity. The conductors extend from z = 0 to
infinity, thus forming a semiinfinite transmission line. At z = 0 a voltage
generator with internal resistance Rg is connected to the transmission line.
The generator produces a voltage ~(t) that is impressed across the trans
mission line. If the generator is switched on at time t = 0, a current J(t)
will begin to flow into the upper conductor. A return current -J(t) must
then flow on the lower conductor since current flow through the generator
must be continuous. The return current is produced by the action of the
electric field established between the two conductors. Since the transmission
line is semiinfinite in length, there is no direct conducting path between the
upper and lower conductors. However, there is a distributed capacitance C
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FIGURE 3.1
(a) An ideal two-conductor
transmission line connected
to a voltage generator; (b)

equivalent circuit of a differ
ential section of the trans
mission line with no loss; (c)

equivalent circuit seen by the
generator.

per meter between the two conductors; so we have a capacitive or displace
ment current flowing from the upper conductor to the lower conductor.

The electric current results in a magnetic field around the conductors
and consequently the transmission line will also have a distributed series
inductance L per meter. We can model a differential section dz of this
transmission line as a series inductance L dz and a shunt capacitance C dz
as shown in Fig. 3.1b. If the conductors had finite conductivity, we would
also need to include a series resistance in the equivalent circuit of a
differential section. However, we are assuming that the conductors are
perfect; so the series distributed resistance R per meter is zero.

Since electrical effects propagate with a finite velocity v (the speed of
light in vacuum), it should be clear that the voltage r(z, t) and current
fez, t) at some arbitrary point z on the transmission line will be zero until a
time z/v has elapsed after switching the generator on. We will show that
the generator launches voltage and current waves on the transmission line
that propagate with a finite velocity. The equations that describe these
waves are established by applying Kirchhoff's circuit laws to the equivalent
circuit of a differential section of the transmission line, along with a
specification of the terminal relationships (boundary conditions) that must
hold at the generator end.

At some arbitrary point z on the transmission line, let the voltage and
current be given by r(z, t), fez, t). At a differential distance dz further
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along, the voltage and current have changed by small amounts (ar/az) dz
and (aJ/az)dz; so the output voltage and current at z + dz will be

ar(z,t)
r(z + dz, t) = r(z, t) + iJz dz

aJ(z, t)
J(z+dz,t) =J(z,t) + iJz dz

The sum of all potential drops around the circuit must be zero; so we have

aJ ar
-r+ Ldz- + r+ -dz = 0

at ez
ar(z,t) aJ(z,t)

or = -L (3.1a)
az at

The sum of currents flowing into the output node must also be zero; so we
can write

ar aJ
J- Cdz- -J- -dz = 0

at az

or e.n», t) = _CiJr(z, t) ( b)
az at 3.1

These two partial differential equations describe the relationship between
the voltage and current waves on the transmission line.

We can obtain an equation for the voltage r(z, t) by differentiating
(3.1a) with respect to z and using (3.1b) to eliminate the current; thus

iJ
2r(z,

t) = -L iJ2J = -L( _ciJ2r )
az2 azat at2

a2r(z,t) a2r(z,t)

or - LC = 0 (3.2a)
az2 at2

In a similar way we obtain

a2J(z, t) a2J(z, t)
--- - LC = 0 (3.2b)

az2 at2

The product LC has the dimensions of one over velocity squared. These two
equations are one-dimensional wave equations and describe waves propagat
ing with a velocityt

1
v=--

VLC

tFor an ideal transmission line in air, v = c = 3 X 108 mys, the velocity of light.

(3.3)
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Consider the equation

a2r 1 a2r

----=0
az2 v2 at2

We can readily show that any two arbitrary functions of the form f+(t
zjv) and f-(t + zjv) are solutions of this equation. If we let w = t - z/v
then we have

af+(w) aw 1 ar(w)
-----=

aw az v aw

and
a2f+(w) 1 a2f+(w)

az2 = v2 aw2

For a2f+jat2 we get a2f+jaw 2. Consequently,

a2f+ 1 a2f+ a2r ( 1 1 )
az2 - v2 iJi2 = aw2 v2 - v2 = 0

so f+(t - zjv) is clearly a solution of the one-dimensional wave equation,
as is f-(t + zjv).

The function f+(t - zjv) is the same as the function f+(t) but
delayed in time by an amount z jv which equals the distance z divided by
the velocity of propagation v. We interpret this solution as a wave propagat
ing in the positive z direction and identify this solution with a superscript
+ sign. The other solution represents a wave propagating in the - z
direction and is identified by the - sign as a superscript.

The general solution for the voltage waves on the transmission line is

r ( z, t) = V+r (t - ; )+ V-r (t + ; ) (3.4 )

where V+ and V- are amplitude constants. By using (3.1b) we see that

aJ = -c(v+ ar + V- ar- )
az at at

If we assume that J is of the form

then

upon using

J(z) =rr(t-;) -I-r-(t+;)
aJ = _~(rar +I-ar-)
az v at at

af ± af ± a(t =+ zjv)
--=

az a(t =+ zjv) az

_ 1 af±
+--

v at

An examination of these equations shows that the assumed solution for
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J(z, t) is compatible with that for the voltage r(z, t) if we choose

J+= vCV+ J-= vCY-

The parameter vC has the dimensions of an admittance and is also equal to
C/ ..;LC = VC/ L . The characteristic admittance ~ of the transmission line
is defined by this parameter. The reciprocal parameter is called the charac
teristic or surge impedance of the transmission line. It is given by

Z = (L = y-l
c VC c

By using this parameter the solution for the current waves on the transmis
sion line can be expressed in the form

Y+ ( Z) Y- ( z)J( z, t) = - r t - - - - r- t + -
Zc v Zc v

(3.6)

The negative sign preceding the wave with amplitude Y- indicates a
reversal in the direction of current flow for the wave propagating in the - z
direction.

For the transmission-line circuit shown in Fig. 3.1, the generator will
launch voltage and current waves propagating in the +z direction. Since the
transmission line extends to infinity, no waves propagating in the - z
direction will be present. Later on we will consider a transmission line that
is terminated at z = l with either a resistance, capacitance, or a combina
tion of these elements. Waves propagating in both the +z and -z directions
will then exist. For the present case the voltage and current waves on the
transmission line are assumed to be

r(z, t) = v+r(t - ~)

J(z,t) =rr(t-~)

with Y+= J+Zc. At the generator end z = °the terminal conditions require
that

~(t) =..YgRg + r(O,t)

J(O, t) =..Yg

where J g is the current supplied by the generator. These terminal condi
tions can be expressed in the form

Y+
~(t) = Rgzr(t) + V+r(t)

c
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from which we find that

(3.7)

(3.8a)

The voltage wave launched on the transmission line is thus given by

Zc ( Z)
'J/(z, t) = Zc + R g~ t - -;;

(3.8b)

with a corresponding current wave

J(z,t) = Zc~Rg~(t-;)

At any point on the transmission line, the voltage waveform is the same as
that produced by the generator but delayed in time and reduced in ampli
tude by the factor Zc/{Rg + Zc). The voltage reduction is the usual voltage

t = z/v
z

(a)

....------------.... z

FIGURE 3.2
Time-distance and distance-time plots of
voltage waveform r(z, t) on a transmis
sion line for a single-cyclesinusoidal gener
ator voltage pulse.(b)
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division factor associated with the equivalent circuit shown in Fig. 3.le. For
the infinite linethe generator sees only an equivalent impedance Zc equal to
the transmission-line characteristic impedance.

In Fig. 3.2a we show a time-distance plot of the voltage waveform on a
transmission line for the case when the generator produces a single cycle of
a sinusoidal waveform, i.e.,

~( t) = Vo sin t 0 ~ t ~ 21T

Figure 3.2a shows r(z, t) as a function of t at various distances z, while
Fig. 3.2b shows r(z, t) as a function of z for various values of t. In the
latter plot note that the leading edge of the waveform is the initial voltage
produced by the generator at time t = 0 and hence the waveform appears
reversed when plotted as a function of z.

3.2 TERMINATED TRANSMISSION LINE: RESISTIVE
LOAD

In Fig. 3.3 we show a transmission line terminated at a distance l from the
generator in a load resistance R L. At the load end the terminal conditions
are

r(l, t) = r L = JLR L

J(l, t) = J L

(3.9a)

(3.9b)

JR
L

• Z z =1

(a)

}CL
• z z =1

(b)

~n CL

• z r = 1
FIGURE 3.3

(c:) The terminated transmission line.
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If we choose R L equal to the characteristic impedance Zc' then CYL =

JLR L =JLZc' For a wave propagating in the +z direction, r(z,t) =
ZcJ{z, t), so that at z = 1, CY(I, t) = ZcJ(I, t), which satisfies the load
terminal condition. Thus by choosing R L = Z, the forward propagating
wave will be completely absorbed by the load resistor and no reflected wave
will be generated at the load end. Thus, in order to avoid a reflected wave,
such as a reflected pulse in a digital circuit application, the transmission line
should be terminated in its characteristic impedance.

When R L =1= Z; the terminal conditions at the load end cannot be
satisfied without introducing a reflected wave. The incident wave at z = l is
given by

Tj(l,t) = Zc ~CRg~(t - ~) = V+~(t - ~)
1

~(Z,t) = ZCVi(Z,t)
c

where Y+ is the amplitude of 'Pi relative to ~. In order for a reflected
wave to combine with the incident wave so as to satisfy the terminal
conditions (3.9), the reflected wave must have the same time dependence as
that of the incident wave. Hence the form of the reflected wave will be

_ ( l (z - l) )
~(z,t)=V~t-;+ v

= V-r.. (t + :: _ 21)
g v v

The argument must contain the factor t + z/u plus additional delay factors,
so that at z = l the reflected wave has the form ~(t - l /u). The reflected
current wave is given by

1
Jr(z,t) = -Z~(z,t)

c

At the load end the total current on the transmission line must equal the
current J L flowing through R L; thus

~ (V+- V-) »: (t - ~) = .r,Z g V L
c

The total voltage on the transmission line must equal the load voltage; so

(V++ V-) r; (t - ~ ) = VL = J L R L

When we divide this equation by the first one, we obtain

Y++ V- R L

V+- V- = Z
c
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which gives

V- R L - Zc
V+ = R

L
+ Zc = f L

The parameter f L is called the load voltage reflection coefficient. The
amplitude V- is that of the reflected voltage wave and V+ is the amplitude
of the incident voltage wave. The ratio is determined by the conditions at
the load end only.

Once a reflected wave has been launched from the load termination,
the total voltage on the transmission line will consist of the incident voltage
wave plus the reflected voltage wave until the time at which the reflected
wave reaches the generator end. If the generator internal impedance R g

equals the characteristic impedance Zc' then the reflected wave is absorbed
at the generator end. If R g =1= Zc then the reflected wave is reflected at the
generator end to produce another forward propagating wave. For the re
flected wave at the generator end, the terminal conditions are obtained by
short-circuiting the voltage generator. Thus the reflected wave sees a termi
nation R g and will be reflected with a reflection coefficient f g given by

Rg - Zc
I' = (3.11)

g R g + z,

As long as the generator continues to produce a voltage op;{t), it continues
to launch a first forward propagating wave with voltage ~(O, t) =

Zc~(t)/(Rg + Zc) and with current J1i(O, t) = fg. Thus the superposition
of a reflected wave at the generator end requires the launching of a second
forward propagating wave with a voltage amplitude that cancels that of the
reflected wave at the generator terminals, i.e., the generator is treated as
being short-circuited. The second forward propagating wave will also un
dergo reflection at the load termination, so that as time proceeds we will end
up with a multitude of forward propagating and reflected waves on the
transmission line. This collection of waves can be described as follows:

r(z,t) =V+OP;(t-;) +fLV+OP;(t+ Z~21)U(t_~)

(
Z + 2l) ( 2l)+ f f V+op: t - -- U t - -

g L g V V

(
Z - 4l) ( 3l )+ fgflV+op; t + -v- U t - -;

(
Z + 4l) ( 4l )+ r2f2v+~ t - -- U t - - + ...

g L g V v

where V+= Zc/(Rg + Zc) and Uit - a) is the unit step function which
equals zero for t < a and equals unity for t ~ a. The unit step function is a
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FIGURE 3.4
Distance-time plot of a pulse
undergoing multiple reflection
on a transmission line when
f L = - f g = 0.5. Reflection at
the generator end causes a re
versal in the polarity of the
pulse.
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convenient function to use to specify when a waveform begins. In the case of
multiple reflected waves on a transmission line, each reflected wave begins
after, time delays of l r u, 2l/v, 3l/v, etc., corresponding to the time delay to
propagate a certain number of times back and forth between the generator
end and load end.t The current wave can be obtained by multiplying the
forward propagating waves by ~ and the backward propagating waves by
-~. When the generator voltage ~(t) exists for only a finite time interval,
the total voltage wave on the line will decay toward zero since each
successive reflected wave is multiplied by a reflection coefficient, either I'L
or f g , which is less than one in magnitude, and hence successive waves are
of diminishing amplitude.

The sequence of multiple reflected waves can be illustrated in a
distance-time plot. In Fig. 3.4 we show this type of plot for a generator
producing a rectangular pulse. We have chosen R L = 3Zc and R g = Zc/3
so that f L = 0.5, f g = - 0.5. When the reflection coefficient is negative, the

tThe unit step functions were introduced for clarity in describing the physical process but are
actually not required in (3.12) since ~(t - 'T) = 0 for t < 'T.
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sign of the reflected voltage wave is reversed and this is illustrated in Fig.
3.4. In high-speed digital circuits using interconnecting transmission lines,
multiple reflected pulses are undesirable and can be avoided by terminating
each transmission line in a resistance equal to its characteristic impedance.

3.3 CAPACITIVE TERMINATION

When the transmission line is terminated in a reactive element such as a
capacitor as shown in Fig. 3.3b, the reflected wave will have a waveform
different from that of the incident wave. The solution for the reflected wave
is readily found from the condition that the sum of the incident plus
reflected voltage wave at z = 1 must satisfy the terminal conditions. The
incident wave is again chosen to be Ti(l, t) = V+~(t - l r»). The reflected
wave is initiated at time t = IIv and will propagate from the point z = I
toward the generator. Therefore it is of the form

(
I z - I ) ( z - 21 )

~ t - ~ + -v- = ~ t + -v-

For a capacitor we require

where ~(t - l /v) is the reflected voltage wave at z = l. In addition, we use
the condition

From these two equations we obtain

d~(t-Ilv) 1 ( I)
d +CZep;.t--

t Lev

(3.13)

For a specific example we will consider the case when the generator
produces a rectangular pulse given by

~(t) = 1 05:t5:T
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The right-hand side of (3.13) will now become the source function

where 5(t - a) is the Dirac delta function or impulse function that arises
from the derivative of the rectangular pulse. We can integrate (3.13) by
introducing the integrating factor etl T where T = CLZc ' We note that

d (d~ 1 )-(r..etIT) = etl T - + -r..dt r dt T r

so consequently

ft ~cr;.et/T dt = cr;.(t - ~)etIT - ~(O)el/uT
llv dt v

= :+ ~:Ju(t- ~) - U(t - ~ - T)]et/Tdt

-V+~:J8(t-~) -8(t- ~ -T)]et/Tdt
1 1
-~t~-+T
v v

1
t> - + T

v

Since we have included the impulse functions as derivatives of the applied
rectangular pulse, the lower limit of integration is regarded to be just before
t = ljv and thus ~(O) is equal to zero since it corresponds to ~(O - ).
Hence we obtain

1 1
-<t~-+T
v v

1
t> - + T

v
(3.14)

At t = 1/u the reflected wave has an amplitude equal to - V+ which cancels
that of the incident pulse. This is consistent with the requirement that
initially the capacitor CL is uncharged and must have a zero voltage across
it. The capacitor charges to a final voltage level

~ = ~ ( 1, t = ~ + T ) + cr;.( T)

= 2V+(1 - e- T I T )



(3.15)
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1; 1;

v+-
I
V

V ~ +T
V

-v-

FIGURE 3.5
Incident and reflected voltage waveforms at z = 1.

at t = llv + T and then discharges toward zero. The apparent discontinu
ous change that occurs in the reflected voltage wave at t = l Iv + T is
caused by the sudden drop to zero volts for the incident pulse, and in order
to match the voltage across the capacitor, the reflected voltage wave must
have a positive jump of value V+. The incident and reflected voltage wave
forms at z = l are shown in Fig. 3.5. The reflected voltage waveform will
propagate toward the generator and will begin to initiate a new forward
propagating wave at time t = 2llv. Clearly the capacitor has made a
significant change in the waveform of the reflected wave.

The analysis for the case of a capacitor-resistor termination as shown
in Fig. 3.3e is similar. The terminal conditions are

J=~iGL+CLd:/ =Yc[~(l,t)-~(t- ~)]

~i=~(l,t) +~(t-~)

so in place of (3.13) we have

a»; (1 1) dTi (1 1)
----;It + CLZc + CLRL 'P;. = - ----;It + CLZc - CLRL ~

The solution is similar to that for (3.13) except that the charging time
constant is now 71 = CLRLZcl(RL + Zc). Initially, r,. has a value equal to
- Y+ as before. In this case the capacitor charges toward a final voltage
equal to

Y+ (1 + R L - Zc) = 2R L V+
R L + z, R L + z,

determined by the steady-state voltage across R L if CL was absent. At



TRANSMISSION LINES AND WAVEGUIDES 85

t = l Iv + T the capacitor voltage will be

2R
V = V+ L (1 - e- T / T 1 )

c RL + Zc

The reflected-wave voltage at this time will be ~ - V+. When t becomes
greater than l /o + T the incident voltage wave pulse drops to zero volts so
the reflected-wave voltage jumps to a value equal to ~ and will then decay
toward zero with a time constant T 1 .

3.4 STEADY-STATE SINUSOIDAL WAVES

When the generator produces a sinusoidal voltage ~(t) = Vg cos wt, the
steady-state voltage waves on the transmission line will be of the form
cos wet - z /u) and cos wet + zr u). The steady state is achieved, for all
practical purposes, after a few multiple reflections have occurred, since the
amplitude of the successive reflected wave decreases quite rapidly because it
is multiplied by fg or f L upon each reflection. The solution for steady-state
sinusoidal waves is most conveniently obtained using phasor analysis. The
generator voltage is represented by Vge Jwt. The voltage and current waves
on the transmission line will then also have an eJ wt time dependence. The
differential equations (S.Ic ) and (3.1b) now become (the common time
factor e j wt is dropped)

JV(z)

Jz
-jwLI(z) (3.16a)

aI(z) .
-- = -}wCV(z)

Jz
(3.16b)

(3.16c)

(3.17a)

where V(z) and It.z) are complex phasor amplitudes. By eliminating the
current we find that V(z) satisfies the equation

d 2V ( z ) w 2

dz2 + ~V(z) = 0

The solution for V(z) is of the form

V(z) = V+e-J/3z + V-e J/3z

with a corresponding solution

I(z) = I+e- j/3z - I-e J/3z (3.17b)

for the current waves. The constant (3 = wIv is the propagation phase
constant. As before the current amplitudes are related to the voltage
amplitudes through the characteristic impedance of the line, i.e.,

1+= ~V+ 1-= ~V-

When the time factor is restored, it is readily seen that e-j/3z+)wt = e)w(t-z/v
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corresponds to a-wave propagating in the +z direction, while ejf3z+jwt is a
wave propagating in the - z direction. In the next section we will show that
for a transmission line with finite conducting wires and possibly also
surrounded with lossy dielectric materials, the waves attenuate in ampli
tude as they propagate. For this case the wave solutions are of the form

v = V+e-Jf3z-az + V-eJf3z+az (3.18a)

(3.18b)

where a is the attenuation constant.

3.5 WAVES ON A LOSSY TRANSMISSION LINE

Conductors used in a transmission line will always have a finite conductivity
and will therefore exhibit some series resistance. Furthermore, because of
the skin effect the current flows in a thin layer at the surface of the
conductor, the effective thickness of the layer being equal to the skin depth
5s given by (2/W~u)1/2 [see (2.104)]. Consequently, the series resistance
increases with an increase in the frequency of operation. In order to account
for this resistance, a distributed series resistance R per meter must be
included in the distributed circuit used to model the transmission line.

The two conductors in a transmission line are usually maintained
parallel to each other by supporting them in a dielectric structure. For
example, a coaxial transmission line is filled with a dielectric medium in
order to keep the center conductor coaxial with the outer shield. Dielectric
materials usually have a negligible conductance but do have a small amount
of dielectric loss due to polarization loss in the dielectric. Consequently, a
shunt conductance G per meter is added to the distributed circuit to
account for this loss. Thus, for a lossy transmission line, the equivalent
circuit of a differential length dz is chosen to be that shown in Fig. 3.6.

If the voltage and current at the input are r(z, t), fez, t) and if the
voltage and current at the output are

ar
r+ -dzaz

aJ
J+ -dzaz

L dz Rdz

S~3
:.:.:.)

.:.:.::.:-:.J

g----.. {"601_:·:.:-:·:·:·_:.: ..J

~t
(-1-:·:·:·:-:-:-·:·····:-:··-······..---

dz

FIGURE 3.6
Equivalent circuit of a differential length of transmission line.
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then Kirchhoff's laws give

or

Similarly,

or

(
ar) aJ

<y- r+ - dz =JRdz + Ldz-az at
a~ aJ
- = -JR-L-az at

(
aJ) a~

.5- J+ -dz = ~Gdz + Cdz-
az at

iJJ a~

- = -rG-C-
az at

(3.19a)

(3.19b)

(3.20a)

The first equation states that the potential difference between the input and
output is equal to the potential drop across R and L. The second equation
states that the output current is less than the input current by an amount
equal to the shunt current flowing through C and G. Differentiating
(3.19a) with respect to z and (3.19b) with respect to time t gives

a2 0y e.r a2.f
-=-R--L-
iJz2 iJz iJtaz

(3.20b)

Using (3.19b) and (3.20b) in (3.20a) now gives the following equation for
the line voltage OY:

or

iJ2'J/ = R(a'J/+ CiJ~ + L(aiJ'J/ + c
iJ2'J/)

iJz 2 a~ J at at2

a2r a~ a20y
- - (RC + LG) - - LC- - RGr= 0
az2 at at2 (3.21)

The current J satisfies this one-dimensional wave equation also. If a
solution in the form of a propagating wave

'r= Re(Ve-yz+jwt)

is assumed, substitution into (3.21) shows that the propagation constant y
must be a solution of

y2 - jw( RC + LG) + w2LC - RG = 0 (3.22)

If only the steady-state sinusoidally time-varying solution is desired,
phasor notation may be used. If we let V and I represent the voltage and
current without the time dependence ejwt, the basic equations (3.19) may be
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written as
av
- = -(R + jwL)1aZ
a1
- = -(G + jwC)Vaz

The wave equation (3.21) becomes

a2v
- - (RG - w2LC)V - jw(RC + LG)Y = 0az2

The general solution to (3.24) is

Y = Y+e- Yz + V-e Yz

(3.23a)

(3.23b)

(3.24)

(3.25)

(3.28)

where 'Y = a +j f3 is given by

'Y = [-w2LC + RG + jw(RC + LG)] 1/2 (3.26)

from (3.22). The constants Y+ and Y- are arbitrary amplitude constants for
waves propagating in the +z and - z directions, respectively. The solution
for the current 1 may be found from (3.23a), that is

I = J+e-YZ - I-e+ Yz = 'Y (V+e- YZ - V-eYZ ) (3.27)
R + jwL

The parameter

R +jwL (R +jWL)1/2
Z = =

C 'Y G + jwC

is the characteristic impedance of the line since it is equal to the ratio
V+/1+ and V-/1-. Note that 'Y = [(R + jwLXG + jwC)]1/2.

Loss-Free Transmission Line

For a line without loss, i.e., for which R = G = 0, the propagation con
stant is

'Y = jf3 = jwJLC

and the characteristic impedance is pure real and given by

z = fLeVe

(3.29)

(3.30)

According to the field analysis, f3 is also equal to W(JLE)1/2, and hence

LC = JLE (3.31)

for a transmission line. This result may also be verified from the solutions
for L and C, as shown later in the section on transmission-line parameters.
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Using (3.31) in (3.30) shows that the characteristic impedance is also given
by

(3.32)

(3.33)

where Z is the intrinsic impedance of the medium. The characteristic
impedance differs from the intrinsic impedance Z by a factor EjC, which is
a function of the line configuration only.

Low-Loss Transmission Line

For most microwave transmission lines the losses are very small; that is,
R « wL and G « wC. When this is the case, the term RG in the expres
sion (3.26) for y may be neglected. A binomial expansion then gives

1 (R G)y '::::, jwvLC + - vLC - + - = a + j{3
2 L C

To first order the characteristic impedance is still given by (3.30) or (3.32).
Thus the phase constant for a low-loss line is

(3 = wVLC

and the attenuation constant a is

(3.34a)

(3.34b)1 (R G) 1a= -vLC - + - = -(RY +GZ)2 L C 2 c c

where ~ = Z; 1 = IC/L is the characteristic admittance of the transmis
sion line.

3.6 TERMINATED TRANSMISSION LINE:
SINUSOIDAL WAVES

In this section the properties of a transmission line terminated in an
arbitrary load impedance ZL are examined. This will serve to illustrate how
the forward and backward propagating waves can be combined to satisfy the
boundary conditions at a termination. Figure 3.7 illustrates schematically a
transmission line terminated in a load impedance ZL. The line is assumed
lossless and with a characteristic impedance Zc and a propagation constant

4 To generator

FIGURE 3.7
Terminated transmission line.
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'Y = jf3. It should be noted that at microwave frequencies conventional
low-frequency resistors, inductors, or capacitors, when connected across the
two conductors of a transmission line, may behave as impedance elements
with quite different characteristics from the low-frequency behavior.

If a voltage wave Y+e-j~z with an associated current I+e-j13z is
incident on the termination, a reflected voltage wave Y-ej13z with a current
- 1-ejf3z will, in general, be created. The ratio of the reflected and incident
wave amplitudes is determined by the load impedance only. At the load the
total line voltage must equal the impressed voltage across the load and the
line current must be continuous through the load. Hence, if ZL is located at
z = 0,

Y = Y++ Y-= YL (3.35a)

1= J+- J-= IL (3.35b)

But 1+= YcV+, 1-= y::V-, and VL/IL = ZL by definition of load impedance.
Therefore

V++ V-= VL

Z
V+- V-= _CV

L
ZL

The ratio of V- to Y+ is usually described by a voltage reflection coefficient
r defined as

(3.37)

In place of (3.36) we may write

V+(1 + f L ) = VL

Zc
V+(1 - fd = ZL VL

Dividing one equation by the other yields

1 + f L ZL
-- = - (3.38)
1 - fL Zc

The quantity ZL/Zc is called the normalized load impedance (load impedance
measured in units of Zc), and (1 + f L )/ (1 - f L ) is then the normalized
input impedance seen looking toward the load at z = o. The normalized
load impedance will be expressed as ZL' with the bar on top signifying a
normalized impedance in general. Solving for the voltage reflection coeffi
cient I' gives

(3.39)
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Analogous to a voltage reflection coefficient, a current reflection coef
ficient f/ could also be introduced. In the present case

-t Yv-
f/ = r = - ;v+ = -fL

c

(3.40)So

In this text, however, only the voltage reflection coefficient will be used; so
the adjective "voltage" can be dropped without confusion.

The incident voltage wave can be considered as transmitting a voltage
YL across the load, and a voltage transmission coefficient T can be defined
as giving YL in terms of Y+; thus

YL = TV+= (1 + fL)Y+

T = 1 + f L

A corresponding current transmission coefficient is not used in this book.
Returning to (3.39), it is seen that if ZL = Zc' the reflection coefficient

is zero. In this case all the power in the incident wave is transmitted to the
load and none of it is reflected back toward the generator. The power
delivered to the load in this case is

(3.41)

(3.42)

The load is said to be matched to the transmission line when f L = O.
If ZL does not equal Zc' the load is mismatched to the line and a

reflected wave is produced. The power delivered to the load is now given by

p = ~Re(YLlt) = ~Re[(Y++ Y-)(I+- 1-)*]

= ~Re[~(Y++ Y-)(Y+- Y-)*]

= ~ Re[ ~IY+ 1
2( 1 + f L )(1 - f L )*]

= ~~ IY+ 12 (1 - IfL 12 )

The final result states the physically obvious result that the power delivered
to the load is the incident power minus that reflected from the load.

In the absence of reflection, the magnitude of the voltage along the line
is a constant equal to IV+ I. When a reflected wave also exists, the incident
and reflected waves interfere to produce a standing-wave pattern along the
line. The voltage at any point on the line (z < 0) is given by

Y = Y+e-J/3 z + f
LV+e

J/3 z

and has a magnitude given by

IYI = IV+ I 11 + f Le
2J/3ZI = IV+ I 11 + f Le-

2J/3 l l

where 1 = - z is the positive distance measured from the load toward the
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generator, as in Fig. 3.7~ Let f L be equal to pe!", where p = IfLI; thent

IVI = IV+ I 11 + pe}(6-2{3l)1

= IV+ Iu1 + P eos( (J - 2131)] 2 + p2 sin 2( (J - 2131)}1/2

= IV+ I{{l + p)2 - 2p[1 - cos( (J - 2131)l}1/2

= IV+ I[(l + p)2 - 4p sin 2
( 131 - ~ )r/2

(3.43)

This result shows that IVI oscillates back and forth between maximum
values of IV+ 1(1 + p) when /3l - 8/2 = n11" and minimum values IV+ I
(1 - p) when /3l - (J1'2 = n11" + 11"/2, where n is an integer. These results
also agree with physical intuition since they state that voltage maxima occur
when the incident and reflected waves add in phase and that voltage minima
occur when they add 1800 out of phase. Successive maxima and minima are
spaced a distance d = 11"//3 = A11"/211" = A/2 apart, where A is the wave
length for TEM waves in the medium surrounding the conductors. The
distance between a maximum and the nearest minimum is A/4.

Since the current reflection coefficient is equal to - rL the current
waves subtract whenever the voltage waves add up in phase. Hence current
maxima and minima are displaced A/4 from the corresponding voltage
maxima and minima. Figure 3.8 illustrates the voltage and current stand
ing-wave patterns that result when ZL is a pure resistance equal to 3Zc •

The ratio of the maximum line voltage to the minimum line voltage is
called the voltage standing-wave ratio S; thus

IV+ I(1 + P) 1 + P
S= =--IV+ I(1 - p) 1 - p

This is a parameter of considerable importance in practice for the following
reasons: At microwave frequencies instruments for the direct absolute
measurement of voltage or current are difficult to construct and use. On the
other hand, devices to measure relative voltage or current (or electric or
magnetic field) amplitudes are easy to construct. A typical device is a small
probe inserted into the region of the electric field around a line. The output
of the probe is connected to a crystal rectifier, and produces an output
current which is a measure of the relative electric field or voltage at the
probe position. By moving the probe along the line, the standing-wave ratio
can be measured directly in terms of the maximum and minimum probe

tThe symbol p denotes both charge density and the modulus of the reflection coefficient. The
context makes it clear which'quantity is under discussion; so confusion should not occur.
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FIGURE 3.8
Voltage and current standing-wave patterns on a
line terminated in a load impedance equal
to 3Zc '

(3.45)

currents. The location of a voltage minimum can also be measured, and this
permits the phase angle (J of I'L to be calculated. Since p is known from the
measured value of S, I'L is specified, and the normalized load impedance
may be calculated from (3.38).

Although the reflection coefficient was introduced as a measure of the
ratio of reflected- to incident-wave amplitudes at the load, the definition
may be extended to give the corresponding voltage ratio at any point on the
line. Thus, at z = -l, the reflection coefficient is

Y-e- j {31 Y-. .
f( I) = . = _e- 2 j {31 = f e- 2 j f3l

Y+e j {3l Y+ L

where TL = Y-/Y+ denotes the reflection coefficient of the load. The nor
malized impedance, seen looking toward the load, at z = -l, is

Z. Y Y+ej {31 + Y-e- j {31

Z. = ~ = - = --~----
In Z; IZ

c
Y+eJf3 l - Y-e-Jf3 l

1 + f( l)

1 - I'( I)

1 + I' e- 2j f3l
L

(3.46)

(3.47)

By replacing f L by (ZL - Zc)/(ZL + Zc) and e ±jf3l by cos f31 ±j sin f31, this
result may be expressed as

- Zin ZL + jZc tan f3l
Z· = - = ------

In Z; Z; + jZL tan {3l

A similar result holds for the normalized input admittance; so

- Yin YL +j~ tan {31 YL + j tan {31
y. = - = = ------

In ~ ~ + jYL tan f31 1 + jYL tan {31
(3.48)

Of particular interest are two special cases, namely, f3l = 'TT or l = A/2 and
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(3.49b)

(3.49a)

(3l = 17'/2 or 1 = A/4, for which

Zm(Z = ~) = ZL

Z. (Z = ~) = Z:
in 4 ZL

The first is equivalent to an ideal one-to-one impedance transformer,
whereas in the second case the impedance has been inverted with respect
to Z;.

The terminal conditions at the generator end are readily established by
using (3.47) to evaluate the input impedance Zin seen looking toward the
load at the generator end, If the generator with open-circuit voltage Vg has
an internal impedance Zg, then by the usual voltage division formula the
total transmission-line voltage V at z = -l will be given by

(3.50)
2(Zin + Zg)(ZL cos f3l + jZc sin f3l)

But V is the sum of the forward-propagating-wave and reflected-wave
voltages at z = -l, that is,

V = V+eJf3 l + v:«!"
= V+eJ~l(l + fLe-2Jj31)

By using this expression we can solve for V+ which is found to be

ZinVg
V+= -----~---~

(Zin + Zg)( eJf31 + f L e-Jj31)

Zin(ZL + Zc}Vg

Terminated Lossy Line

In the case of a lossy line with propagation constant r = jf3 + a, the
previous equations hold except that j{3 must be replaced by jf3 + a, where
a is usually so small that, for the short lengths of line used in most
experimental setups, the neglect of a is justified. Nevertheless, it is of some
interest to examine the behavior of a lossy transmission line terminated in a
load ZL. One simplifying assumption will be made, and this is that the
characteristic impedance Zc can still be considered real. This assumption is
certainly valid for low-loss lines of the type used at microwave frequencies.
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A detailed calculation justifying this assumption for a typical case is called
for in Probe 3.18.

Clearly, the presence of an attenuation constant a does not affect the
definition of the voltage reflection coefficient f L for the load. However, at
any other point a distance 1 toward the generator, the reflection coefficient
is now given by

(3.51)

As 1 is increased, r decreases exponentially until, for large 1, it essentially
vanishes. Thus, whenever a load ZL is viewed through a long section of
lossy line, it appears to be matched to the line since I' is negligible at the
point considered. This effect may also be seen from the expression for the
input impedance, namely,

1 + F e- 2j {3 1- 2a l Z + Z tanh(jf31 + al)Z. = Z L = Z _L__c _

In c 1 - f Le-
2j {3 1- 2a l c Z; + ZL tanh(jf3l + al)

(3.52)

which approaches Z; for 1 large since tanh x approaches 1 for x large and
not a pure imaginary quantity.

The losses also have the effect of reducing the standing-wave ratio S
toward unity as the point of observation is moved away from the load
toward the generator. As the generator is approached, the incident-wave
amplitude increases exponentially whereas the reflected-wave amplitude
decreases exponentially. The result is a standing-wave pattern of the type
illustrated in Fig. 3.9. For illustrative purposes a relatively large value of a
has been assumed here.

The power delivered to the load is given by

---------00-1:9 ZL=3Zc

(3.53)

'A/2

FIGURE 3.9
Voltage standing-wave pattern
on a lossy transmission line.
(1) Envelope of incident-wave
amplitude; (2) envelope of re
flected-wave amplitude; (3)
standing-wave pattern.
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as before. At some point z = -l, the power directed toward the load is

1 1 Y
P(l) = "2 Re(VI*) = "21V12~ = 2

c
IV+e aI

1
2[1-If(1)1

2]

y
= 2

c
IV+12( e2a l

- If£1 2
) (3.54)

where Iflea l has been replaced by IfLI. Of the power given by (3.54) only
that portion corresponding to PL as given by (3.53) is delivered to the load.
The remainder is dissipated in the lossy line, this remainder being given by

(3.55)

PART 2
FIELD ANALYSIS OF TRANSMISSION LINES

The first section of this part will show that Maxwell's equations can be
reformulated so as to describe three classes of waves, TEM, TE, and TM
waves. The TEM wave is the principal wave on transmission lines. From the
solution for the electric and magnetic fields for the TEM wave, we will be
able to establish that there are unique voltage and current waves associated
with the TEM wave. We will also be able to evaluate the distributed-circuit
parameters R, L, C, and G for a transmission line. The field analysis thus
provides a theoretical basis for treating the transmission line as a dis
tributed circuit.

After the basic equations for TEM, TE, and TM waves have been
derived, we present the field analysis for transmission lines that support
TEM waves. This is followed by several sections dealing with planar trans
mission lines. Many of the planar lines that we examine support only
quasi-TEM waves but can be analyzed as transmission lines once their
equivalent distributed-circuit parameters have been determined.

3.7 CLASSIFICATION OF WAVE SOLUTIONS

The transmission lines and waveguides analyzed in this chapter are all
characterized by having axial uniformity. Their cross-sectional shape and
electrical properties do not vary along the axis, which is chosen as the z
axis. Since sources are not considered, the electric and magnetic fields are
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solutions of the homogeneous vector Helmholtz equation, i.e.,

The type of solution sought is that corresponding to a wave that propagates
along the z axis. Since the Helmholtz equation is separable, it is possible to
find solutions of the form {(z)g(x, y), where {is a function of z only and g
is a function of x and y or other suitable transverse coordinates only. The
second derivative with respect to z enters into the wave equation in a
manner similar to the second derivative with respect to time. By analogy
with eJwt as the time dependence, the z dependence can be assumed to be
e ±J{3z. This assumption will lead to wave solutions of the form cos(wt ± (3z)
and sin(wt ± Bz), which are appropriate for describing wave propagation
along the z axis. A wave propagating in the positive z direction is repre
sented by e-j{3z, and eJ{3z corresponds to a wave propagating in the negative
z direction. With an assumed z dependence e-J{3z, the del operator becomes
V = Vt + Vz = Vt - j{3az' since Vz = a, ajaz. Note that Vt is the transverse
part and equals ax ajax + ay ajay in rectangular coordinates. The propaga
tion phase constant f3 will turn out to depend on the waveguide configura
tion.

Considerable simplification of Maxwell's equations is obtained by de
composing all fields into transverse and axial components and separating
out the z dependence. Thus let (the time dependence e''" is suppressed)

E(x,y, z) = Et(x,y, z) + Ez(x,y, z)

H(x,y,z) = Ht(x,y,z) + Hz(x,y,z)

= h(x,y)e-J{3Z + h z(x,y)e-J{3Z

(3.56)

(3.57)

where E t , H, are the transverse (x and y) components, and E z' Hz are the
axial components. Note also that e(x, y), h(x, y) are transverse vector func
tions of the transverse coordinates only, and ez(x, y), hz(x, y) are axial
vector functions of the transverse coordinates.

Consider the V X E equation, which may be expanded to give

V X E = (Vt - jf3a z) X (e + e z)e-J{3Z = -jwJLo(h + h z)e-J{3Z

or Vt X e - jf3a z X e + Vt X e, - jf3a z X e, = - jWJLoh - jWJLohz

The term a, X e z = 0, and Vt X e, = Vt X a ,«, = - a, X Vtez • Note also
that Vt X e is directed along the z axis only, since it involves factors such as
ax X ay, ax X ax' ay X ax' and ay X ay, whereas a, X e and Vt X e, have
transverse components only. Consequently, when the transverse and axial
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components of the above equation are equated, there results

Vt X e = - jWJLohz (3.58a)

Vt X e, - j{3az X e = - a, X Vtez - j{3az X e = - jWJLoh (3.58b)

In. a similar manner the V X H equation yields

Vt X h = jw€oe z

a, X Vthz + j{3az X h = -jw€oe

The divergence equation V • B = 0 becomes

V • B = V • JLoH = (Vt - j{3az) • (h + hz)JLoe-Jl3z

= (Vt • h - jf3a z • hz)JLoe-Jl3z = 0

(3.58c)

(3.58d)

or (3.58e)

Similarly, V · D = 0 gives

(3.58 f)

This reduced form of Maxwell's equations will prove to be very useful in
formulating the solutions for waveguiding systems.

For a large variety of waveguides of practical interest it turns out that
all the boundary conditions can be satisfied by fields that do not have all
components present. Specifically, for transmission lines, the solution of
interest is a transverse electromagnetic wave with transverse components
only, that is, E, = Hz = 0, whereas for waveguides, solutions with E; = 0
or Hz = 0 are possible. Because of the widespread occurrence of such field
solutions, the following classification of solutions is of particular interest.

1. Transverse electromagnetic (TEM) waves. For TEM waves, E; = Hz = o.
The electric field may be found from the transverse gradient of a scalar
function <I>(x, y), which is a function of the transverse coordinates only
and is a solution of the two-dimensional Laplace equation.

2. Transverse electric (TE), or H, modes. These solutions have E; = 0, but
Hz =1= o. All the field components may be derived from the axial compo
nent Hz of magnetic field.

3. Transverse magnetic (TM), or E, modes. These solutions have Hz = 0,
but E; =1= o. The field components may be derived from Ez •

In some cases it will be found that a TE or TM mode by itself will not
satisfy all the boundary conditions. However, in such cases linear combina
tions of TE and TM modes may be used, since such linear combinations
always provide a complete and general solution. Although other possible
types of wave solutions may be constructed, the above three types are the
most useful in practice and by far the most commonly used ones.
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The appropriate equations to be solved to obtain TEM, TE, or TM
modes will be derived below by placing E; and Hz, Ez' and Hz, respectively,
equal to zero in Maxwell's equations.

For TEM waves e, = h, = 0; so (3.3) reduces to

Vt X e = 0 (3.59a)

{38z X e = wJLoh (3.59b)

Vtxh=O (3.59c)

(38 z X h = -wEoe (3.59d)

Vt • h = 0 (3.5ge)

Vt • e = 0 (3.59f)

The vanishing of the transverse curl of e means that the line integral of e
around any closed path in the xy plane is zero. This must clearly be so since
there is no axial magnetic flux passing through such a contour. Although
Vt X h = 0 when there are no volume currents present, the line integral of
h will not vanish for a transmission line with conductors on which axial
currents may exist. This point will be considered again later when transmis
sion lines are analyzed. Equation (3.59a) is just the condition that permits e
to be expressed as the gradient of a scalar potential. Hence let

e(x,y) = -Vt<l>(x,y) (3.60)

(3.61)

Using (3.59 f) shows that <I> is a solution of the two-dimensional Laplace
equation

Vt
2 <1> ( x, y) = 0

The electric field is thus given by

Et(x,y, z) = - Vt<l>(x,y)e-j~z

But this field must also satisfy the Helmholtz equation

V2E
t + kgEt = 0

Since V = Vt - j{38z ' V2 = Vt
2

- {32, that is, the second derivative with
respect to z gives a factor - {3 2, this reduces to

or

V2E + (k2
- (

2)E = 0t t 0 fJ t

Vt [Vt
2 <1> + (kg - {32)<I>] = 0

This shows that {3 = ±k 0 for TEM waves, a result to be anticipated from
the wave solutions discussed in Chap. 2. The magnetic field may be found
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from the V X E equation, i.e., from (3.59b); thus

WILo
--h = a X e = Zohko z

(3.62)

In summary, for TEM waves, first find a scalar potential <I> which is a
solution of

(3.63a)

and satisfies the proper boundary conditions. The fields are then given by

E = E = ee + jkoz = - V <l>e + jkoz
t t

H =: H = +he +jkoz = + ~oa X ee +jkoz
t - - z

(3.63b)

(3.63c)

where k o = w(ILO€O)1/2, Yo = (€O/ILO)1/2, and, e-j k oz represents a wave prop
agating in the +z direction and ej k oz corresponds to wave propagation in
the - z direction. For TEM waves, Zo is the wave impedance, and from
(3.63c) it is seen that, for wave propagation in the +z direction,

TE Waves

whereas for propagation in the - z direction,

Ey
--= -zH 0

x

(3.64a)

(3.64b)

For transverse electric (TE) waves, h , plays the role of a potential function
from which the rest of the field components may be obtained. The magnetic
field H is a solution of

V2H + k~H = 0

Separating the above equation into transverse and axial parts and replacing
V2 by Vt

2 - f32 yield

Vt
2h

z(x,y) + k~hz(x,y) = 0

V?h + k~h = 0

(3.65a)

(3.65b)

where k~ = k~ - f32 and a z dependence e-j 13z is assumed. Unlike the case
of TEM waves, f32 will not equal k~ for TE waves. Instead, f3 is determined
by the parameter k~ in (3.65a). When this equation is solved, subject to
appropriate boundary conditions, the eigenvalue k ~ will be found to be a
function of the waveguide configuration.
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The Maxwell equations (3.58) with e z = 0 become

Vt X e = -jw~ohz

f3a z X e = wp-oh

Vtxh=O

a, X Vth z + jf3a z X h = -jwEoe

Vt - h =jf3h z

Vt-e=O

(3.66a)

(3.66b)

(3.66c)

(3.66d)

(3.66e)

(3.66 f)

The transverse curl of (3.66c) gives

Vt X (Vt X h) = Vt Vt - h - Vt
2h = 0

Replacing Vt - h by jf3h z from (3.58e) and Vt
2h by -k;h from (3.65b) leads

to the solution for h in terms of h z ; namely,

(3.67)

To find e in terms ofh, take the vector product of (3.66b) with a, to obtain

f3a z X (a, X e) = {3[(az • eja, - (a, · az)e] = -{3e = wp-oaz X h

WP-o k o
or e = - -a X h = - -Z a X h (3.68)13 z {3 0 z

The factor k oZo/ f3 has the dimensions of an impedance, and is called the
wave impedance of TE, or H, modes. It will be designated by the symbol Zh'
so that

(3.69)

(3.70)

Thus, in component form, (3.68) gives

ex ey
- = -- =Zh
hy h x

for a wave with z dependence e-j /3 z .

The remaining equations in the set (3.66) do not yield any new results;
so the solution for TE waves may be summarized as follows: First find a
solution for hz, where

Vt
2h z + k;h z = 0 (3.71a)

Then
jf3

(3.71b)h = - hi Vth z
c

and e = -Zhaz X h (3.71c)
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where and

Complete expressions for the fields are

H = + he =+= }f3z + h e =+= }f3z
- Z

E = E = ee =+= }f3z
t

(3.71d)

(3. 71e)

TMWaves

Note that in (3.71d) the sign in front of h is reversed for a wave propagating
in the -z direction since h will be defined by (3.71b), with f3 positive
regardless of whether propagation is in the +z or - z direction. The sign in
front of e does not change since it involves the factor f3 twice, once in the
expression for h and again in Zh. Only the sign of one of e or h can change
if a reversal in the direction of energy flow is to occur. That is, the solution
for a wave propagating in the - z direction can be chosen as E = - eel!",
H = (h - h z)e } f3Z or as E = ee'!", H = ( - h + h z)e } f3z• One solution is the
negative of the other. The latter solution is arbitrarily chosen as the
standard in this text.

The TM, or E, waves have h , = 0, but the axial electric field e, is not zero.
These modes may be considered the dual of the TE modes in that the roles
of electric and magnetic fields are interchanged. The derivation of the
equations to be solved parallels that for TE waves, and hence only the final
results will be given.

. First obtain a solution for ez , where

(3.72a)

subject to the boundary conditions imposed. This will serve to determine the
eigenvalue k ~. The transverse fields are then given by

=+= '0. jf3 - '0.
E = ee JpZ = - - Ve e+ Jpz (3.72b)

t k 2 t Z
c

H = +he += }f3z = +Y a X ee += }f3z
t - - e Z

(3.72c)

where f3 = (k~ - k~)1/2 and the wave admittance ~ for TM waves is
given by

k
Y = Z-l = ~y

e e f3 0

The dual nature of TE and TM waves is exhibited by the relation

ZeZh = zg

(3.72d)

(3.73)
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which holds when both types of waves have the same value of f3 and is
derivable from (3.69) and (3.72d). The complete expression for the electric
field is

E = E + E = ee + jf3z + e e +- jf3z
t z - z

(3.74)

It is convenient to keep the sign of e the same for propagation in either
the +z or - z direction. Since V · E = 0, that is, Vt • E, + aEz/az = 0, this
requires that the z component of electric field be - e z eJ13Z for a wave
propagating in the - z direction, because Vt • Et does not change sign,
whereas aEz/az does, in view of the change in sign in front of /3. The
transverse magnetic field must also change sign upon reversal of the
direction of propagation in order to obtain a change in the direction of
energy flow. For reference, this sign convention is summarized below. The
transverse variations of the fields are represented by the functions e, h, e z ,

and hz, independent of the direction of propagation. Waves propagating in
the +z direction are then given by

E = E+= (e + e z )e - j f3Z

H = H+= (h + h z )e - j f3Z

For propagation in the - z direction the fields are

(3.75a)

(3.75b)

(3.76a)

(3.76b)

Additional superscripts (+) or (-) will be used when it is necessary to
indicate the direction of propagation. The previously derived equations for
TEM, TE, and TM modes are valid in a medium with electrical constants
E, J.L, provided these are used to replace EO' J.Lo. A finite conductivity can also
be taken into account by making E complex, i.e., replacing e by € - jo ro».

The wave impedance introduced in the solutions is an extremely useful
concept in practice. The wave impedance is always chosen to relate the
transverse components of the electric and magnetic fields. The sign is
always such that if i, j, k is a cyclic labeling of the coordinates
and propagation is along the positive direction of coordinate k, the ratio
Ei/Hj = (Zw)k is positive. Here (Zw)k is the wave impedance referred to the
k axis as the direction of propagation. If i, j, k form an odd permutation of
the coordinates, then Ei/HJ is negative. The usefulness of the wave-imped
ance concept stems from the fact that the power is given in terms of the
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transverse fields alone. For example, for TE waves,

1
p = "2 Re~E X H* • 8 z dx dy

1
= "2 Re~e X h* · a, dxdy

1
= -"2Re f

S
Zh( 8 z X h) X h* · a, dxdy

z; f Yh f= - h· h* dx dy = - e· e* dx dy
2 s 2 s

upon expanding the integrand. Thus the wave impedance enables the power
transmitted to be expressed in terms of one of the transverse fields alone. A
further property of the wave impedance, which will be dealt with later, is
that it provides a basis for an analogy between conventional multiconductor
transmission lines and waveguides.

3.8 TRANSMISSION LINES (FIELD ANALYSIS)

Lossless Transmission Line

A transmission line consists of two or more parallel conductors. Typical
examples are the two-conductor line, shielded two-conductor line, and co
axial line with cross sections, as illustrated in Fig. 3.10. Initially, it will be
assumed that the conductors are perfectly conducting and that the medium
surrounding the conductors is air, with € ::::; EO' J,t ::::; J,to' The effect of small
losses will be considered later.

When the conductors are completely surrounded by a uniform dielec
tric medium, the principal wave that can exist on the transmission line is a
TEM wave. The electric field for this wave can be found from the scalar
potential which is a solution of Laplace's equation in the transverse plane.
Microstrip lines and other planar transmission lines do not have the dielec
tric medium completely surrounding the conductors and therefore do not
support a pure TEM wave. In this case it is found that only in the
low..frequency limit does the dominant mode of propagation approach that
of a TEM wave. We refer to the principal wave on these lines as a

o 0

(a) (b) (c)

FIGURE 3.10
Cross sections of typical trans
mission lines. (a) Two-conduc
tor line; (b) shielded two-con
ductor line; (c) coaxial line.
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--E
S, --- H

x

~y FIGURE 3.11
Cross section of a general two
conductor line showing trans
verse field patterns.

quasi-TEM wave. The solution for the electric and magnetic fields of
the quasi-TEM wave requires a separate solution for both the electric and
magnetic fields in order to determine the distributed-circuit line parameters
R, L, C, and G. This is because the electric and magnetic fields are no
longer related in the simple way that they are for the TEM wave. The
solution for the magnetic field can be found by solving for the vector
potential function as will be shown later. In this section and the following
one, we consider only transmission lines that support a TEM wave.

With reference to Fig. 3.11, let the one conductor be at a potential
Vo/2 and the other conductor at - Vo/2. To determine the field of a TEM
wave, a suitable potential <I>(x, y) must be found first. It is necessary that <I>
be a solution of

and satisfy the boundary conditions

<1>=
on 8 1

Since <I> is unique only to within an additive constant, we could equally well
choose <I> = Vo on 8 2 and <I> = 0 on 8 1. If a solution for <I> is possible, a
TEM mode or field solution is also possible. When two or more conductors
are present, this is always the case. The solution for <I> is an electrostatic
problem that can be solved when the line configuration is simple enough, as
exemplified in Fig. 3.10.

The fields are given by (3.63), and for propagation in the +z direction
are

E = E = ee-j k oz = -V<I>e-j k oz
t t

H = H = Yoa X ee-j k oz
t z

(3.77a)

(3.77b)
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The line integral of e between the two conductors is

Associated with the electric field is a unique voltage wave

V = Voe-jkoz (3.78)

since the line integral of e between 8 1 and 8 2 is independent of the path
chosen because e is the gradient of a scalar potential.

The line integral of h around one conductor, say 8 2, gives

by application of Ampere's law, V X H = jwD + J, and noting that there is
no axial displacement flux D, for a TEM mode. On the conductors the
boundary conditions require n X e = 0 and n X h = J s ' where n is a unit
outward normal and J s is the surface current density. Since nand h lie in a
transverse plane, the current J s is in the axial direction. In the region
remote from the conductors, Vt X h = 0, but the line integral around a
conductor is not zero because of the current that exists. The current on the
two conductors is oppositely directed, as may be verified from the expression
n X h = J s • Associated with the magnetic field there is a unique current
wave

(3.79)

Since the potential <I> is independent of frequency, it follows that the
transverse fields e and h are also independent of frequency and are, in
actual fact, the static field distributions which exist between the conductors
if the potential difference is Vo and currents 1o, -10 exist on 8 2,81,

respectively. The magnetic lines of flux coincide with the equipotential lines,
since e and h are orthogonal, as seen from (3.77b).

Example 3.1 Coaxial line. Figure 3.12 illustrates a coaxial transmission
line for which the solution for a TEM mode will be constructed. In cylindrical
coordinates r, cP, Z', the two-dimensional Laplace equation is

1 0 ( 0<1» 1 0
2

<1>

-; or ra;: + r2 ocP2 = 0

or for a potential function independent of the angular coordinate </J,

~ ~ (r o<t» = 0
r or or
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--E
----H

4>=0 FIGURE 3.12
Coaxial transmission line.

(3.81a)

Integrating this equation twice gives

<I> = C1 In r + C2

Imposing the boundary conditions <I> = Vo at r = a, <I> = 0 at r = b, gives

Vo = C1 In a + C2 0 = CI In b + C2

and hence C2 = -Clln b, C1 = Vo/[ln(a/b)],

In( r /b)
<I> = VoIn( a/b) (3.80)

The electric and magnetic fields of a TEM mode propagating in the + z
direction are given by (3.77) and are

a<I> . Vo a, 'k
E = -8 _e-J k oz = - -e-J Oz

r ar In( a / b) r

Vo a, 'k= -r--e" Oz

In( b/a) r

. YoVo a</> .
H = Y a X ee-j k oz = _e-j k oz (3.81b)

o z In(bja) r

The potential difference between the two conductors is obviously yo; so the
voltage wave associated with the electric field is

v = Voe-jkoz

The current density on the inner conductor is

YoVo a, .
J = n X H = 8 X H = _e-j k oz

s r In(b/a) a

The total current, apart from the factor e-j k oz , is

YoVo (277' YOV021T
10 = a In(b/a) Jo adlj> = In(b/a)

(3.82)

(3.83)

The current on the inner surface of the outer conductor is readily shown to be
equal to 10 also, but directed in the - z direction. The current wave associated
with the magnetic field is therefore

(3.84)



(3.85)

(3.86)
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The power, or rate of energy flow, along the line is given by

1 jbj21T 1 YoVcr jbj21T dcjJ dr
p = - Re E X H* • 8 zr dr d cjJ = - 2 --

2 a 0 2 [In(b/a)] a 0 r

7TYoVo
2

In(b/a)

The power transmitted is seen to be also given, as anticipated, by the expression

1 1 1 27TYO

"2 Re(VI*) = "2 Vo1o = "2Vi In(b/a)

The characteristic impedance of the line is defined by the ratio

Vo
T =Zc

o

in terms of which the power may be expressed as P = ~ZcIg = ~ ~Vcr, where
Yc is the characteristic admittance of the line and equal to z;». The
characteristic impedance is a function of the cross-sectional shape of the
transmission line.

Transmission Line with Small Losses

Practical transmission lines always have some loss caused by the finite
conductivity of the conductors and also loss that may be present in the
dielectric material surrounding the conductors. Consider first the case when
the conductors are surrounded by a dielectric with permittivity € = €' - j €"

but the conductors are still considered to be perfect. The presence of a lossy
dielectric does not affect the solution for the scalar potential <1>. Conse
quently, the field solution is formally the same as for the ideal line, except
that k o and Yo are replaced by k = ko(€~ - j€;)1/2 and Y = Yo(€~ - j€;)1/2,
where the dielectric constant e; = €~ - j€; = €/€o. For small losses such
that €; « €~, the propagation constant is

jk = a + jf3 =j(E~)1/2ko(l - j:n
1/2

o::j(E~)1/2ko + 2(:~~~/2

Thus a=---
2( €~)1/2

f3 = (€~) 1/2ko

(3.87a)

(3.87b)

where a is the attenuation constant and f3 is the phase constant. The wave
consequently attenuates according to e-a z as it propagates in the +z
direction.

It will be instructive to derive the above expression for a by means of a
perturbation method that is widely used in the evaluation of the attenua-
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tion, or damping, factor for a low-loss physical system. This method is based
on the assumption that the introduction of a small loss does not substan
tially perturb the field from its loss-free value. The known field distribution
for the loss-free case is then used to evaluate the loss in the system, and
from this the attenuation constant can be calculated. In the present case, if
E; = 0, the loss-free solution is

E = - Vt<l>e-j k z H = Ya, X E

where k = (E~)1/2ko and Y = (E~)1/2yO. When E; is small but not zero, the
imaginary part of E, that is, E", is equivalent to a conductivity

U = WE" = WEOE;

A conductivity o results in a shunt current J = o E between the two
conductors. The power loss per unit length of line is

1 WE" .
P, = - ( J. J* dB = -) E · E* dB (3.88)

2u 1s 2 s

where the integration is over the cross section of the line, and the loss-free
solution for E is used to carry out the evaluation of Pz. Since loss is present,
the power propagated along the line must decrease according to a factor
e- 2az. The rate of decrease of power propagated along the line equals the
power loss. If the power at z = 0 is Po, then at z it is P = Poe-

2a z

Consequently,

(3.89)

which states that the power loss at any plane z is directly proportional to
the total power P present at this plane. The power propagated along the
line is given by

1
P = - Re {E X H* · a d.S

2 ls z

y y
= "2 Re IsE X (az X E*) · a z dS = "2 IsE · E* dS

Hence the attenuation a is given by

P, o WE" E"
a=-=-= -k r

2P 2Y 2Yo( E~)1/2 - 0 2{E~)1/2

which is the same as the expression (3.87a). For this example the perturba
tion method does not offer any advantage. However, often the field solution
for the lossy case is very difficult to find, in which case the perturbation
method is extremely useful and simple to carry out by comparison with
other methods. The case of transmission lines with conductors having finite
conductivity is an important example of this, and is discussed below.
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If the conductors of a transmission line have a finite conductivity, they
exhibit a surface impedance

1 + jz =--
m u5

8

(3.90)

(3.91)

(3.92)

where 58 = (2/WJLU)I/2 is the skin depth (Sec. 2.9). At the surface the
electric field must have a tangential component equal to ZmJ8' where J 8 is
the surface current density. Therefore it is apparent that an axial compo
nent of electric field must be present, and consequently the field is no longer
that of a TEM wave. The axial component of electric field gives rise to a
component of the Poynting vector directed into the conductor, and this
accounts for the power loss in the conductor. Generally, it is very difficult to
find the exact solution for the fields when the conductors have finite
conductivity. However, since IZm I is very small compared with Zo, the axial
component of electric field is also very small relative to the transverse
components. Thus the field is very nearly that of the TEM mode in the
loss-free case. The perturbation method outlined earlier may be used to
evaluate the attenuation caused by finite conductivity.

The current density J 8 is taken equal to n X H, where n is the unit
outward normal to the conductor surface and H is the loss-free magnetic
field. The power loss in the surface impedance per unit length of line is

1
Pi = - Re Zm~ J s • J: dl

2 8 1 +82

Rm,k
= - 'rc (n X H) · (n X H*) dl

2 8 1+82

Rm,k
= -'Yc H · H* dl

2 8 1 +82

where R m = 1/0"88 is the high-frequency surface resistance, and

(n X H) · (n X H*) = n · H X (n X H*)

= n · [(H · H*)n - (H · n)H*] = H · H*

since n · H = 0 for the infinite-conductivity case. The integration is taken
around the periphery 8 1 + 8 2 of the two conductors. The attenuation
constant arising from conductor loss is thus

e, R m ¢ S 1+ S 2 H · H* dl
a = 2P = 2Zj H· H* d8

where the power propagated along the line is given by

1 1
Re - fE X H* · a d8 = - ZfH · H* d82 z 2

and Z is the intrinsic impedance of the medium; that is, Z = {J.L/E)I/2.
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When both dielectric and conductor losses are present, the attenuation
constant is the sum of the attenuation constants arising from each cause,
provided both attenuation constants are small.

Example 3.2 Lossy coaxial line. Let the coaxial line in Fig. 3.12 be filled
with a lossy dielectric (E = E' - je"), and let the conductors have finite
conductivity CT. For the loss-free case (E" = 0, CT = 00) the fields are given by
(3.81), with k o and Yo replaced by k = (E'/EO)1/2k o,

(

E' ) 1/2
Y= - Yo

EO

Thus
v: a .

E = 0 -!...e-Jk z

In( b/a) r

YV: a .
H = 0 -!!!..e -Jkz

In( b/a) r

(3.93a)

(3.93b)

The power propagated along the line is

1 f21Tfb 7TYViP = - Re E X H* · a rdcPdr = ---
2 0 a z In( b/ a )

The power loss Pll from the lossy dielectric is, from (3.88),

WE" b wE"vi7T

P/1 = 2 ~ E • E* r d cf> dr = In( b/ a )

The power loss from finite conductivity is given by (3.91), and is

R m 7Ty
2V

o
2 b + a

[In(bja)]2~

Hence the attenuation constant a for the coaxial line is given by

Pll + PZ2 WE" RmY b + a
a= =-+ --

2P 2Y 21n(b/a) ab

For the lossy case the propagation constant is consequently taken as

a + jf3 = a + jk

with a given by (3.96).

(3.94)

(3.95a)

(3.95b)

(3.96)
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3.9 TRANSMISSION-LINE PARAMETERS

In this section the field analysis to determine the circuit parameters L, R,
C, and G for a transmission line is examined in greater detail. This will
serve further to correlate the field analysis and circuit analysis of transmis
sion lines.

Consider first the case of a loss-free line such as that illustrated in Fig.
3.11. When the scalar potential <I> has been determined, the charge density
on the conductors may be found from the normal component of electric field
at the surface; that is, Ps = En - e = -En - V<I> = -E a<I> jan, where E is the
permittivity of the medium surrounding the conductors. The total charge Q
per unit length on conductor 8 2 is

Q = ~ en : edl
8 2

The total charge on the conductor 8 1 is - Q per meter. The potential of 8 2
is Vo, and hence the capacitance C per unit length is

Q E!s2 n- e dl
C = ~ = J.Sl e . dl (3.97)

o 8 2

The total current on 8 2 is

YQ
10 = ~ h · dl = ~ Yn · e dl = -

8 2 8 2 E

since Ih I = YI e I = Y n · e at the surface of S 2 because the normal compo
nent of h and the tangential component of e are zero at the perfectly
conducting surface 8 2• The characteristic impedance of the line is given by

Vo VOE EZ
Zc = 1

0
= YQ = C (3.98)

A knowledge of the capacitance per unit length suffices to determine the
characteristic impedance.

To determine the inductance L per unit length, refer to Fig. 3.13,
which illustrates the magnetic flux lines around the conductors. Since h is

FIGURE 3.13
Magnetic flux lines in a transmission line.
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orthogonal to e, these coincide with the equipotential lines. All the flux lines
from the <I> = 0 to the <I> = Vo/2 line link the current on 82, The flux
linkage is the total flux cutting any path joining the <I> = 0 line to the
surface 8 2, If a path such as P182 or P282 is chosen, which is orthogonal to
the flux lines, this path coincides with a line of electric force. The flux
cutting such a path is

1

8 2 182 v,
'" = JL h dl = JL Y - e · d I = JLY-

PI PI 2

since Ih I = YI e I for a TEM wave. The inductance of one conductor of the
line is

'" V
o

L 1 = - =JLY-
10 210

The inductance of both conductors per unit length is twice this value; so

Vo
L = JLYT = JLYZc (3.99)

o

From this relation and (3.98) it is seen that Z = JLZc/L = CZc/e, and hence

2 JL JLZc CZcZ =-=--
e L e

which gives

z, = f!£ (3.100)

Equations (3.98) and (3.99) also show that

J..LE = LC (3.101)

for a transmission line. The above expressions for C and L can also be
obtained from the definitions based on stored energy. The derivation is left
as a problem.

If the dielectric has a complex permittivity e = e' - je", where e"
includes the conductivity of the dielectric if it is not zero, the total shunt
current consists of a displacement current In and a conduction current Is.
The current leaving conductor 8 2 per unit length is

I = Iv + Is = jWE~ e · n dl = jWEI~ e · n dl + WE"~ e · n dl
8 2 8 2 8 2

where the first integral on the right gives the displacement current and the
second integral gives the conduction current. The total shunt admittance is
given by Y = jwC + G = (Is + In)/Vo, and hence it is seen that

Is Is In we"
G = - = - - = -C (3.102)

Vo In Vo E'



(3.103)
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since jwC = In/Vo and jwC/jwE' = C/E'. This relation shows that G
differs from C by the factor WE"/E' only.

The transmission-line loss from finite conductivity may be accounted
for by a series resistance R per unit length provided R is chosen so that

1 R
-2RI5 = 2

m
~ Ihl2

dl
8 1 +82

The right-hand side gives the total power loss per unit length arising from
the high-frequency resistance of the conductors. In terms of this quantity,
the resistance R is thus defined as

¢8 +8 Ihl2
dlR = R _1__2---

m (¢S2 Ih l dl)2
(3.104)

where R m = 1/ u~s and ~s is the skin depth.
A further effect of the finite conductivity is to increase the series

inductance of the line by a small amount because of the penetration of the
magnetic field into the conductor. This skin-effect inductance L, is readily
evaluated on an energy basis. The surface impedance Zm has an inductive
part jXm =j/u~s equal in magnitude to R m . The magnetic energy stored
in Xm is (note that Xm is equivalent to a surface inductance Xm/w = Lm)

X m ", 2
Wm = -~ IJsl dl

4w 8 1+82

by using (3.103) to replace the integral. Defining L s by the relation

gives (3.105)

The series inductive reactance of the line is increased by an amount equal to
the series resistance. However, for low-loss lines, R « toL, so that L, « L,
and the correction is not significant for most practical lines. The inductance
L s is called the internal inductance since it arises from flux linkage internal
to the conductor surfaces.

It should not come as a surprise to find that wL s = R since both the
inductive reactance and resistance arise from the penetration of the current
and fields into the conductor. The effect of this penetration into the
conductor by an effective distance equal to the skin depth ~ s is correctly
accounted for in a simplified manner by introduction of the surface
impedance Zm = (1 +j)/u~s.
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Example 3.3 Coaxial-line parameters. For the coaxial line of Fig. 3.12
the potential <I> is given by

In( r /b)
<I>=~-

°In(a/b)

The charge on the inner conductor is

J
21T J21T a<I>Q = E 8 r • ea d e = E - -ad<jJ

o 0 ar
-EVO J21T 27TEVO

= In(ajb) 0 dcjJ = In(bja)

Hence the capacitance per unit length is

E' Q 27TE'
C=--=---

E Vo In( b/a)
(3.106)

since the capacitance arises only from that part of the charge associated with
E' whereas E" gives rise to the shunt conductance.

The magnetic field is given by (3.93b) as

h 'k YVo 8</J 'kH = . e-J OZ = - e-J OZ

In( b/a) r

The current 10 is

J
21T 27TYVO

10 = 0 h· 8.padcjJ = In(bja)

Thus the characteristic impedance is

Vo Z In(b/a)
Z =-=----

c 10 27T

The flux linking the center conductor is

fb }.LYVo fb dr
l/J =}.L h· 8<p dr = 1 (b ) - = }.LYVo

a n /a a r

Consequently, the inductance per unit length is

t/J }.LYVo b }.L b
L=-=--ln-=-ln-

10 27TYVO a 27T a

from which it is seen that LC = }.LE' and Z; = (L/C)1/2.
The shunt conductance G is given by WE"C/E', and is

WE" 27TE' 27TWE"
G=- =---

E' In( b/a) In( b/a)

(3.107)

(3.108)

(3.109)

To find the series resistance, the power loss in the inner and outer
conductors must be evaluated. This was done in Example 3.2, with the result
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[Eq. (3.95b)]

Solving for R gives

s ; b +a
R = - -- (3.110)

217" ab

The internal inductance L, is equal to R/w; so the total series line inductance
per unit length is

(3.111 )
J.L b b + a

L +L = -In- + ----
s 217" a 21rwab5 s O"

The distributed-circuit parameters R, L, C, and G for a transmission
line can also be determined from an evaluation of the stored electric and
magnetic field energy and the power loss per unit length. Energy storage in the
magnetic field is accounted for by the series inductance L per unit length,
whereas energy storage in the electric field is accounted for by the distributed
shunt capacitance C per unit length. Power loss in the conductors is taken
into account by a series resistance R per unit length. Finally, the power loss in
the dielectric may be included by introducing a shunt conductance G per unit
length. Suitable definitions for the parameters L, C, R, and G based on the
above concepts are

(3.112c)

(3.113c)

(3.112b)

(3.113b)

(3.112a)

(3.113a)

(3.112d)

L =~ 1. H • H* as
1016 8

€of

c = -I.E. E*dS
VoVo* 8

n; ,k
R = --~ H · H* dl

1016 8 1 +82

WE"
G= -fE.E*dS

VoVo*
where 10 is the total current on the line, and Vo the potential difference. These
expressions are obtained, for example, by equating the magnetic energy
tlolti L = Wm stored in the equivalent series inductance L to the expression
for Wm in terms of the field. The above definitions are readily shown to be
equivalent to the other commonly used definitions such as

magnetic flux linkage
L=------

total current
total charge per unit length

C = --------------
voltage difference between conductors

total shunt current
G = --------------

voltage difference between conductors

Parameters of some common transmission lines are given in Table 3.1.
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TABLE3.!
Parameters of common transmission linest

R

1 1/2 D

( Jlo ) 1- -;- cosh--
1T e d

1 1/2 b
_(Jl~) In-
21T € a

2R m Did

1Td [(D/d)2 _ 1] 1/2

Rm(~ +~)
21T a b

~ ()L~ )1/2 [In(2P 1 - q2) 2R m [1 + 1 + 2p
2

(1 _ 4q2)]
1T e 1 + q2 1Td 4p 4

1 + 4p 2 2] 8R m 2[ 2 1 + 4p 2 ]
- -16

p
4 (1 - 4q ) +-q (1 + q ) -1Ta 8p 4

D
p= -

d

D
q =

a

tFor all TEM transmission lines

(Jlo€' )1/2
c=--

Zc

W€"c
G=--

e'

a =c
R = _1_ = (WJl )1/2

muSs 2u

3.10 INHOMOGENEOUSLY FILLED
PARALLEL-PLATE TRANSMISSION LINE

In Fig. 3.14a we show a parallel-plate transmission line (waveguide) par
tially filled with dielectric material having a permittivity € = €r€O' where €r

is the dielectric constant. The plates are infinitely wide and spaced a
distance b apart. The dielectric sheet has a thickness a and rests on the
bottom plate.

The purpose for studying this particular waveguide is that it exhibits a
number of characteristics that are similar to those of the microstrip trans
mission lines examined in the following section. We will show that the
dominant mode of propagation in the waveguide under consideration is an
E mode and that as the frequency approaches zero this mode becomes a
TEM mode. Furthermore, in the low-frequency limit, the propagation con-
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y

b c

(a)

y

(b)

FIGURE 3.14
(a) Partially loaded parallel-plate waveguide; (b) parallel-plate waveguide with magnetic walls
at x = ±w.

stant can be found in terms of the distributed capacitance and inductance
per meter by the usual transmission-line formula {3 = wVLC . As the fre
quency increases {3 increases faster than to, in which case we say that the
transmission line exhibits dispersion.

Another feature that can be easily described for this waveguide is the
existence of a surface-wave mode of propagation that consists of a field
concentrated near the air-dielectric interface.

Since the analytic solution for the partially filled parallel-plate wave
guide is readily constructed, this waveguide serves as a useful example to
provide some physical insight into the properties of microstrip transmission
lines.

An electric wall is a surface on which the tangential electric field must
be zero. A good conductor such as copper provides a surface with a very
small skin-effect surface impedance (see Sec. 2.9). When we let the conduc
tivity o become infinite, we obtain an electric wall on which the boundary
condition n X E = 0 holds. The dual of an electric wall is a magnetic wall on
which the tangential magnetic field is zero, i.e., the boundary condition
n X H = 0 holds. The magnetic wall does not have a physical realization
but is, nevertheless, a useful theoretical concept. In practice, a magnetic
wall can be inserted into a field region, without disturbing the field, along
any surface on which the tangential magnetic field is zero. Such surfaces
usually correspond to certain symmetry planes in a given problem. In
addition to the above boundary conditions, Maxwell's equations show that
on an electric wall the normal component of H is zero, that is, n · H = o.
The dual boundary condition n · E = 0 holds on a magnetic wall.

For the E mode that we will consider in the partially filled parallel-plate
waveguide, we will assume that the fields do not depend on the x coordinate
but are functions of y and z only. A consequence of this assumption is that
only the field components Ey , E; and Hx are present. Thus we can place a
magnetic wall along any x = constant surface without disturbing the field.
We will now assume that magnetic walls are inserted at x = ±W as shown
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in Fig. 3.14b. By means of this artifice, we are able to talk about a closed
waveguide structure, closed by electric walls at y = 0, b and by magnetic
walls at x = ±w.

In order to find the solutions for E modes having the z dependence
e-)(3Z, we must find solutions for the axial electric field component ez{Y)
first. In an ideal transmission line the propagation constant equals that for
plane TEM waves in the surrounding medium. In the structure under
investigation we have a nonuniform medium, namely dielectric in the region
o ~ y ~ a and air in the region a ~ y ~ b. Consequently, we can anticipate
that the propagation phase constant {3 for the dominant mode will take on
an intermediate value, i.e.,

k o = W../J.LOEo < (3 < F:-k o = k

The equation satisfied by ez{Y) is (3.72a) which is repeated below

Since we assume no variation with x, the transverse laplacian operator
becomes simply a2jay 2 . In this equation k; = k~ - {32 in the air region and
equals k 2

- {32 in the dielectric region. The propagation constant (3 must be
the same in both regions because the tangential electric and magnetic fields
must match at the air-dielectric interface for all values of z. For conve
nience, we will let k c = l in the dielectric region and let it equal p in the air
region. We thus require that p2 - k~'= [2 - k 2 or

In the two regions the axial electric field is thus a solution of

(3.114)

O:::;y~a

a =::;y =::; b

(3.115a)

(3.115b)

along with the boundary conditions

y = 0, b

ez(Y) continuous at y = a

(3.116a)

(3.116b)

(3.116c)

The third boundary condition comes from the requirement that H x be
continuous across the air-dielectric interface. The transverse fields are given
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by (3.72b) and (3.72c). The generic form of the equations is

jf3 aez .
E = - - --e-J{3z

y k~ ay
0a. a

H = y~2 -j{3z
x e k~ ay e

(3.117a)

air region

dielectric region

upon using a, X By = - B x . In the equation for H, the wave admittance Y:
is given by k{P in the dielectric and by (koYo)/P in the air region where
kY = WVJ.LoE E/J.Lo = ErkOYO. Thus we have

jf3 Be,

-T2 ay
ey(Y) = iP Be,

- p2 ay

(3.117b)

dielectric region

air region

jErkOYOaez

L2 ay
jkoYo aez

J;2ay

An examination of the expression for hx(Y) shows that continuity of h ; at
y = a gives the boundary condition specified by (3.116c). We also find that
in an inhomogeneously filled waveguide, the wave impedance, defined by the
ratio -Ey/Hx , is not constant since it has a different value in the air region
from that in the dielectric region.

The reader can readily verify that the solutions of (3.115a) and
(3.115b) that satisfy the boundary conditions at y = 0 and b are

ez(Y) = C1 sin ly 0 ~ y ~ a

(3.118)

ez(Y) = C2 sinp(b - y) a ~y S b

where C1 and C2 are unknown amplitude constants. The boundary condi
tion (3.116b) requires that

C1 sin La = C2 sin pc

where c = b - a. The last boundary condition (3.116c) requires

Er 1
TCI cos La = - ;C2 cos pc

When we divide the first equation by the second one, we obtain

L tan La = -ErP tan pc
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This transcendental equation must be solved simultaneously with (3.114) to
determine the allowed values of I and p. There will be an infinite number of
solutions; consequently an infinite number of E modes are possible. Since {3
is given by

(3.119)

(3.120a)

(3.120b)12 +p2 = (E - 1)k 2
o 0 r 0

most of the modes will be nonpropagating since increasing values of p and l
give p > ko which makes {3 imaginary. When {3 is imaginary the z depen
dence is of the form e- 1131 Z and the field decays exponentially from the point
at which it is excited. These nonpropagating modes are called evanescent
modes.

We note from (3.119) that a value of {3 between ko and k can occur
only if p is imaginary. Thus we must consider the possibility that an
imaginary p, say p = jpo, is a possible solution to (3.118). If we let lo be the
corresponding value of I, then our relevant equations become

lo tan loa = ErPO tanh POC

We consider solutions of these equations and the corresponding fields in the
low- and high-frequency limits in the next two subsections.

Low-Frequency Solution

When the frequency is very low, k~ is a very small number (at 1 MHz, ko
equals 0.02094 radyrn); hence Lo and Po are then also small. We will
assume that b is at most a few centimeters, then loa and PoC are also small
and we can replace the tangent function and the hyperbolic tangent func
tion by their arguments. Thus (3.120a) becomes

l~a = ErP~C

Upon using (3.120b) we readily find that

2
2 2 ErPOC

(Er - 1)ko - Po = -
a

or

The solution for {3 in the low-frequency limit is thus

V 2 2 [!!;;rb _r:{3 = k o + Po = k o = VEe k o
a + ErC

(3.121)

where €e' given by this equation, is called the effective dielectric constant.
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We will now show that this equals wVLC, where Land C are the static
distributed inductance and capacitance per meter for the given structure.

If we have a uniform current density J; on the inner surface of the
upper plate and -Jz on the inner surface of the lower plate, the magnetic
field between the plates will be given by H; = Jz. The time-average stored
magnetic energy per unit length is given by

W = #-Lo jbfW H 2 d d = #-Lo WbJ2
m 4 x x ay 2 x

o -w

We equate this to iLl; where the total current I, = 2WJz and then find
that

#-Lob
L=

2W
(3.122)

The distributed capacitance C per meter is found by considering the
capacitance of the dielectric and air regions as represented by two equiva
lent parallel-plate capacitances Cd and Ca in series where

ErE0 2W Eo2W
Cd = C =--

a a C

The capacitance Cd is that of a parallel-plate capacitor of width 2W, unit
length, plate spacing a, and filled with dielectric. Ca is the capacitance of
the air-filled section which has a spacing c.

The series capacitance is given by

(3.123)

The product LC = ErEo#-Lob/(Erc + a) which gives the solution for f3 =
wVLC equal to that in (3.121).

The expressions for the fields can be written down in simplified form
using the small argument approximations and the relationship C2 =

C1 sin loaf} sinh Poc ::= -}C1loa/poc obtained from the boundary condi
tion requiring continuity of e, at y = a. We readily find that in the region
o s y s a,

(3.124a)

(3.124b)

Er(ErC+a)

(Er-l)c
(3.124c)



and in the air region

loa
e =C1-(b-y)

z C
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(3.124d)

(3.124e)

€r(€rC + a)

(€r - l)c
(3.124 f)

We note that in the low-frequency limit e, vanishes as k o, and hence lo,
approach zero, while ey and h x remain constant. If we define the voltage V
between the upper and lower plates by the line integral of ey , then

The total z-directed current on the upper plate is I, = 2WJz = 2WHx ' and
hence the characteristic impedance is given by

V Zo
Z =-=

c I, 2W
(3.125)

Thus we find that in the low-frequency limit the dominant mode of propaga
tion in the partially filled parallel-plate waveguide becomes a TEM mode
and the waveguide may be analyzed as a transmission line. The propagation
constant and characteristic impedance are determined by the static dis
tributed inductance and capacitance. In general, at low frequencies the
mode of propagation would be called a quasi-TEM mode since the axial
electric field e., even though it is small, is not zero. At high frequencies the
mode of propagation is an E mode and departs significantly from a TEM
mode in its field distribution.

High-Frequency Solution

At high frequencies ko, and hence lo and Po, are large. In this case Poc is
large so we can replace tanh PoC by unity and (3.120a) gives

(3.126)

upon using (3.120b) to eliminate Po. This equation is independent of the
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plate separation b. The solution for e, can be approximated as follows:

ez(Y) = C1 sin loY 0 s Y ~ a (3.127a)

ez(Y) = C2} sinh Po( b - y)

. sinhpo(b-y)
= C1 sm loa . h ( b )

SIn Po - a

ePo(b-y)
::= C1 sin loa ePo(b-a)

=C1sin(loa)e-Po(y-a) a s y e b (3.127b)

This is a field that decays exponentially away from the air-dielectric surface
and does not depend on b as long as poe = Po(b - a) is large. This field is
guided by the dielectric sheet on the ground plane (lower conductor) even if
the upper plate is removed to infinity. This type of mode is called a
surface-wave mode because its field is confined close to the guiding surface.
The axial electric field for this surface-wave mode is illustrated in Fig. 3.15.

The first root for 10 in the eigenvalue equation (3.126) occurs for
loa < 1T/2 or 10 < 1T/2a. Thus, as ko approaches infinity, 10 remains
bounded but Po will become large because p~ = (e, - l)k~ - zg. Conse
quently, for large enough ko we will have 19 « k 2 and then f3 ::= k. As we
go from zero frequency to very high frequencies, the propagation constant
varies from a low value of F;ko given by (3.121) to an asymptotic value of
..(i;ko. We see that {3 is not a linear function of co or k o and for this reason
is said to exhibit dispersion. The term dispersion arises from a considera
tion of signal propagation. In our discussion of waveguides later on in this
chapter, we will show that a signal consisting of a band of frequencies will
have its frequency components dispersed whenever f3 is not a linear func
tion of w. This is caused by the phase velocity vp, given by the relation
f3 = w/vp and thus vp = w/f3 = 1/ V€eJLo€o, being a function of ta. The
ratio {32/k~ gives the effective dielectric constant at any frequency. In Fig.
3.16 we show a plot of €e versus frequency for the case when e; = 10,
a = 0.4 em, and b = 1 em. This curve is derived by solving the pair of
equations (3.120). Microstrip transmission lines exhibit similar dispersion
characteristics.

FIGURE 3.15
Axial electric field for surface-wave mode.a-----~--------... y
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FIGURE 3.16
Effective dielectric constant as a
function of frequency for E r = 10,
a =0.4 em, and b = 1 em.

A second surface-wave mode solution can be found from (3.120a) with
loa in the range tr < loa < 3Tr/2 provided ...;e:=1ko is larger than Tr so
that (3.120b) can also be satisfied. For large koa many surface-wave modes
can propagate. In addition to the surface-wave modes, there are also an
infinite number of solutions to (3.118) for real values of p. The higher-order
solutions have values of p on the order of n tt/b in value, where n is an
integer. Provided 1T'/b is greater than ko, these values of p will give
imaginary values of {3 and hence nonpropagating modes. The cutoff occurs
when p = ko giving {3 = o. Thus at cutoff

I tan la = -Erk O tan koc = F;k o tan F;koa

since I = k for {3 = o. This equation reduces to

which can be solved for the values of k 0 at which the various modes cease to
propagate.

We will not consider the partially filled parallel-plate waveguide any
further even though a good deal more could be said about its mode spec
trum. The purpose of our discussion is to highlight those features that will
be displayed by microstrip transmission lines, which is the next topic
taken up.

3.11 PLANAR TRANSMISSION LINES

A planar transmission line is a transmission line with conducting metal
strips that lie entirely in parallel planes. The most common structure is one
or more parallel metal strips placed on a dielectric substrate material
adjacent to a conducting ground plane. A planar transmission line that is
widely used is the microstrip line shown in Fig. 3.17. It consists of a single
conducting strip of width W placed on a dielectric substrate of thickness H
and located on a ground plane. By image theory this transmission line is
equivalent to a line consisting of two parallel conducting strips placed
opposite each other on a dielectric sheet of thickness 2H as also shown in
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Ground plane

(a)

y

(b)

x
FIGURE 3.17
(a) The microstrip transmission line;
(b) equivalent parallel strip line ob
tained by using image theory.

Fig. 3.17. Typical dimensions for a microstrip line are substrate thickness of
0.25 to 1 mm and strip widths of 0.1 to 5 mm.

The microstrip transmission line can be fabricated using conventional
printed-circuit-board techniques which result in good mechanical tolerances
and a low cost.

In addition to the microstrip line, there are many other planar-trans
mission-line structures that are used for various purposes. A number of
these other transmission-line configurations are shown in Figs. 3.18 to 3.20.
The coupled microstrip line shown in Fig. 3.18a is used in directional
couplers. The coupled microstrip line supports two modes of propagation.
The even mode of propagation has the same voltage and current on the two
strips, while the odd mode of propagation has opposite voltages and currents
on the two strips.

The coplanar transmission line shown in Fig. 3.18b consists of a single
strip mounted between two ground planes on the same side of the dielectric
substrate. The coplanar line has an advantage over the microstrip line in
that shunt connection of components to the ground plane can be made on
the same side of the substrate. In addition, it allows the series connection of
components to be made with equal facility to that for microstrip lines. The
coplanar strip line shown in Fig. 3.18c is similar to the coplanar line in that
all conducting strips are in the same plane (coplanar). It is less desirable
than the coplanar line because it is not balanced relative to a ground plane
and thus wave propagation on this line is more strongly influenced by
nearby conductors such as a shielding enclosure. In practice, a shielding



TRANSMISSION LINES AND WAVEGUIDES 127

(a)

(b)

(c)

FIGURE 3.18
(a) Coupled microstrip lines; (b) copla
nar transmission line; (c) coplanar
strip transmission line.

FIGURE 3.19
Suspended and inverted suspended mi
crostrip line.

(a)

(c)

FIGURE 3.20
(a) Slot line; (b) shielded slot line or fin
line; (c) strip line.
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enclosure for a microwave circuit is needed to reduce spurious radiation
from the circuit, eliminate electromagnetic coupling with nearby circuits,
and for environmental protection.

In Fig. 3.19 are illustrated the suspended and inverted suspended
microstrip lines which are quite similar to the conventional microstrip line
but involve less dielectric substrate material. Figure 3.20a shows a slot line.
The open slot line is not as widely used as the microstrip and coplanar lines
are. The shielded slot line, which is typically a slot line placed inside a
rectangular waveguide as shown in Fig. 3.20b, is called a fin line and has
found to be useful for many circuit applications. Only shunt-connected
components can be used with a slot line.

The final transmission-line structure illustrated here is the strip line
shown in Fig. 3.20c. This line consists of a strip placed between two parallel
plates that function as ground planes. The strip may be rigid enough to be
suspended in air or it may be sandwiched between two dielectric sheets as
shown in the figure. The strip line was often used in microwave filters and
couplers before the other forms of planar transmission lines became popu
lar. The strip line is somewhat more difficult to fabricate but has certain
advantages for special applications to filters and couplers. Many directional
coupler, power divider, and filter designs using strip lines were developed in
the period from 1955 to 1975. An excellent reference source for design data
for strip-line circuits is the book by Howe listed in the references at the end
of this chapter.

The methods used to fabricate planar-transmission-line structures and
related circuit elements are compatible with integrated circuit fabrication
and have allowed the development of microwave integrated circuits (MIC
circuits). In integrated microwave circuits the active devices and all
interconnecting transmission lines, impedance-matching elements, needed
capacitors and resistors, etc., are fabricated on the .same chip. In these
applications the microstrip and coplanar transmission lines are the ones
most easily adapted for on-chip fabrication. In MIC circuits the substrate
thickness and line widths are generally much smaller than in hybrid
circuits. The term hybrid is used to describe integrated microwave circuits
where the discrete components such as transistors, capacitors, and resistors
are soldered in place.

The dielectric substrate material used in a planar transmission line
must have low loss, i.e., a small loss tangent. A large dielectric constant
results in a shorter propagation wavelength and hence a more compact
circuit. The substrate material should have good mechanical strength, be
easy to machine, and have good thermal conduction. When active devices
are mounted into a planar-transmission-line circuit, the heat generated by
the active device is in part conducted away to the ground plane through the
substrate material. It is difficult to use metal heat sinks in a microwave
circuit because these large metal structures would interact with the electro-
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magnetic field in an undesirable, and often unpredictable, manner. Conse
quently, in power amplifier circuits substrate materials with good thermal
conductivity are required. Dielectric materials used in low-frequency circuit
boards are generally too lossy to be used for microwave transmission lines.
The dielectric constant and thickness must be maintained to a high level of
uniformity in the manufacturing of substrates because otherwise the fabri
cated transmission lines will not perform according to the specified design
since the propagation phase constant and characteristic impedance both
depend on these parameters. Uniform thickness and dielectric constant is
particularly important in the design of filters and impedance-matching
elements whose dimensions are critical. Once a printed microwave structure
such as a filter has been constructed, it is not very easy to add external
tuning elements to bring the constructed filter performance into specifica
tions.

A commonly used substrate material is polytetrafluoroethylene
(PTFE)t which has a dielectric constant of 2.1 and a loss tangent of 0.0002
at 1 MHz and around 0.0005 at microwave frequencies. This material has
excellent resistance to chemicals used in the photoetching process. In order
to increase the mechanical strength, it can be loaded with woven fiberglass
mat or glass microparticles. This increases the dielectric constant to the
range 2.2 to 3. The use of glass fiber results in some anisotropy in the
dielectric constant. In the manufacturing process the glass fibers are gener
ally aligned parallel with the substrate so the dielectric constant along the
substrate is typically 5 to 10 percent larger than that normal to the
substrate. By using ceramic powders as fillers, notably titanium oxide, much
larger dielectric constants can be obtained. Typical values are in the range 5
to 15.

Ceramic materials such as aluminum oxide (alumina) and boron ni
tride, as well as the glasslike material sapphire, are also used for substrates.
These materials are very difficult to machine. Alumina is perhaps the most
commonly used material. It has excellent thermal conductivity. For inte
grated microwave circuits the usual semiconductor materials germanium,
silicon, and gallium arsenide are used. These substrate materials have a
high dielectric constant and may exhibit some conductivity depending on
the doping level.

In Table 3.2 we have summarized the important properties of a
number of substrate materials. In this table E r is the dielectric constant
along the substrate and Ey is the dielectric constant normal to the substrate.t

tThis material is commonly known as Teflon, which is a registered trade name of Du Pont.

:(:In order to keep the notation as simple as possible, we use € y instead of € ry for the relative
permittivity (dielectric constant) in the y direction.
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TABLE 3.2
Properties of substrate materials

Thermal
Material Er Ey Loss tangent conductivity Machinability

PTFE/woven glass 2.84 2.45 0.001-0.002 Fair Good
PTFE/microfiberglass 2.26 2.2 0.0005-0.001 Fair Good
*CuFlon 2.1 2.1 0.0004 Fair Good
*RT/Duroid 5880 2.26 2.2 0.001 Fair Good
*RT/Duroid 6006 6.36 6 Medium Good
*Epsilam 10 18 10.3 Medium Good
Boron nitride 5.12 3.4 Good Poor
Silicon 11.7-12.9 11.7-12.9 0.001-0.003 Medium Poor
Germanium 16 16 Medium Poor
Gallium arsenide 12.9 12.9 0.0005-0.001 Medium Poor
Alumina 9.6-10.1 9.6-10.1 0.0005-0.002 Good Poor
Sapphire 9.4 11.6 0.0002 Good Poor
Beryllium oxide 6.7 6.7 0.001-0.002 Good Poor

*CuFlon is a registered trademark of Polyflon Company. It is a Teflon material electroplated with copper.
RT /Duroid is a registered trademark of Rogers Corporation. Rogers Corporation also manufactures
substrates with dielectric constants around 10. Epsilam 10 is a registered trademark of the 3M Company.
It is a ceramic-filled Teflon material.

The data in Table 3.2 have been compiled from a variety of sources. t Since
the dielectric constant and loss tangent are frequency dependent and also
influenced by the material processing, the listed data should be viewed as
representative values at microwave frequencies.

Substrate materials are usually plated with copper in 0.5-, 1-, or 2-oz
weights (amount of copper per square foot). The use of l-oz copper weight
gives a plating thickness of 0.0014 in. Gold plating is sometimes used on top
of the copper to prevent oxidation of the metal. In integrated microwave
circuit construction a metalization thickness of a few microns is typical.
One-half oz copper-clad board has a metalization thickness of 18 J.Lm.

3.12 MICROSTRIP TRANSMISSION LINE

In a microstrip transmission line the dielectric material does not completely
surround the conducting strip and consequently the fundamental mode of
propagation is not a pure TEM mode. At low frequencies, typically below a

tHo Howe, "Stripline Circuit Design," Artech. House Books, Dedham, Mass., 1974.
T. Laverghetta, Microwave Materials: The Choice is Critical, Microwave J., vol. 28, p. 163,

1985.
M. N. Afsar and K. J. Button, Precise Millimeter-Wave Measurements of Complex Refractive

Index, Complex Dielectric Permittivity and Loss Tangent of GaAs, Si, Si02, Al203, BeO,
Macor, and Glass, IEEE Trans., vol. MTT-31, pp. 217-223, 1983.

Some data were also obtained from manufacturers' literature.
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few gigahertz for practical microstrip lines, the mode is a quasi-TEM mode.
In the frequency range up to a gigahertz or somewhat higher, the microstrip
transmission line can be characterized in terms of its distributed capaci
tance and inductance per meter in a manner similar to what was found for
the partially loaded parallel-plate transmission line in the previous section.
Unfortunately, there are no simple closed-form analytic expressions that
can be derived for describing the field distribution or the characteristics of
planar transmission lines. Formal solutions can be derived and evaluated on
a computer and have been used to compile data on the characteristics of
these transmission-line structures. Static field analysis has also been exten
sively used to obtain the low-frequency characteristics. However, even the
static field analysis is quite complex.

The analysis of planar transmission lines can be based directly on a
solution for the electric and magnetic fields in the structure. An alternative
approach is to first solve for the scalar and vector potential functions and
from these find the corresponding electromagnetic field. In actual fact the
propagation constant and characteristic impedance can be found from the
potentials without a detailed consideration of the fields. The advantage of
using the scalar and vector potentials in the analysis is that this approach
provides a direct link to the quasistatic solutions in terms of more familiar
low-frequency concepts.

In this section we will develop the essential equations to be satisfied by
the scalar and vector potentials for a microstrip transmission line. From
these equations we then obtain simplified ones that will describe the
quasi-TEM mode of propagation at low frequencies. The term low frequency
is a relative one. It is the ratio of line dimensions to wavelength that
determines whether a microstrip line can be adequately described in terms
of the quasi-TEM mode of propagation. In MIC circuits with line widths as
small as 100 JLm, the low-frequency region can extend as high as 20 to 30
GHz. Even though space does not permit a full development of analytic
methods suitable for solving planar-transmission-line problems, some in
sight into the properties of these structures is obtained from the basic
formulation of the relevant equations.

After we have presented the theoretical foundations, typical dispersion
curves and graphical results for characteristic impedances are given for a
number of important substrate materials and a range of microstrip conduc
tor widths.

The vector and scalar potential functions are solutions of Helmholtz
equations as described in Sec. 2.10 when the sources are located in vacuum
(air). For the microstrip line shown in Fig. 3.17, two added complications
enter due to the presence of the dielectric in only part of the region of
interest and the anisotropic nature of some substrate materials. For this
reason we need to derive new equations to be satisfied by the potential
functions. The substrate material will be characterized by a dielectric
constant Ey in the y direction which is normal to the interface and by a
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dielectric constant Erin the x and z directions. The unknown charge and
current densities on the conducting microstrip will be denoted by p and J.
These source densities are concentrated along y since they exist only on the
microstrip which is assumed to have negligible thickness. The source con
centration can be described by introducing the delta function o{y - H) to
localize the sources at y = H. Thus we can write

p(x,y, z) = Ps(x, z)o(y - H)

J(x,y, z) = Js(x, z)o(y - H)

(3.128a)

(3.128b)

where J s and Ps now describe surface densities rather than volume densi
ties.

We will assume that the dielectric constants Ey{Y) and Er{Y) are
functions of y that are constant in the substrate and undergo a rapid
change in value to unity as the interface is crossed into the air region. The
reason for doing this is that the equations we then obtain for the potentials
will automatically give us the boundary conditions needed to properly join
the solutions for the potentials in the substrate region to those in the air
region.

We begin the derivation by letting

B=VxA

From Maxwell's equation

VxE= -jwB= -jwVxA

we get V X (E + j wA) = 0 which has the general solution

E = -jwA - V<P

where <P is a scalar potential function. Up to this point we have followed the
same steps as in Sec. 2.10. Maxwell's curl equation for the magnetic field is

V X H =jwD + J

For an anisotropic dielectric we have

D = EOEr( Exa x + Ezaz) + EOEyEyay

We can replace H by /-Lo! V X A to obtain

V X V X A = VV • A - V2A
= jWJ.LoD + J.LoJ

and express D in terms of the potentials as follows:

D = - EOE r [JW( Axax + Azaz) + ax a<l> + a, a<l> ]ax az
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By adding and subtracting a term to the y component that includes the
factor € r' we can reexpress D in the form

D = -ErEO(jwA + V<I» - EO(Ey - Er)(iwAyay + a y ::)

We wish to eliminate the VV • A term in the equation for A by setting it
equal to the gradient of another function. For this purpose we now express
ErV<I> in the form V(E r<l» - <l>VE r s where VE r has only a y component since Er
is a function of y only. We can set VV • A equal to -jwEo}LoV(€r<l» which
gives the Lorentz condition

(3.129)

The equation for the vector potential now becomes

- V2A = jWJL o[- jWEoErA + EO<I>VEr

-EO(Ey - Er)(iwayAy + a y ::)] + JLoJ

The current J does not have a y component so the x and z components of
this equation are

v2Ax + Er(y)k~Ax = -}LoJx

V2A
z + €r(y)k~Az = -J.LoJz

while the y component becomes

(3.130a)

(3.130b)

V2Ay + Ey(y)k~Ay = -}WJ.LOEO[<I> aEr - (Ey _ Er) a<I>]
ay ay

=iWJ.LOEO[(Ey - Er) :: + <I>(H)(Er - l)l5(y - H)]

(3.131)

where -(E r - 1)5(y - H) expresses the derivative of the step change thai
occurs in Er as y crosses the interface at H, that is, Er(Y) changes from E,

to unity.
The equations for Ax and A z are of the same form as derived in Sec

2.10, but the equation for A y is new. The equation for A y is coupled to thr
scalar potential <I>(H) at the boundary even if we have an isotropic sub
strate. Thus boundary conditions require the presence of an Ay componen
even though there is no y component of current.
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A separate equation for the scalar potential is obtained by using
Gauss'law V · D = p and the Lorentz condition (3.129). Thus we find that

V • D = V· [-ErEO(jWA + V<I» - EO(Ey - Er)(iwayAy + ay ::)]

= -eo[iwv · (ErA) + V • (ErV<I» + iw!.-( Ey - Er)Ayay

a a<l> ]+-(€ -€)-ay y r ay

= -€O[iW(ErV • A + A· VEr) + V • (ErV<I» +-:«-Er)Ayay

a a<ll]+-(e -€)_. =p
ay y r ay

By replacing V · A with -jweolLo€r<l> from the Lorentz condition, we obtain

a a<I>
V· (€rV<I» + -(ey - €r)- + e;k~<I>

ay ay

aer a p
= -jwA - -jw-(€ -€)A --

y ay ay y r y eo

The last step is to simplify this equation using

a aAy ( oey oer)
-(e-e)A=(e-e)-+A ---ay y r y y r oy y ay ay

aer a<l>
and V · e V<I> = e V2 <1> + --r r ay oy

o . 0<1> 0
2

<1> 0<1> ( aey oer )
-(e -e)-={e -€)-+- ----oy y r . oy y r ay 2 ay ay oy

By using these expressions a number of terms cancel and we obtain the final
form

(
02<1> a

2
<1> ) a ( a<l»

€r -2 + -2 + - ey - + e~k~<I>ax az oy oy

p oAy
= - EO + iW(Ey - 1)Ay(H)8(Y - H) - iW(Ey - Er) iJy (3.132)

where we have also used
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This equation also displays a coupling between the scalar potential and
Ay(H) at the interface as well as coupling within the substrate whenever €y
does not equal Er , that is, for anisotropic substrates. In the air region
y > H, both E r and Ey are replaced by unity in (3.130) to (3.132).

After the above lengthy derivation we can now obtain simpler equa
tions to be solved in each separate region along with boundary conditions to
use in joining the solutions at the interface y = H. The source terms p and
J when expressed in the form (3.128) contain the 5(y - H) factor. In order
for the left-hand sides of (3.130) to (3.132) to equal the corresponding
right-hand sides, we must obtain a delta function 5(y - H) from the
derivative of the potentials with respect to y. In (3.130a) and (3.130b) this
requires that aAx/ay and aAz/ay have a step change at the interface so
that the second derivative with respect to y will produce a delta function.
The required step change can be found by integrating both sides of the
equation over a vanishingly small interval centered on y = H. The integral
of terms not involving a derivative with respect to y will vanish since these
terms must be continuous at y = H and the interval length vanishes. For
example, if Ax were not continuous at y = H, the second derivative with
respect to y would generate a singular term corresponding to the derivative
of the delta function and no such term exists on the right-hand side of the
equation. Thus from (3.130a) we obtain

or

In a similar way we obtain

(3.133a)

(3.133b)

The notation H+ and H- means evaluating the derivative on adjacent
sides of the interface at y = H. These two equations state that the tangen
tial components of the magnetic field must be discontinuous across the
current sheet J s since from the equation B = V X A:

In a similar way we obtain the following boundary conditions by iritegrating
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(3.131) and (3.132) about a small interval centered on y = H:

A

I
H +o Y

- =jWJ.tOEO(Er - l)<I>(H)
oy H-

0<1> I 0<1> I Ps
- - Ey - = - - + jW(Ey - I)Ay ( H )
oy H+ oy H- EO

A term such as (Ey - Er)o<l>/oy that occurs in (3.131), and a similar term
occurring in (3.132), does not contribute because

fH+T 0<1> fH 0<1>
lim ( Ey - Er ) - dy = lim ( Ey - Er ) - dy = 0
T--'O H-T oy T--'O H-T oy

since o<l>/oy is continuous in the interval H - T s Y < H and for y > H we
have Ey = e; = 1. The boundary conditions on <I> reflect the fact that the
total y-directed electric field has a contribution from Ay so that the
discontinuity in D; across the charge layer is given by

-EO( a<l> + jWAy)1 +EyEO( a<l> + jWAy)1 = Psoy H+ oy H-

which is (3.133d).
By using the above boundary conditions, we can solve (3.130) to

(3.132) in each respective region away from the interface. Thus we need
only to solve the following homogeneous equations, subject to the specified
boundary conditions, in the substrate region:

(V2 + E k 2)A = 0r 0 x

(V2 + E k2)A = 0r 0 z

(3.134a)

(3.134b)

0<1>
V2Ay+ Eyk~Ay =jWJLoEO(Ey - Er ) ay (3.134c)

02<1> 02<1> E 02<1> oA
- + - + .2. - + E k 2 <1> = -J·W(E - E ) -y (3.134d)
ox2 OZ2 Er oy2 rOy r oy

In the air region the equations to be solved are obtained by setting E r = Ey

= 1. There is no volume coupling between <I> and A y in the air region or in
an isotropic substrate region. Since we are interested in wave solutions
representing waves propagating in the z direction, we can assume that the z
dependence is e-j /3z. The second derivative with respect to z can then be
replaced by _f32. The common factor e-j /3z can be deleted from the equa
tions just as eJ wt was dropped for convenience.

Low-Frequency Solutions

We can obtain the equations to be solved in the zero-frequency limit by
assuming that the potentials and the source terms can be expanded as
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power series in w. Thus we let

A = AO + wA1 + w 2A2 + ... (3.135a)

(3.135b)

(3.135c)

(3.135d)

The parameter k~ = W
2JL o€o is of second order in to, The propagation

constant {3 can be expressed in the form {3 = {E;k o, where €e is a fre
quency-dependent effective dielectric constant. Consequently, (32 is also of
second order in w.

We now substitute these power-series expansions into (3.130) to (3.132)
and equate all zero-order terms to obtain the following lowest-order equa
tions:

(3.136a)

(3.136b)

(3.136c)

(3.136d)

Further information is obtained from the Lorentz condition (3.129) which
gives

(3.137a)

(3.137b)

In the air region e ; and €y are set equal to unity. From the continuitj
equation relating current and charge, namely,

V • J = -jwp

we obtain

aJo
_x =0
ax

-j{3Jz
o = -jwpO

(3.138a

(3.l38b
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In the above equations the e-j /3z factor is not included but any derivative
with respect to z was replaced by - jf3.

Since J xo must be zero at the edges x = ±W12 of the microstrip, we
conclude that J~ is zero because the integral of aJ~lax is at most a
constant. Hence, to lowest order, there is no x-directed current on the
microstrip and A~ is zero. The Lorentz condition then requires that aA~/ay
= 0 and hence A~ = 0 also since a constant A~ is a trivial solution and
would not produce any magnetic field contribution. Thus, to lowest order,
we only have to solve for an A~ and a scalar potential <1>0. If we assume the
microstrip to be at a potential V, then the boundary condition on <1>0 is that
it equals V on the microstrip and equals zero on the ground plane.

We can integrate the continuity equation (3.138b) across the mi
crostrip line to get

f3Izo = wQo (3.139)

where I zo. is the total z-directed current on the microstrip and QO is the
total charge. On the microstrip the axial electric field must be zero. To
lowest order this boundary condition is

a<I>°
E 1 = -J"wAo - - = -J"wAo +J"f3<1>0 = 0

z z az z

or wA~ = f3V (3.140)

Hence A~ is also constant on the microstrip.
We will show shortly that the inductance L per unit length of the

microstrip line is given by the equation

The capacitance per unit length is given by

QO
C=-y

(3.141)

(3.142)

By using these expressions to eliminate QO in (3.139) and A~ in (3.140), we
obtain the pair of equations

from which we find that

f3IzO = wCV

wLlzo = f3V

(3.143a)

(3.143b)

(3.144a)

(3.144b)
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FIGURE 3.21
Surface used to find the magnetic
flux linkage in a microstrip line.

We have thus been able to show in a rigorous way that in the
low-frequency limit the microstrip line can be analyzed as a static field
problem and that its propagation constant and characteristic impedance are
determined by the low-frequency distributed capacitance and inductance.
The analysis leading up to (3.144) is quite general and applies to other
planar transmission lines as well.

At this point we return to the promised derivation of(3.141) giving the
line inductance. With reference to Fig. 3.21 we note that the magnetic flux
l/J linking the microstrip per unit length is given by the integral of B x over
the area extending from the microstrip to infinity. Thus

By using B = V' X A and Stokes' law, we can write

l/J = t t 'V' X A . ax dy dz
o H

where C/ is the boundary of the area. Since A~ is zero and A~ is zero at
infinity and is constant on the microstrip, we obtain l/J = A~ for the flux
linkage. The inductance is given by l/J/lzo and this gives (3.141).

We can also derive equations for the next level of approximation.
However, the solution of these equations is not much easier than the
solution of the original equations; so it is not worthwhile to develop the
power-series solutions beyond the lowest order. Thus the equations to be
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solved are

y<H,y>H

y<H

y>H

(3.145a)

(3.145b)

(3.145c)

Ps

aA~ I
H

+

ay H-

a<l>° I a<l>° I
oy H+ - €y oy n : = --

(3.145d)

(3.145e)

on microstrip

A~ = constant on microstrip

and hence

Along the interface and away from the microstrip, the right-hand sides of
(3.145d) and (3.145e) are zero. In addition, <1>0 and A~ must be zero on the
ground plane in order to make the tangential electric field vanish on this
surface.

The equations for A~ do not depend on the dielectric constants of the
substrate material. Hence the line inductance is the same as for an air-filled
line. But for an air-filled transmission line with distributed capacitance Ca ,

we have

L = JLoEo
Ca

so we can find L by finding the distributed capacitance of an air-filled
microstrip line. By introducing Ca in place of L, the solutions for f3 and Z;
can be expressed in the form

(3.146a)

(3.146b)

where Zco is the characteristic impedance of the air-filled line and the ratio
CICa gives the low-frequency equivalent (effective) dielectric constant Ee•
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The effect of having an anisotropic dielectric substrate does not add
any additional complication. If we introduce a new variable u = (Er/Ey)1 /2y ,
then upon using

~ _!- au _ ~!-

ay au ay VEy au

we find that (3.145b) reduces to

(~ + ~)<I>O = 0 (3.147)
ax 2 au 2

When y = H the corresponding value of u is (Er/Ey)1 / 2H; so the solution of
(3.147) is that for a microstrip with an equivalent substrate thickness He
given by {Er/Ey)1

/ 2H = He' The boundary condition (3.145e) becomes

a<l>° I {!; a<l>° a<l>° I a<l>° I p
- -Ey --.!- - = - - V€rEy - = - -!.-. (3.148)
ay H+ Ey au ay H+ au H; EOH;

which shows that the equivalent dielectric constant of the substrate should
be taken as the geometric mean €g = V€r€y. Thus, by modifying the
substrate thickness and introducing the equivalent dielectric constant, the
solution for the distributed capacitance C for the case of an anisotropic
substrate can be reduced to that for an isotropic substrate. The distributed
capacitance Ca is that for the unsealed microstrip line.

The unit of length does not enter directly into the differential equa
tions for the potentials. Thus x and y can be in units of meters, centime
ters, inches, or any other convenient unit. What this means is that the
distributed capacitance and inductance per unit length is dependent only on
the ratio of strip width to substrate thickness, i.e., on W/H. If we have
found C and L for a given set of values for Wand H on a per-meter basis,
then if we change W to sW and H to sH, where s is a scaling factor, both C
and L on a per-meter basis do not change. Hence the characteristic
impedance, effective dielectric constant, and propagation constant f3 for any
planar transmission line is invariant to a scaling of the cross-sectional
dimensions. However, the attenuation caused by conductor loss does not
scale since the series resistance is inversely proportional to the conductor
widths. The attenuation due to conductor losses will double if the conductor
size is reduced by a factor of 2. The scaling law is clearly illustrated for an
ideal parallel-plate capacitor with a plate dimension of Wl and separation H
and having a capacitance € oWl/ H. Clearly keeping the ratio W / H fixed
keeps the capacitance unchanged.

A variety of methods exist for solving the two-dimensional Laplace
equation (3.147). For planar transmission lines the conformal mapping
method is widely used, generally along with some approximations that are
necessary because of not having a dielectric medium filling all of the space
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y

w
FIGURE 3.22
A microstrip line with perfectly conducting
side walls inserted at x = ±a with a » W.

around the conductors. A number of useful solutions obtained by conformal
mapping methods are described in App. III. We will refer to some of these
solutions as needed.

In order to illustrate the general method of solution, we will develop a
Fourier series solution to (3.145) which will turn out to provide an efficient
method to obtain the parameters of a microstrip transmission line. In order
to use the Fourier series method, we place perfectly conducting (electric)
walls at x = ±a as shown in Fig. 3.22. Provided a is chosen equal to lOW
or 10H, whichever is larger, the sidewalls have a negligible effect on the
field which is concentrated near the microstrip.

We can expand the unknown charge density Ps into a Fourier series of
the form

00 n1TX
Ps(x) = E Pn cos -2-

n=1,3,... a
(3.149a)

(3.149b)

The charge coefficients Pn are given by

1 jW/2 n ttx'
Pn = - Ps( x')cos -- dx'

a -W/2 2a

The charge density is an even function of x because of the symmetry
involved; so only a cosine series is needed. The functions are chosen so that
they vanish at x = ±a, a required boundary condition for the potential; so
only odd integers n are used.

The potential <I>(x, y) can also be expanded into Fourier series; so
we let

00 nTrX

<I>(x,y) = _ E fn(y)cos 2;-
n-l,3, ...

00 n1TX

_E gn(Y)cos 2;- 0 5,Y 5, He (3.150)
n-l,3, ...

where fn(Y) and gn(Y) are to be found. We are using an effective substrate
thickness He' so that an anisotropic substrate can be accommodated. We
have dropped the superscript 0 since it is understood from the context that
we are solving for a static potential field.
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Each Fourier term in the expansion of <I> must be a solution of
Laplace's equation. Hence we require that

( ~ + ~)( fn(Y) lcos n7TX = 0
ax 2 ay 2 gn(Y) 2a

which gives

d
2
fn(Y ) _ 2 i' ( ) = 0
dy 2 ui; In Y

d 2g n(y ) 2

dy 2 - wngn(y) = 0

where w~ = (n7T/2a)2. In the region y ::; He' a suitable solution for gn(Y)
that vanishes on the ground plane is

g n(Y) = C; sinh WnY

where C« is an unknown constant. In the region y ~ H, we need a solution
that will vanish as y approaches infinity; so we choose

fn(Y) = Dne- WnY

where Dn is another unknown constant. At y He, H the two potentia]
functions must match; so we have

C sinh W H = D e- w n H
nne n

The Fourier series expansion of the charge density ps represents this charge
density as sheets of charge Pn cos n7Tx/2a that extend from x = -a to
x = a. By superimposing an infinite number of such charge sheets, we
obtain a charge density Ps that is nonzero only on the microstrip - W/2 ~ x
~ W/2. The boundary condition (3.148) is applied to each Fourier term to
obtain

(
dIn I - Eg dgn I ) = _ Pn
dy H dy He EO

D -w H C h H Pn-Wn ne 11 -EgWn nCOS ui; e=--
EO

We now have two equations which we can solve to find C; and Dn . The
solutions are

C = Pn

n Eown(sinhwnHe + €g cosh wnHe)

P eWn H sinh W HD = nne
n Eown(sinh wnHe + Eg cosh wnHe)

where Eg = V€r€y.
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We now substitute our solutions for t, and gn into (3.150) and use
(3.149b) for Pn • Thus we obtain

(3.151)

where the upper term is for y :::: He and the lower one is for y ~ H. The
factor multiplying Ps(x') under the integral sign represents the Green's
function for this problem. It is designated by the symbolG(x, y; x', y'); so in
abbreviated form we express (3.151) as

<I>(x,y) = fWl2 G(x,y; x', He)ps(x') dx'
-W/2

The last boundary condition to be imposed is the requirement that <I> = V
on the microstrip; thus

w w
-"2 ~ x ~"2 (3.153)

This is an integral equation whose solution would determine the unknown
charge density Ps(x'). Once we know the charge density, we can calculate
the total charge on the microstrip using

Q = fWI2 Ps(x') dx'
-W/2

and find C = QIV.
Integral equations are most often not solvable by analytic means.

However, various numerical schemes exist for obtaining good approximate
solutions. The most popular method is the Method of Moments.t In this
method the first step is to choose a finite number of basis functions and to
expand Ps(x') in terms of these in the form

N

Ps( x') = E QntPn( x')
n=l

w w
-- <x' <-2 - - 2

where Qn are unknown coefficients. The basis functions could be the unit
height pulse functions shown in Fig. 3.23, the cosine functions cos 2n1TxIW,
or any other reasonable set that would give a good approximation to Ps(x').

tR. F. Harrington, "Field Computation by Moment Methods," Krieger Publishing Company,
Inc., Malabar, Fla., 1968.



TRANSMISSION LINES AND WAVEGUIDES 145

FIGURE 3.23
Unit height pulse functions for ex
panding the charge density.

-----. x
w
"2

-----

f/11 t/l2 t/lN

When this substitution is made in (3.153), we obtain

N

V = E QnGn(X)
n=l

w w
-- <x <2 - - 2 (3.154)

where

The next step is to convert (3.154) into a matrix equation for the unknowns
either by making both sides of the equation equal at N points in x along
the microstrip, or by using weighting functions to make N weighted
averages of both sides equal. We can choose the «/!m(x) as weighting func
tions, in which case the method is called Galerkin's method. Other choices
for the weighting functions can also be made. If we use Galerkin's method,
we obtain

m = 1,2, ... ,N (3.155)

where the matrix elements are given by

ff
W/ 2

= G(x, x')«/!n(x)«/!m(x') dxdx'
-W/2

and the components Vm of the source vector are given by

j W/ 2
Vm = Vt/lm(x) dx

-W/2
m = 1,2, ... ,N

The system of linear equations given in (3.155) can be solved for the
unknown charge amplitude coefficients Qn. If N is chosen sufficiently large,
we will obtain a good approximation for the charge density.

If we know a priori how Ps(x') is distributed on the strip, or a close
approximation to it, we could get an excellent approximate solution using
very few basis functions. From conformal mapping solutions we know that
on an isolated infinitely long conducting strip of width Wand with total
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3,.........----------------..

2

FIGURE 3.24
Charge density on an ideal isolated strip of
width W.

charge Q per meter that the charge density is given by

2Q
ps(x) = -----;:::=====-

TrWV1 - x 2/ ( W/ 2)2
(3.156)

This charge distribution is illustrated in Fig. 3.24. At sharp corners and
edges the charge density always exhibits an infinite behavior. However, the
density is never so singular that it cannot be integrated. The reader can
readily verify that if the substitution x = (W/2)sin 0, dx = (W/2)cos 0 dO
is made, then

f W/2Ps(x) dx' = Q f17"/2 do = Q
- W/2 Tr -7T/2

In a microstrip line the charge density is influenced by the dielectric
substrate and the ground plane but surprisingly (3.156) remains a good
approximation. By using a two- or three-term polynomial along with (3.156),
i.e., choosing

(3.157)

an excellent approximate solution for Ps(x) will be obtained.
We do not plan to solve the integral equation (3.153) numerically using

the Method of Moments. It does require considerable numerical computa
tion to evaluate the matrix elements because we only have the Green's
function expressed as an infinite Fourier series. What we are going to do is
to express the integral equation in a form that we can interpret as repre
senting the capacitances between a conducting strip in air above a ground
plane with spacings He' 2He, 3He, etc. We can then make use of the
conformal mapping solution for a pair of strips in air to evaluate the
distributed capacitance C for the microstrip line.
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Let us choose €g = 1 but still retain the strip spacing above the ground
plane as He. By using (3.151) in the integral equation (3.153) for this case,
we obtain (note that sinh wnHe + cosh wnHe = eWnHe)

QjW/ 2 ;, cos WnX cos WnX' 2 H
i: -----(1 - e: W n e)

-W/2 n=1,3,... 4€ow na

Ps(x') dx' = V
Q

(3.158)

where we have set y = He and multiplied and divided by the total charge Q.
The part multiplied by _e-2wnHe represents the effect of the ground plane
which is equivalent to that of the image strip at y = - He and having a
charge density -PS. A solution of (3.158) provides the solution for the
problem of a strip above a ground plane, as well as the solution to the
problem of two parallel strips in air and separated by a distance 2He • The
capacitance per meter for a strip above a ground plane is given by

while that between two strips separated by a distance 2He is

We see that the integral, involving the normalized charge density, repre
sents 1/Ca(He ) .

Consider now the factor

sinh wnHe
sinh wnHe + Eg cosh wnHe

that occurs in the Green's function in (3.151) at y = He. We can express
this term in the form

(
1 - E )(1 + e ) 1 - --g e-2wnHe

g 1 + eg

where 1] = (1 - Eg )/ (1 + Eg ) . The last factor is now expanded into a power
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series to obtain
1 00

---(1 _. e-2wnHe) E 1]m e-2mwnHe

1 + Eg m=O

= _1_ ( ETJm e-2mwnHe - ETJme-2(m+l)WnHe)

1 + Eg m=O m=O

We now add _1Jm to both series which has no net effect because of the
minus sign in front of the second series. This gives

1 [ 00 00 ]-- - E 1Jm(l - e-2mwnHe) + E 1Jm(l - e- 2(m+l)WnHe)

1 + Eg m=O m=O

The m = 0 term is zero ·in the first series so we can change m to m + 1 and
still sum this for m = 0, 1, 2, 3, . .. without changing its value; thus we get

1 [ 00 00 ]--- - E 1]m+l(l - e- 2(m+l)WnHe) + E 1Jm(l - e- 2(m+l)wnHe)

1 + Eg m=O m=O

1 00

- --(11 - 1) E 1Jm(l - e- 2(m+l)wnHe)

1 + Eg m=O

2E 00

--g-2 E 1Jm(l - e- 2(m+l)wnHe ) (3.159)
(1 + Eg) m::;:O

Upon using this expansion in the Green's function, the integral equa
tion (3.153) can be expressed in the form

E 4€g 2 TJmQ jW/2 E cos WnX COS WnX'

m=O (1 + €g) -W/2 n=1,3,... 4EOwn a

(1 - e-2(m+l)wnHe) Ps(X') dx' = V (3.160)
Q

We note that the m th term considered by itself is an integral equation of
the same form as that in (3.158) apart from the multiplying factor
4Eg1]m / ( 1 + Eg)2. This integral equation would provide a solution for the
capacitance of a strip in air spaced a distance (m + 1)He above the ground
plane. If we assumed that the normalized charge density Ps(x')/Q was the
same for any strip, independent of the spacing above the ground plane, each
integral would produce a constant voltage Vm but different from V. With
increased strip spacing and constant total charge on each strip, the integral
has to give a larger voltage since Q = Ca[(m + l)He]Vm and Ca[(m + 1)He ],

the capacitance between the strip and the ground plane, decreases with
increasing m. The approximation that the charge density is the same
independent of strip-ground-plane spacing is a necessary one to make since
there is only one charge density expression in the integral equation. The
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approximation is a good one and by using it we can express (3.160) in the
form

(3.161)

since by our assumption

QjW / 2 .; cos WnX cos WnX' 2 1 H
1..J -------(1 - e (m+ ) e)

-W/2 n=1,3,... 4€ow na

From (3.161) we now obtain the following solution for the distributed
capacitance C = QIV:

(3.162)
[(1 + Eg)2j4Eg]Ca(He)

M 1

1 + Ca(He) m~l11m Ca[(m + l)Hel

C = -----~:-----------

where M is the number of terms that are kept. Since 1] is negative the
series is an alternating one. Typically, from 10 to 40 terms are needed for
good accuracy. The evaluation can be done on a computer very quickly and
requires only a simple program to implement. However, we do require an
expression for the capacitance between a strip in air as a function of the
spacing above the ground plane, which is given below.

The exact solution for the capacitance between a strip of width 2W and
a distance H above a ground plane is given in App. III, along with tabulated
values as a function of 2WIH. For practical applications it is desirable to
have simple formulas that will enable the capacitance to be evaluated with
an accuracy of 1 percent or better. A number of investigators have proposed
such formulas which are based on approximate analytic solutions, along
with empirical adjustment of various numerical constants so as to achieve
the desired accuracy.t The following formulas give excellent results for the

tHo A. Wheeler, Transmission Line Properties of a Strip on a Dielectric Sheet on a Plane,
IEEE Trans., vol. MTT-25, pp. 631-647, August, 1977.

E. O. Hammerstad, Accurate Models for Microstrip Computer-Aided Design, IEEE MTT-S
Int. Microwave Symp. Dig., pp. 407-409, 1980.

E. O. Hammerstad, Equations for Microstrip Circuit Design, Proc. European Micro. Conf.,
Hamburg, W. Germany, pp. 268-272, September, 1975. Equations (3.163) and (3.166) come
from this publication.

S. Y. Poh, W. C. Chew, and J. A. Kong, Approximate Formulas for Line Capacitance and
Characteristic Impedance of Microstrip Line, IEEE Trans., vol. MTT-29, pp. 135-142, Febru
ary, 1981.
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capacitance per meter of a strip of width W at a height H above a ground
plane and with air dielectric:

c: = (BH W)
In -+-

W 4H

c. = EO[; + 1.393 + O.667In(; + 1.444)]

W
H ~ 1 (3.163a)

W
- > 1 (3.163b)
H

These formulas give results that agree with those tabulated in App. III to
within 1/4 percent.

The effect of finite thickness T for the microstrip on the distributed
capacitance is normally negligible. If necessary the effect of finite thickness
can be included by using an effective width ~, where ~ is given by the
following expressions due to Gunston and Weale:t

(
417"W)

~ = W + O.39BT 1 + In--;p-

= W + O.398T(1+ In 2:)

W 1
-<
H - 217"

W 1
->
H 217"

(3.164)

(3.165)

The above expressions can be used in (3.162) to evaluate the capacitance C
for a microstrip line with an isotropic or anisotropic dielectric substrate.
The effective dielectric constant Ee for a microstrip line is given by

C
E =-

e C
a

where Ca is the capacitance of the unsealed air-filled line. The characteristic
impedance is given by

Z = [L = Ii;~ = VJLoEo ~eVe C Ee c:
Even though computations based on (3.162) are straightforward, there

is an easier way to find Ee• Schneider has presented a remarkably simple
formula for the effective dielectric constant of a microstrip line with an
isotropic substrate.t This formula was modified by Hammerstad to improve

tM. A. R. Gunston and J. R. Weale, Variation of Microstrip Impedance with Strip Thickness,
Electron. Lett., vol. 5, p. 697, 1969.
:J:M. V. Schneider, Microstrip Lines for Microwave Integrated Circuits, Bell System Tech. J.,
vol. 48, pp. 1422-1444, 1969. Schneider's formula has a numerical coefficient of 10 instead of
12 multiplying the H/W term.



TRANSMISSION LINES AND WAVEGUIDES 151

the accuracy.t The modified formula, which we will refer to as the S-H
formula, is

E r +l Er - l( 12H)-1/2 T
E = -- + -- 1 + - + F(E H) - 0.217(E - 1)--

e 2 2 W r s r VWH
(3.166)

where F(€r, H) = O.02(Er - lX1 - WjH)2 for W/H < 1 and equals zero
for W/H > 1. The last term accounts for the reduction in Ee caused by the
finite thickness of the microstrip. We have checked the accuracy of this
formula against the results obtained by solving the integral equation and
found the agreement to be better than 1 percent for 0.25 s WjH s 6 and
1 < E.r ~ 16. We can also adapt the S-H formula to treat the case of an
anisotropic substrate as follows: For an anisotropic substrate we replace the
spacing parameter H by the effective spacing He given by

n,» ~H
VEy

and use the geometric mean Eg = VErEy for the dielectric constant Er • The
S-H formula gives the capacitance of a microstrip line with spacing He and
dielectric constant E.g relative to an air-filled line with the same spacing He;
thus

C(€g, He) E.g + 1 €g - 1 ( He )-1/2
Ca(H

e)
= -2- + -2- 1 + 12 W + F(€g, He)

The effective dielectric constant is, however, given by the ratio of C(Eg , He)
to the capacitance of the air-filled unsealed line according to (3.164). Hence,
for the case of an anisotropic substrate, we have

The capacitances for the air-filled lines are readily computed using (3.163).
For comparison purposes, typical results obtained for Ee using (3.162),

formulas (3.166) or (3.167), and those obtained by solving the integral
equation are given in Table 3.3. Also listed are the number of terms needed
in the formula (3.162) to give a numerical convergence of 0.3 percent.
Overall, all three methods give values for Ee that are in close agreement.
Equation (3.162) gives values that are on the high side for wide strips and
substrates with large dielectric constants. This is caused by the variation in
charge density with strip spacing above the ground plane, which is more

tEo O. Hammerstad, loco cit. (1975 paper).
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TABLE 3.3
Comparison of values for effective dielectric constant using
different formulas

Integral Integral
equation Eq. (3.162) Eq. (3.166) equation Eq. (3.162) Eq. (3.166)

W/H E r = 2 E r = 5.12, Ey = 3.4t

0.25 1.588 1.589 (7)+ 1.583 2.671 2.675 (15) 2.69
0.5 1.61 1.612 (7) 1.605 2.694 2.698 (15) 2.721
1 1.645 1.649 (7) 1.639 2.731 2.734 (15) 2.731
2 1.696 1.699 (7) 1.689 2.797 2.802 (16) 2.794
4 1.762 1.761 (8) 1.75 2.906 2.929 (16) 2.890
6 1.801 1.799 (8) 1.789 2.979 2.944 (16) 2.963

E r = 6 E r = 10

0.25 3.896 3.896 (22) 3.913 6.195 6.192 (36) 6.244
0.5 4.003 4.004 (22) 4.025 6.387 6.40 (37) 6.445
1 4.173 4.169 (22) 4.193 6.69 6.70 (37) 6.748
2 4.428 4.447 (23) 4.444 7.15 7.16 (38) 7.201
4 4.763 4.837 (23) 4.75 7.757 7.946 (39) 7.750
6 4.966 5.012 (23) 4.943 8.127 8.303 (40) 8.098

tBoron nitride.
tThe numbers in parentheses are the number of terms used in the numerical solution.

pronounced for wide strips. From the tabulated results it can be inferred
that the modified Schneider's formula will be acceptable for most applica
tions since even the dielectric constant of the substrate is often not known
to an accuracy much better than 1 percent. The following two examples will
illustrate the application of the above formulas to microstrip lines.

Example 3.4. A microstrip line uses a substrate with dielectric constant
E r = 9.7 (alumina) and thickness 0.5 mm. The strip width is also 0.5 mm. We
wish to find the effective dielectric constant, the characteristic impedance, and
the microstrip wavelength at a frequency of 2 GHz.

Since the substrate is isotropic, we use (3.166) to find Ee • Thus since
W/H= 1,

E = 10.7 + 8.7 (1 + 12)-1/2 = 6.556
e 2 2

In order to evaluate Zc using (3.165), we first find Ca using (3.163). Thus

Ca 271'

I (
1) = 2.978

EO n 8 + 4:

From (3.165) we get

Zo
Z=--~

c 2.978{i;

12071'
2.978v'6.556 = 49.44 n



(3.168a)
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At 2 GHz the propagation constant is (3 = [i;21T/Ao = 1.0725 radycm. Hence

A = 21T/{3 = 5.858 em. The wavelength can also be found using A = Ao/ [i;.

Example 3.5. A microstrip line uses a sapphire substrate 1 mm thick and
having e; = 9.4, Ey = 11.6. We want to find the effective dielectric constant
and characteristic impedance for the case when the strip is 0.5 mm wide.

Since this substrate is anisotropic, we first find Eg = VErEy = 10.44 and

He = VEr/EyH = 0.9 mm. We now use (3.167) to find Ee. By using (3.163a) we
get the ratio

Ca(He) 2.347
-- = -- = 1.0385
Ca(H) 2.26

From (3.167)

[
11.44 9.44 ( 0.9) -1/2 1

E e = 1.0385 -2- + -2- 1 + 12 0.5 + 0.02 X 9.44 X i

= 7.02

From (3.163a) we get Ca(H) = 2.26Eo and using (3.165) gives

1201T
Zc = r;::;nn = 62.96 n

2.26v7.02

Microstrip Attenuation

Dielectric losses and conductor losses will introduce attenuation. The atten
uation caused by the finite conductivity of the conductors is accounted for
by the series resistance R, while attenuation caused by dielectric loss is
modeled by the shunt conductance G in the distributed circuit model of the
microstrip line. The separate attenuation constants are given by

R
a c = 2Z

c

(3.168b)

and the total attenuation is given by

a=ac+ad (3.168c)

The attenuation in decibels per unit length is obtained by multiplying a by
8.686.

We will first examine the attenuation caused by dielectric loss. The
dielectric loss arises when the permittivity e is complex, that is, e = e' - jeff.
The loss tangent
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is the usual given parameter for a dielectric material. Maxwell's equation

V X H =jwEE + uE =jwE'E + (WE" + u)E

shows that WE" can be viewed as the effective conductivity of a lossy
dielectric when the ohmic conductivity o is zero. Normally we can assume
that a = 0 except for a semiconductor substrate, in which case o will
depend on the doping level.

The electric energy stored in the substrate region of the microstrip line
is given by

E'
W = - { E· E*dV

el 4 JT
VI

where VI is the volume of the substrate region per unit length of line. The
power loss due to dielectric loss is given by

WE"
r, = - 1. E · E* dV

2 VI

Thus we .see that
Pz 2WE"
-=--
~I E'

If the dielectric filled all of the space around the microstrip, we could equate
~I to CV 2/ 4 and Pi to GV2/2 and thereby obtain

WE"
G=-C

E'

However, for a partially filled line some of the electric energy is located in
the air region that occupies a volume we will call V2 • Consequently, we have

E' E CV 2

W + W = - { E · E* dV + ~ { E · E* dV = --
el e2 4 JT 4 JT 4Vl V2

If we had an air-filled line, we could write

EO 1. EO 1. CaV
2

W + W = - E· E* dV + - E· E* dV = --
el e2 4 4 4

VI V2

with the understanding that the electric field in the two cases will not be the
same. There is no simple exact way to determine how the electric energy is
split between the two regions. There is, however, an approximate method to
find the division of the total energy between the two regions and this is
based on the assumption that the volume integrals of E · E* in the two
cases are approximately the same. By making this assumption we can write

«t, + Eo12 = CV 2

Eol l + Eo12 = CaV
2



(3.169)
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where II and 12 represent the values of the integrals over VI and V2,

respectively. The above two equations can be solved for II and 12 to give

C - Ca 2 E~Ca - C 2
II =, V 12 =, V

E - EO E - EO

where E~ = E'/EO' The fraction of the total energy in the dielectric region is

E~Il E~(C - Ca ) E~ E e - 1 E~
= =---=q-

E~Il+I2 (E~-l)C EeE~-l E e

where we have used C = EeCa. The parameter q is called the filling factor. If
q was found independently, then we could solve for Ee to get Ee = E~q +
(1 - q). The parameter q is the ratio of the integral of E · E* over the
volume VI to the integral over the total volume VI + V2, that is, q =
II/(II + 12 ) and clearly represents a filling factor.

With the above assumption regarding no change in the volume inte
grals for the two cases, we see that G, as given earlier, should be reduced by
the same fraction by which the total electric energy was split since there is
essentially no loss in the air region. Hence an estimate for G is

(3.170)

(3.171)

By using Zc = F;JJ-LoEo /C we obtain

GZc tt E~ Ee - 1
ad = -- = ----,--tan512 Ao F; e; - 1

for the attenuation constant due to dielectric loss. In the derivation we used
WVJ..Lo€o = ko = 27T/A o· As an example if E~ = 9.7, €e = 6.55, and tan 51 =

2 X 10- 4 we get ad = 1.52 X 10- 3 Npywavelength. In decibel units this
equals 0.013 dB/wavelength, which is a relatively small value. The attenua
tion caused by conductor losses will be significantly larger. Equation (3.171)
is valid for isotropic substrates only.

We now turn our attention to evaluating the attenuation caused by
finite conductivity of the microstrip and the ground plane. The continuity
equation (3.138b) shows that the current density J, along the conductors
varies the same way as the charge density. Thus on a conducting strip of
width W the current density will be similar to the charge density given by
(3.156). At the edge of an infinitely thin strip, the current density will
increase inversely proportional to the square root of the distance from the
edge and becomes infinite at the edge. However, the density can be inte
grated to give a finite value for the total current. But since power-loss
calculations require integrating the square of the current density, we would
find that for the current density on an infinitely thin strip we would obtain
infinite power loss. In practice, the conductors have a finite thickness and
the current density is less singular at the edge and the power loss is finite.
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(3.172)

Consequently, it is necessary to take into account the finite thickness of the
conductors. In addition, it is necessary to determine how the total current
divides between the two faces of the microstrip since the presence of a
ground plane results in an unequal division of the current for strip widths
greater than one-half of the spacing above the groundplane,

The current distribution, current division, and power loss can be
evaluated using conformal mapping techniques. In order to obtain useful
formulas, some approximations are necessary. The analysis for a microstrip
line is carried out in App. III and the results obtained are repeated here
(note that in App. III the strip width is 2w and the thickness is 2t, whereas
here we use W for the width and T for the thickness). The normalized
series distributed resistance for the microstrip is R 1 where

R1W ( 1 1 47TW)-- =LR - + -In--
R m 7T 7T

2 T

The loss ratio LR is given by

LR = 1

W (W)2LR = 0.94 + 0.132 H - 0.0062 H

W
H ~ 0.5

W
0.5 < H s 10

(3.173)

(3.174)
W

0.1 ~ H ~ 10

The loss ratio gives the increase in resistance that results from an unequal
division of the current. The normalized series resistance R 2 of the ground
plane is given by

R 2 WIH
W- = ----------

R m WjH + 5.8 + 0.03HjW

This formula states that the effective width of the ground plane is W ~ 5.8H
and having uniform current density. The skin-effect resistance R m is given
by R m = (wJ.Llu)1/2. For copper with a conductivity of 5.8 X 107 81m, we
have R m = 8.22 X 10- 3{l fl where f is in gigahertz. The total series
resistance is R 1 + R 2 and thus upon using (3.34b) we get

R 1 + R 2
U

C
= (3.175)

2Zc

for the attenuation caused by conductor losses. For the quasi-TEM mode
the magnetic field, and hence the conductor losses, do not depend on the
substrate material.

The equations presented above predict somewhat higher theoretical
attenuation than that obtained from a formula developed by Pucel, Masse,
and Hartwig using Wheeler's incremental inductance rule.t Our formulas

tR. A. Pucel, D. J. Masse, and C. P. Hartwig, Losses in Microstrip, IEEE Trans., vol. MTT-16,
pp. 342-350, June, 1966.
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appear to be in better agreement with experimental results. For practical
microstrip lines surface roughness can increase the attenuation by as much
as 50 percent or more depending on the scale of surface roughness relative
to the skin depth. The etching process does not produce a perfectly flat end
face at the sides of the strip. Some undercutting of the edge occurs along
with some roughness, which will also result in an increase of the attenua
tion above the theoretical values.

Example 3.6. We wish to find the attenuation for a microstrip line using a
copper strip of width 0.5 mm, a spacing of 0.5 mm above the ground plane, an
alumina substrate with e; = 9.7, and a loss tangent of 2 X 10- 4

• The strip
thickness T is 0.02 mm. The frequency of operation is 4 GHz.

The effective dielectric constant and characteristic impedance were found
in Example 3.4 and are E e = 6.556, Z; = 49.44 fi. The wavelength of operation
is 7.5 em. The attenuation caused by dielectric loss was calculated after (3.171)
was presented and is 1.52 X 10- 3 Npywavelength or 2.02 X 10- 4 Npycm,

For this mierostrip line W/H = 1 and W/T = 25. From (3.173) we find
that the loss ratio is 1.0658 and (3.172) gives

1.0658 X 8.22 X 10- 3 /4 ( 1 1 )
R = - + - In 1007T

1 0.05 7T 7T 2

= 3.157 X 10- 1 fi/cm

By using (3.174) we obtain

8.22 X 10-
3 /4 [ 1 ]

R 2 = = 4.81 X 10- 2 fi/cm
0.05 1 + 5.8 + 0.03

For this ease the loss in the microstrip is a factor of 6.5 greater than that in
the ground plane. The reason for this is the high current density near the
edges in the microstrip as compared with a more uniform current distribution
over a wider area on the ground plane. By using (3.175) we find that the
attenuation due to conductor loss is

a =c

3.157 X 10- 1 + 4.81 X 10- 2

2 X 49.44 = 3.68 X 10-
3

Npycm

This attenuation is 18.4 times greater than that caused by dielectric loss. The
total attenuation is

a = a c + ad = 3.88 X 10- 3 Npy'cm

which equals 0.0337 dB/em. Surface roughness could result in a real
attenuation 15 to 25 percent higher than this at 4 GHz. In this example we
neglected the correction to Ee and Zc due to the finite thickness T since it is
small.
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High-Frequency Properties of Microstrip Lines

The equations describing the quasi-TEM mode can be used with acceptable
accuracy for frequencies up to 2 to 4 GHz for a substrate thickness of 1 mm.
For a substrate 0.5 mm thick, the upper frequency limit would be 4 to 8
GHz. When these limits are exceeded, it is necessary to take into account
the frequency dispersion of the effective dielectric constant and the change
in characteristic impedance with frequency. At the higher frequencies the
electric field becomes more confined to the region between the microstrip
and ground plane. The greater concentration of the field in this region
results in an increase in the effective dielectric constant as well as increased
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FIGURE 3.26
(a) Effective dielectric constant for an RT/Duroid 6006 substrate having E r = 6.36, Ey = 6;
(b) characteristic impedance.

attenuation because of a greater concentration of the electric field in the
substrate which has some loss. The conductor loss also increases because
the skin-effect resistance R m increases and more of the current flows on the
inner face of the microstrip.

In order to determine the effective dielectric constant at high frequen
cies, it is necessary to carry out a full wave analysis, i.e., the complete set of
equations given earlier for the potentials must be solved. In Figs. 3.25 to
3.28 we show the dispersive properties for four common substrate materi
als, a PTFEjmicrofiber glass substrate with Er = 2.26, Ey = 2.2, RT jDuroid
6006 with E r = 6.36, Ey = 6, alumina with E r = 9.7, and gallium arsenide
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FIGURE 3.27
(a) Effective dielectric constant for an alumina substrate with e; = 9.7; (b) characteristic
impedance.

with €r = 12.9. An examination of these figures shows that dispersion
effects are more pronounced for wider strips and large dielectric constants.

Along with each figure giving the effective dielectric constant as a
function of normalized frequency is a figure showing the characteristic
impedance as a function of normalized frequency. The normalized frequency
is the actual frequency in gigahertz multiplied by the substrate thickness in
millimeters. Thus, for substrates 0.5 mm thick, the frequency range covered
is 0 to 48 GHz.

When the propagating mode is not a TEM or quasi-TEM mode, there
is no unique value for the characteristic impedance because it is not possible
to define a unique value for the voltage as given by the line integral of the
electric field between the ground plane and the microstrip. The characteris-
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FIGURE 3.28
(a) Effective dielectric constant for gallium-arsenide substrate with E r = 12.9; (b) characteris
tic impedance.

tic impedances given in Figs. 3.25 to 3.28 are based on using the following
definition for the equivalent voltage:

v = - tHEy dy = tH(jWAy+ ::) dy

where the path of integration is along a straight line from the ground plane
to the center of the microstrip. The current I is chosen as the total
z-directed current on the microstrip and Z; was calculated from the ratio
V/1. In general, the power flow along the microstrip transmission line will
not equal!VI. The characteristic impedance can be defined in terms of the
power flow P by choosing either the current I or voltage V according to the



(3.176)
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above definitions and using

12Z
p= __c

2

y2
= --

2Zc

to find Zc. These two equations will give different values for the characteris
tic impedance with neither one being equal to YII.

The lack of a unique value for the characteristic impedance is not a
great disadvantage since microstrip junctions and discontinuities can be
described by equivalent circuits using any convenient definition for the
characteristic impedance. In Chap. 4 we will find that an equivalent trans
mission-line circuit theory can be formulated for any waveguiding system
and does not require that there be a unique characteristic impedance
associated with the propagating modes.

For computer-aided design (CAD) of microstrip circuits, it is important
to have simple formulas that can be used to find the effective dielectric
constant. Many different formulas have been proposed. The most accurate
one that covers the full range of parameter values likely to be encountered
was developed empirically by Kobayshi and is given below:t

Er - Ee(O)
Ee(f) =Er - 1 + (f/fa)m

where

fa = 0.75 + (0.75 - 0.332E;1.73)W/H

47.746 Ee(O) - 1
fb = tan- 1

E r
H~Er _. Ee(O) e; - Ee(O)

m =c

m = momc s 2.32

m« = 1 + ~ + 0.32(1 + ";W/Hr
3

1 -t. WIH

1.4
1 + 1 + W/H(0.15 - 0.235e-O.45f/fa)

1

W
H ~ 0.7

W
H > 0.7

tM. Kobayashi, A Dispersion Formula Satisfying Recent Requirements in Microstrip CAD,
IEEE Trans., vol. MTT-36, pp. 1246-1250, August, 1988.
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In these formulas H is in millimeters, the frequency f is in gigahertz, and
whenever the product mom c is greater than 2.32 the parameter m is
chosen equal to 2.32. The effective dielectric constant at the frequency f is
Ee( f) and Ee(O) is the quasistatic value which can be found using (3.166). It
requires only a simple computer program to evaluate Ee( f) using Kobayshi's
formula. The accuracy is estimated to be within 0.6 percent for 0.1 ~ WjH
~ 10, 1 ~ e; ~ 128 and for any value of HjAo.t

In microstrip circuit design where junctions of microstrip lines with
different widths are involved, it is necessary to characterize the junction in
terms of an equivalent circuit. The parameters of this equivalent circuit will
depend on frequency. The equivalent characteristic impedances that are
assigned to the microstrip lines are arbitrary and often are simply chosen to
have normalized values of unity. Any impedance level change that occurs at
the junction is incorporated as part of the equivalent circuit of the junction.
For these reasons we will not quote any of the formulas that have been
proposed for evaluating characteristic impedance as a function of frequency
because they are of limited use in practice.

Simple formulas giving the attenuation of microstrip lines at high frequen
cies do not exist. Equation (3.171) can be expected to give a good estimate
for the attenuation due to dielectric loss provided Ee is replaced by the
effective dielectric constant that applies at the frequency of interest.

A realistic evaluation of the attenuation caused by the finite conductiv
ity of the conductors requires evaluation of the current density on the
microstrip and the ground plane at the frequency of interest. In general, the
current tends to be more uniform across the microstrip at high frequencies,
particularly for wide strips. In Fig. 3.29 we show several computed current
distributions at frequencies of 10 and 20 GHz for an alumina substrate 1
mm thick. The quasistatic current distribution is also shown. The current
density has been normalized so that the total current on the microstrip
equals W. In view of the tendency for the current density to become nearly
uniform at high frequencies for wide strips, the attenuation constant can be
estimated with fair accuracy by assuming uniform current density over a
width W on both the microstrip and the ground plane. In this limit the
attenuation caused by the conductor loss for wide strips that are not too
thin is given by

(3.177)

tThe author has verified the accuracy of Kobayshi's formula by comparison with calculated
numerical results for 0.25 s W/H ~ 6 and 2 s E r s 12.
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FIGURE 3.29
Current distribution on the microstrip for an alumina substrate with H = 1 mm and two
different widths. The broken curves give the quasistatic distribution. (a) W = 2 mm, f = 10
GHz; (b) W = 2 mm, f= 20 GHz; (c) W = 6 mm, f= 10 GHz; (d) W = 6 mm, f= 20 GHz.

For narrow strips and high frequencies, no simple formulas for attenu
ation appear to be available. For narrow strips, say W/H < 1, the qua
sistatic formula (3.175) is probably a reasonably good estimate since the
current density does not depart significantly from the quasistatic distribu
tion for narrow strips.

3.13 COUPLED MICROSTRIP LINES

When two conducting strips of width W are placed side by side on a
dielectric substrate above a ground plane as shown in Fig. 3.30a, we obtain
a coupled microstrip line. Since this is a three-conductor transmission line,
there are two fundamental quasi-TEM modes of propagation. The even
mode is the mode corresponding to both strips being at the same potential V
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(a)

y

Odd mode
(b) (c)

FIGURE 3.30
(a) Coupled microstrip line; (b) the electric field distribution for the even and odd odes; (c) the
current distribution for the even and odd modes.

and on which the same currents exist. The odd mode corresponds to the
strips being at opposite potentials, - V and V, relative to the ground plane.
For the odd mode the currents on the two strips are also equal in amplitude
but of opposite sign. A sketch of the electric field lines for the two modes is
shown in Fig. 3.30b. For isolated strips in air, i.e., with no ground plane and
substrate present, the theoretical current distributions for the two modes
are:t

(3.178a)

(3.178b)

tR. E. Collin, "Field Theory of Guided Waves," 2nd ed., chap. 4, IEEE Press, Piscataway, N.J.,
1991.
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For the even mode the factor x in the numerator reduces the amplitude of
the singular behavior near the inner edges at x = ±xl . When Xl equals zero
the current singularity at ±x I vanishes and Je(x) becomes the expected
current density on a single strip 2x2 units wide. For the odd mode the
current singularity at the inner edges ±x I is more like a l/x singularity
when Xl is very small. This is caused by the strong electric field across a
very narrow slit with the adjacent conductors at opposite potential. The
current distribution for the two modes is shown in Fig. 3.30c.

The coupled microstrip line is used in various directional coupler
designs and these applications will be discussed in Chap. 6. The important
parameters describing the quasi-TEM mode properties of the coupled mi
crostrip line are the even- and odd-mode effective dielectric constants E;, E~
that determine the two propagation constants, and the even- and odd-mode
characteristic impedances Z:, Z~. An important parameter in directional
coupler design is the coupling coefficient, which is given in terms of the
characteristic impedances of the two modes by

(3.179)

The coupling coefficient is commonly expressed in decibel units, that is,
20 log Q. In a coupled microstrip line it is not practical to achieve much
more than a 2.5: 1 impedance ratio; so strong coupling cannot be realized in
a simple coupled microstrip directional coupler. However, other designs are
available, so this is not a problem for the microwave circuit engineer.

There are no simple formulas giving the quasi-TEM properties of
coupled microstrip lines that have an accuracy comparable to that for
microstrip lines. Bahl and Bhartia list formulas characterizing coupled
microstrip lines that give results which are acceptable for noncritical appli
cations.t The computer program CMST implements these formulas. We
have checked the accuracy against numerical results obtained from a full
wave solution for an alumina substrate. The effective dielectric constants
were found to be accurate to within 3 percent. The characteristic impedance
for the even mode was also found to be accurate to within 3 percent. For the
odd-mode characteristic impedance, the error was as large as 8 percent for
W/H = 1, S/H = 0.25, but considerably less for larger values of W/H and
S/H.

The dispersion properties for coupled microstrip lines on a variety of
different substrates have been computed by Morich.j In Figs. 3.31 to 3.33

tJ. Bahl and P. Bhartia, "Microwave Solid State Circuit Design," p. 28, John Wiley & Sons,
Inc., New York, 1988.

tM. Morich, Broadband Dispersion Analysis of Coupled Microstrip on Anisotropic Substrates
by Perturbation-Iteration 1'heory, M.S. Thesis, Case Western Reserve University, Cleveland,
Ohio, May, 1987.
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FIGURE 3.31
Dispersion characteristics of a coupled micros trip line on an alumina substrate. 8jH = 0.25,
€r = 9.7. (a) Even- and odd-mode effective dielectric constant; (b) even- and odd-mode charac
teristic impedance and coupling coefficient C.

we show graphical results for coupled microstrip lines on alumina, gallium
arsenide, and RT/Duroid 6006 substrates. The horizontal axis scale is the
product of frequency F and substrate thickness H. Thus, for a substrate
with H = 0.5 mm, the frequency range covered is 0 to 40 GHz. The
coupling coefficient C given by (3.179) is also shown. For W/H = 0.5 and
8/H = 0.25, there is little change in the coupling coefficient with frequency.
If the spacing is reduced to make 8/H = 0.1, the coupling coefficient (not
shown) for an alumina substrate increases to 0.483 at low frequencies and
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FIGURE 3.32
Dispersion characteristics of coupled microstrip line on a gallium-arsenide substrate. S / H =

0.25, e; = 12.9. (a) Even- and odd-mode effective dielectric constant; (b) even- and odd-mode
characteristic impedance and coupling coefficient C.

rises to a value of 0.524 at Flf = 20 GHz mm. A coupling coefficient of 0.5
is needed for a 6-dB directional coupler. The effective dielectric constant for
the odd mode is smaller than that for the even mode because a larger
percentage of the electric field energy is located in the air region. The
capacitance between closely spaced parallel strips at opposite potentials is
large so the characteristic impedance of the odd mode is smaller than that
for the even mode for the normal range of parameters involved. For wide
strips with large spacing, there is very little coupling and the two mode
impedances will be almost the same.
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FIGURE 3.33
Dispersion characteristics of coupled microstrip line on an RT/Duroid 6006 substrate. S / H =
0.25, E r = 6.36. (a) Even- and odd-mode effective dielectric constant; (b) even- and odd-mode
characteristic impedance and coupling coefficient C.

The attenuation constant for coupled microstrip lines is comparable to
that for the microstrip line. For closely spaced strips the increased concen
tration of the current near the two inner edges for the odd mode, along with
the smaller characteristic impedance, increases the attenuation of this mode
relative to that for the even mode. For the odd mode the attenuation caused
by dielectric loss will be less than that for the even mode since the electric
field energy is more evenly distributed between the air region and the
substrate region for this mode.
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3.14 STRIP TRANSMISSION LINES

The basic strip transmission line consists of a conducting strip embedded in
a dielectric medium between two ground planes as shown in Fig. 3.34a.
Figures 3.34b and c illustrate coupled strip lines. For broadside coupled
strips as shown in Fig. 3.34c, the coupling coefficient is significantly greater
than for coplanar strips. Thus the strip line with broadside coupled strips is
suitable for directional couplers where a coupling of 3 dB is required. Since
the dielectric completely surrounds the strips, the strip line and the coupled
strip line support pure TEM modes of propagation. There is no frequency
dispersion or change in effective dielectric constant with frequency. Conse
quently, for the coupled strip line the even and odd modes of propagation
have the same phase velocity, which is also a desirable feature for direc
tional coupler design.

For the symmetrical strip line and coupled strip line, the TEM-mode
characteristic impedance is readily found from the distributed capacitance
with the latter determined by conformal mapping techniques. The dis
tributed capacitance for the symmetrical strip line is found in App. III.

(a)

Even mode

w

.......~
Tr

Even mode

2H

Odd mode

(b)

Odd mode

(c)

FIGURE 3.34
(a) The basic strip-line configuration; (b) coupled strip line using coplanar strips; (c) coupled
strip line using broadside coupled strips. The electric field lines for the TEM modes are also
shown.
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From the given expression (111.27) and using (III.l3c), we have

z, K(k) ZoK
z, = 4p:. K(k') = 4p:.K' (3.180a)

where

1
k=-----

cosh tt Wj4H

~_~ ( 1+1k)
K ' - In 2 fL

7T 1 - vk

-:' = [ ~ In(2 ~ : ~ )r1

W
k' = tanh ere-e

4H

0.7 ~ k < 1

o < k ~ 0.7

and € r is the dielectric constant of the dielectric material that completely
surrounds the center strip. For W ~ 2H the formula for Z; reduces to the
simple form

TrZo
Z = -----------

c 8~(ln2 + 7TWj4H)

For a very narrow strip

W22H (3.180b)

Attenuation

z, 16H
Z = In--

c 2Tr~ TrW
W ~ 0.4H (3.180c)

Since the dielectric material completely fills the strip line, the attenuation
due to dielectric loss is given by (3.87a) and is

(3.181)

(3.182)

Formulas for the attenuation in a strip line due to conductor losses
and assuming an inner conductor of elliptical cross section have been
derived using conformal mapping techniques.t In App. III it is shown that
the series resistance of an isolated conductor of elliptical cross section is
greater than that for a conductor with a rectangular cross section. By using
an equivalent center thickness T, for the conductor with elliptical cross
section, the two series resistances will be equal provided T; is chosen to be

/4WTT; = e - 1T /2 ----:;;-

tR. E. Collin, loco cit., chap. 4, eqs. (73), (74), and (76).
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We will assume that this equivalence is also a good approximation for a
conductor placed between two ground planes. On this basis the attenuation
by the center conductor is

(3.183a)

and that due to the ground planes is

(3.183b)

For wide and narrow strips these formulas reduce to the following simpli
fied forms:

W~2H (3.184a)

8Z0H
2(lD2+ ::)

4W
2Rm..p;lDT e

W~2H

W~ O.4H

(3.184b)

(3.184c)

W~ O.4Ha c2 = 16H
2ZoH In 1TW

Suitable formulas for evaluating K and K' are given by (111.13) in App. III.
The total attenuation for a strip line is given by

(3.185)

Example 3.7. A strip line has a ground-plane spacing 2H = 1 em and uses a
centered copper conducting strip of width W = 1 cm and thickness T = 0.002
em. The dielectric filling material has a dielectric constant E~ = 2.2 and a loss
tangent equal to 10-3• We want to find the characteristic impedance and
attenuation at a frequency of 10 GHz. For this line W/ H = 2, so (3.180b) can
be used. Thus

12017"2
Zc = = 44.09 n8m(ln2 + 17"/2)
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The wavelength of operation is 3 em; so by using (3.181) we find the attenuation
due to dielectric loss to be

1rm X 10- 3

3

= 1.55 X 10- 3 Npjcm or 1.35 X 10- 2 dB/cm

From (3.182) we obtain T; = 0.00742 em for the equivalent thickness. We can
use (3.184a) to find

4 1r
3 I1i\ ron In + -8.22 X 10- vic y2.2 Tr X 0.00724 2

240Tr X 0.5 In2 + ~
2

2.635 X 10- 3 dB/cmor= 3.034 X 10- 4 Npycm

From (3.184b) we obtain

8.22 X 10- 3 JIOfi!i tt
a - -----------

c2 - 8 X 1201r X 0 .52( ln 2 + Tr/2)

= 7.096 X 10- 5 Npycm or 6.163 X 10- 4 dB/cm

The total attenuation is 0.0167 dB/cm. For this transmission line the dielectric
loss is greater than the conductor loss.

According to a formula for strip-line conductor attenuation developed by
Cohn, we would get a c = 3.236 X 10- 3 dB/cm, which agrees very closely with
3.25 X 10- 3 dB/cm obtained with our formulas.t

3.15 COUPLED STRIP LINES

For coplanar strips of width Wand spacing S, the even- and odd-mode
characteristic impedances are given by+

z, K(k~)Z: = 4{i;. K(k
e

) (3.I86a)

z, K(k~)zo = -- (3.186b)
c 4{i;. K( k o )

tSee H. Howe, "Strip Line Circuit Design," eq. (1.5), Artech House Books, Dedham, Mass.
1974.

;S. B. Cohn, Shielded Coupled Strip Transmission Line, IRE Trans., vol. MTT-5, pp. 29-37,
October, 1955.

S. B. Cohn, Characteristic Impedances of Broadside-Coupled Strip Transmission Lines, IRE
Trans., vol. MTT-8, pp. 633-637, November, 1960.

S. B. Cohn, Thickness Corrections for Capacitive Obstacles and Strip Conductors, IRE
Trans., vol. MTT-8, pp. 638-644, November, 1960.
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where

ke = tanh(: ;)tanh(: W; S)
k = tanhl 7T W)coth( 7T _W_+_S)

o 4 H 4 H

and

k~ = VI - k; k~ = VI - k; .

Note that K(k') = K'tk). For the evaluation of K and K' see (111.13).
For coplanar strips with a thickness T,

. Zo(2H - T)
Z~= 4V;;(W+(H/1T)C

rAi
) z=e,o W?-0.7H (3.187)

In[1 + tanh( 7TSj4H)]
A e = 1 + In2

In[1 + coth( 7TSj4H)]
A o = 1 + In2

C = 21n( 4H - T) _ ~ In[ T (4H - T) ]
f 2H - T 2H (2H - T)2

For broadside coupled strips as shown in Fig. 3.34c, the even- and
odd-mode characteristic impedances are given by [valid for W ~ 0.358,
W ~ 0.7H(1 - S j2H)]

Zo

{
W I [2H S + 2T 2H]}

2"';;:' 2H _ S- 2T + 0.4413 + 1T In 2H - S- 2T + 2H - S- 2TInS+ 2T

(3.188a)

Z: = ------------~---~----.......---~----""""'.......-.-~

z; = 2"';;:'{2H _ ~ _ 2T + : + c; + : [(1+ ~ )In(1+ ~) - ~ In ~]}
(3.188b)

where

2H - 2T [ 2H - 2T 8 2H - 2T]
Co = In + In---

f 7TS 2H - S - 2T 2H - S - 2T 8

All of the characteristic impedances given above refer to the impedance from
one strip to the ground planes.
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FIGURE 3.35
(a) Basic coplanar transmission line; (b) a shielded coplanar transmission line; (c) electric field
distribution.

3.16 COPLANAR TRANSMISSION LINES

An illustration of a coplanar transmission line is shown in Fig. 3.35a . A
shielded coplanar line is shown in Fig. 3.35b. The strip width is S and the
strip to ground-plane spacing is W. The coplanar line is often called a
coplanar waveguide (CPW). The most significant advantage that a coplanar
line has over a microstrip line is the ability to connect active and passive
circuit components in shunt from the conducting strip to the ground plane
on the same side of the substrate. In a microstrip line a connection to the
ground plane requires drilling a hole through the substrate which is some
what difficult for ceramic materials such as alumina. Figure 3.35c shows
the electric field distribution in a coplanar line.

The characteristics of a coplanar line at low frequencies can be deter
mined by conformal mapping techniques. A solution for the coplanar line is
given in App. III. For the ideal case when the ground planes are very wide
relative to the slot width Wand the dielectric substrate is very thick, the
electric field has the same distribution as for a coplanar line in air. The
reason for this is that the mapping of the air-dielectric boundary, shown as
the intervals Be and EF in Fig. 111.4, is the two parallel sides in the ideal
parallel-plate capacitor shown in Fig. 111.3. Thus the solution for the
potential is not affected by the presence of the dielectric . The distributed
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176 FOUNDATIONS FOR MICROWAVE ENGINEERING

capacitance of the coplanar line is thus the capacitance of one-half of the
air-filled line plus one-half of that for a line completely surrounded by
dielectric. This capacitance is given by 111.14 and for the line with dielectric
on one side only we have

K K (Er + 1) K
C = 2Eo K' + 2E r EOK' = 4EO 2 K' (3.189)

where K(k) and K' = K(k') are again the complete elliptical integrals of
the first kind. The modulus k is given by the ratio

k = _1_ = 812 = 8
11k W + 812 8 + 2W

since in Fig. 111.4 the center conductor extends from - 1 to 1 and the
ground planes begin at u = ±(I/k). From (3.189) it is clear that the
effective dielectric constant for the coplanar line is given by

e; + 1
E =--

e 2

Consequently, the characteristic impedance is given by

Z K'Z = _o=-_
c 4F;K

(3.192)

When the substrate material is anisotropic with a dielectric constant Ey in
the direction perpendicular to the air-dielectric interface and Erin the
direction parallel to the conductors, then E r should be replaced by Eg =
VErEy in (3.189) and (3.191).

In most applications it is necessary to provide shielding of a microwave
circuit. If the shield dimensions are large, the shield will not produce a
significant effect on the line characteristics. In monolithic microwave inte
grated circuits, the substrate is very thin and fragile; so it is desirable to use
another ground plane below the substrate to mechanically strengthen the
overall circuit and to also provide a better heat sink to help dissipate the
power generated by active devices. Ghione and Naldi have considered a
number of different shield arrangements as well as coupled coplanar lines.t
We will present results only for the shielded coplanar line shown in Fig.
3.35b. For this structure the effect of the widewalls, spaced by amount 2A,
is negligible provided 2A > 10(8 + 2W). We will assume that this is the
case. Ghione and Naldi make the assumption that the air-dielectric interface
in the slot regions can be replaced by magnetic walls in order to simplify the

tG. Ghione and C. U. Naldi, Coplanar Waveguides for MMIC Applications: Effect of Upper
Shielding, Conductor Backing, Finite Extent Ground Planes, and Line-to-Line Coupling, IEEE
Trans., vol. MTT-35, pp. 260-267, March, 1987.
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conformal mapping solution. The assumption is a correct one only for the
case when the upper and lower shields are spaced the same distance from
the coplanar line, that is, H = HI in Fig. 3.35b. For the line dimensions
encountered in most practical applications of coplanar lines, the assumption
does not introduce significant error. The advantage of this assumption is
that it decouples the air and dielectric regions; so it is only necessary to find
the capacitance of the air- and dielectric-filled sections separately.

It was found that the effective dielectric constant is given by

Ee = 1 + q( E r - 1)

where the filling factor q is given by

q = K(k2)/K(k~) + K(k)/K(k')

(3.193a)

(3.193b)

(3.193c)

K is the complete elliptic integral of the first kind, k'i and k~ are the
complementary moduli given by VI - k ~ and VI - k ~ , and

tanh( 7TS/4H)
k =--------

1 tanh [7T( S + 2W) jH]

tanh( 7TS/4H1 )
k = ---------

2 tanh[7T( S + 2W)/4H1 ]

The characteristic impedance is given by

Zo
Z = --=--------------

c 2V;:[K(kl)/K(k~) + K(k2)/K(k~)]

(3.193d)

(3.194)

The ratios K/K' are easily evaluated using III.13c. For an anisotropic
substrate e ; should be replaced by €g = V€r€y and H should be. replaced by

the effective thickness He = VEr/€yH. When H and HI are very large, k i

and k 2 become equal to k given by (3.190) and the filling factor q equals
0.5.

If the lower shield plate is replaced by a magnetic wall, we obtain an
approximate model of a coplanar line with a substrate of finite thickness H
and with an upper shield at a spacing HI above the coplanar conductors.
For this case Ghione and Naldi give

K( k3)/K( k~)
q=

K(k2)/K(k~) + K(k)/K(k')

Zo
Z=--------------

c 2V;:[K(k2)/K(k~) + K(k)/K(k')]

(3.195a)

(3.195b)
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where

sinh( 7T8j4H)

ks = sinh['IT(8 + 2W)/4H]

and k 2 is given by (3.193d), k is given by (3.190), and €e is given by
(3.193a). When HI is made infinite k 2 becomes equal to k. The resultant
structure is an unshielded coplanar line with a substrate having a finite
thickness H.

Example 3.8. A coplanar line with upper and lower shielding and used in an
MMIC circuit has the following dimensions: S = 50 J.Lm = 0.05 mm, W = 50
J.Lm, H = 250 J.Lm, HI = 800 J.Lm. The substrate material is gallium arsenide
with e; = 12.9. We want to find the effective dielectric constant and
characteristic impedance. The first step is to find k i and k 2 using (3.193c) and
(3.194c). A straightforward evaluation gives k i = 0.3547, k 2 = 0.33547. We
now use (III.13c) to find K(kI)/K(k~) = 0.6573, K(k 2)/K(k2) = 0.6414. By
using (3.193a) and (3.193b), we get q = 0.506 and Ee = 7.0228. The last
calculation is for Zc using (3.194) and gives Z; = 54.77 O. This example shows
that for the shield spacings used very little effect on the coplanar-line
characteristics occurred as is apparent from the fact that k i Z k 2 and q z 0.5,
relationships that hold exactly when no shields are used.

The attenuation in a coplanar line caused by dielectric loss is given by the
same formula as for a microstrip line, Le., by (3.171). By using the filling
factor q this can be expressed as

7T e'.
ad = - _r_q tan 5z

Ao Ii: (3.196)

This formula can be used for shielded and unshielded lines as long as the
appropriate filling factor q is used.

For thin conductors with thickness T less than 0.058 and with a slot
width W > 0.38, the formula for the unshielded coplanar-line attenuation
derived in App. III can be used. The center conductor has a series resistance
per unit length given by

(3.197a)

The distributed series resistance of the ground planes is given by

kR m [ 47T( 8 + 2W) 1 1 + k ]
R 2 = 48(1 _ k2)K2(k) 'IT + In T - kIn 1 _ k (3.197b)
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(3.197c)a =c

where k = 8/(8 + 2W). The attenuation due to conductor loss is given by

R1 + R2

2Zc

In normal situations the additional attenuation introduced by upper and
lower shields is small if Hand HI are greater than 4W.

Example 3.9. A coplanar line has a copper strip of width 0.6 mm, slot width
W = 0.6 mm, metal thickness T = 0.0058 = 3 J-Lm. The dielectric used is
alumina with a dielectric constant of9.7 and a loss tangent equal to 2 x 10- 4

•

We want to find the attenuation caused by dielectric loss and conductor loss at
a frequency of 4 GHz. For this line k = 8/(8 + 2W) = 0.333. The effective
dielectric constant, from (3.191), is 5.35. From (3.192) and (III.13c) we obtain

1207T 1 1 + Ik'
Zc = ~ -ln2 Ik' = 63.7 n

4v5.35 1T' 1 - k'

where we used h' =~ = 0.9428. From (3.196) we obtain

9.71T'
v'5]5 0.5 X 2 X 10- 4 X 8.686 = 1.526 X 10- 3 dB/em

7.5 5.35

where q = (Ee - l)/(E~ - 1) = 0.5 was used. To evaluate K(k) = K(0.333), we
use (III.13d) to obtain

2 ( 1 - h' ) 2 1T'
K(0.333) = 1 + h,K 1 + h' = 1.9428 K(0.0294) = 1.9428

= 1.617

From (3.197) we get R 1 = 19.25R m/cm and R 2 = 5.97R m/cm. We now use
R m = 8.22 x 10- 3ft and (3.197c) to get

a c = (2.158 X 10- 2 + 6.69 x 10- 3 ) = 2.827 X 10- 2 dB/cm

The ground planes contribute 23.7 percent of the conductor loss. The total
attenuation is 2.98 X 10- 2 dB/cm.

Jackson has made some loss calculations for coplanar and microstrip
transmission lines at a frequency of 60 GHz and found that for typical line
dimensions and characteristic impedances greater than 50 0, the coplanar line
has a smaller attenuation.t The substrate considered had a dielectric constant
of 12.8 and a loss tangent of 6 x 10- 3. The maximum strip width considered
by Jackson was 0.3 mm. For these line dimensions the quasistatic formulas
given above can be used. We have verified that indeed the quasistatic formulas
give essentially the same attenuation. The lower loss in coplanar lines appears
to be due to being able to use a wider center conductor for a given impedance
as compared with that for a microstrip line. However, this is not always

tR. W. Jackson, Considerations in the Use of Coplanar Waveguide for Millimeter-Wave
Integrated Circuits IEEE Trans., vol. MTT-34, pp. 1450-1456, December, 1986.
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necessarily true since the relative attenuation of the two types of transmission
lines will depend on other factors such as substrate thickness and dielectric
constant also.

High-Frequency Dispersion

Coplanar transmission lines exhibit dispersion effects similar to that for
microstrip lines. There are less available computed results for the effective
dielectric constant and characteristic impedance for coplanar lines than
what is available for the microstrip line. The coplanar line can be viewed as
two coupled slot lines and from this point of view it is clear that there are
two modes of propagation that are quasi-TEM in character. The reader is
referred to the paper by Nakatani and Alexopoulos for typical dispersive
properties of a coplanar line.t In many integrated microwave circuit applica
tions, the line dimensions are so small relative to the wavelength that the
quasi-TEM formulas can be used even though the frequency may be as high
as 50 GHz.

PART 3
RECTANGULAR AND CIRCULAR WAVEGUIDES

Hollow-pipe waveguides do not support a TEM wave. In hollow-pipe wave
guides the waves are of the TE and TM variety. The waveguide with a
rectangular cross section is the most widely used one. It is available in sizes
for use at frequencies from 320 MHz up to 333 GHz. The WR-2300
waveguide for use at 320 MHz has internal dimensions of 58.42 in by 29.1
in and is a very large duct. By contrast, the WR-3 waveguide for use at 333
GHz has internal dimensions of 0.034 in by 0.017 in and is a very miniature
structure. The standard WR-90 X-band waveguide has internal dimensions
of 0.9 in by 0.4 in and is used in the frequency range of 8.2 to 12.5 GHz. The
rectangular waveguide is widely used to couple transmitters and receivers to
the antenna. For high-power applications the waveguide is filled with an
inert gas such as nitrogen and pressurized in order to increase the voltage
breakdown rating.

Circular waveguides are not as widely used as rectangular waveguides
but are available in diameters of 25.18 in down to 0.239 in to cover the
frequency range 800 MHz up to 116 GHz.

tAo Nakatani and N. G. Alexopolous, Toward a Generalized Algorithm for the Modeling of the
Dispersive Properties of Integrated Circuit Structures on Anisotropic Substrates, IEEE Trans.,
vol. MTT-33, pp. 1436-1441, December, 1985.
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y

a
FIGURE 3.36
Rectangular waveguide .

3.17 RECTANGULAR WAVEGUIDE

The rectangular waveguide with a cross section as illustrated in Fig. 3.36 is
an example of a waveguiding device that will not support a TEM wave.
Consequently, it turns out that unique voltage and current waves do not
exist, and the analysis of the waveguide properties has to be carried out as a
field problem rather than as a distributed-parameter-circuit problem.

In a hollow cylindrical waveguide a transverse electric field can exist
only if a time-varying axial magnetic field is present. Similarly, a transverse
magnetic field can exist only if either an axial displacement current or an
axial conduction current is present, as Maxwell's equations show. Since a
TEM wave does not have any axial field components and there is no center
conductor on which a conduction current can exist , a TEM wave cannot be
propagated in a cylindrical waveguide.

The types of waves that can be supported (propagated) in a hollow
empty waveguide are the TE and TM modes discussed in Sec. 3.7. The
essential properties of all hollow cylindrical waveguides are the same, so
that an understanding of the rectangular guide provides insight into the
behavior of other types as well. As for the case of the transmission line, the
effect of losses is initially neglected . The attenuation is computed later by
using the perturbation method given earlier, together with the loss-free
solution for the currents on the walls.

The essential properties of empty loss-free waveguides, which the
detailed analysis to follow will establish, are that there is a double infinity of
possible solutions for both TE and TM waves. These waves, or modes, may
be labeled by two identifying integer subscripts nand m, for example,
TE n m ' The integers nand m pertain to the number of standing-wave
interference maxima occurring in the field solutions that describe the
variation of the fields along the two transverse coordinates. It will be found
that each mode has associated with it a characteristic cutoff frequency t: nm

below which the mode does not propagate and above which the mode d'oes
propagate. The cutoff frequency is a geometrical parameter dependent on
the waveguide cross-sectional configuration. When fc has been determined,
it is found that the propagation factor f3 is given by

f3 = (k~ - k ~)1 /2 (3.198)
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where h o = WVJ.LoEO and he = 27TfeVJ.LoEo. The guide wavelength is readily
seen to be given by

27T Ao
A = - = ------

g f3 (1 - A~/A~)1/2
(3.199)

TE Waves

where Ao is the free-space wavelength of plane waves at the frequency
f = W/27T. Since he differs for different modes, there is always a lower band
of frequencies for which only one mode propagates (except when he may be
the same for two or more modes). In practice, waveguides are almost
universally restricted to operation over this lower-frequency band for which
only the dominant mode propagates, because of the difficulties associated
with coupling signal energy into and out of a waveguide when more than
one mode propagates. This latter difficulty arises because of the different
values of the propagation phase constant {3 for different modes, since this
means that the signal carried by the two or more modes does not remain in
phase as the modes propagate along the guide. This necessitates the use of
separate coupling probes for each mode at both the input and output and
thus leads to increased system complexity and cost.

Another feature common to all empty uniform waveguides is that the
phase velocity up is greater than the velocity of light c by the factor Ag/A o.
On the other hand, the velocity at which energy and a signal are propagated
is the group velocity vg and is smaller than c by the factor Ao/Ag . Also,
since {3, and hence Ag, up' and ug, are functions of frequency, any signal
consisting of several frequencies is dispersed, or spread out, in both time
and space as it propagates along the guide. This dispersion results from the
different velocities at which the different frequency components propagate.
If the guide is very long, considerable signal distortion may take place.
Group and signal velocities are discussed in detail in Sec. 3.19.

With some of the general properties of waveguides considered, it is
now necessary to consider the detailed analysis that will establish the above
properties and that, in addition, will provide the relation between he and
the guide configuration, the expressions for power and attenuation, etc. The
case of TE modes in a loss-free empty rectangular guide is considered first.

For TE, or H, modes, e; = 0 and all the remaining field components can be
determined from the axial magnetic field h , by means of (3.71). The axial
field h z is a solution of

or (3.200)
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If a product solution h , = f(x)g(y) is assumed, (3.200) becomes

1 d 2f 1 d 2g
-- + -- +k2=0

f dx 2 g dy 2 c

after substituting fg for h , and dividing the equation by fg. The term
1/fd2f/dx 2 is a function of x only, 1/gd2g/dy 2 is a function of y only,
and k ~ is a constant, and hence this equation can hold for all values of x
and y only if each term is constant. Thus we may write

or

or

where k; + k; = k ~ in order that the sum of the three terms may vanish.
The use of the separation-of-variables technique has reduced the partial
differential equation (3.200) to two ordinary simple-harmonic second-order
equations. The solutions for f and g are easily found to be

f = Al cos kxx + A 2 sin '~xx

g = B I cos kyy + B 2 sin kyY

where AI' A 2 , B I , B 2 are arbitrary constants. These constants, as well as
the separation constants k x ' ky , can be further specified by considering the
boundary conditions that h , must satisfy. Since the normal component of
the transverse magnetic field h must vanish at the perfectly conducting
waveguide wall, (3.71b) shows that n · Vth z = 0 at the walls, where n is a
unit normal vector at the walls. When this condition holds, tangential e will
also vanish on the guide walls, as (3.71c) shows. The requirements on h ,
are thus

ahz
-=0ax

ahz
-=0
ay

at x = 0, a

at y = 0, b

where the guide cross section is taken to be that in Fig. 3.36. In the solution
for f, the boundary conditions give

at x = 0, a

Hence, from the condition at x = 0, it is found that A 2 = o. At x = a, it is
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necessary for sin kxa = 0, and this specifies k ; to have the values

n7T
k =-

x a n=0,1,2, ...

m=0,1,2, ...

(3.201)

In a similar manner it is found that B 2 = °and

m7T
k =

Y b

Both nand m equal to zero yields a constant for the solution for hz and no
other field components; so this trivial solution is of no interest.

If we use the above relations and put A1B1 = A n m , the solutions for
h z are seen to be

n7TX m-iry
h., = A n m cos-a-cos-

b
-

for n = 0, 1, 2, ... ; m = 0, 1, 2, ... ; n = m =1= 0. The constant A n m is an
arbitrary amplitude constant associated with the nm th mode. For the nm th
mode the cutoff wave number is designated kc, n m' given by

(3.202)

and is clearly a function of the guide dimensions only. The propagation
constant for the nm th mode is given by

'a O(k 2 k 2 )1/2'Ynm = JtJnm = J 0 - e,nm

(3.203)

When k o > ke,nm' f3 nm is pure real and the mode propagates; when k o <
k e nm' then 'Ynm is real but f3nm is imaginary and the propagation factor is
e-!YnmIZI, which shows that the mode decays rapidly with distance [z] from
the point at which it is excited. This decay is not associated with energy loss,
but is a characteristic feature of the solution. Such decaying, or evanescent,
modes may be used to represent the local diffraction, or fringing, fields that
exist in the vicinity of coupling probes and obstacles in waveguides. 'I'he
frequency separating the propagation and no-propagation bands is desig
nated the cutoff frequency fe,nm- This is given by the solution of k o = ke,nm;
that is,

c c c [ n tr 2 m 1r 2] 1/2
fc.nm = A

c
•
n m

= 2'7T k c•n m = 2'7T (~) + (b ) (3.204)
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where c is the velocity of light. The cutoff wavelength is given by

2ab
Ac,nm = (2b 2 2 2)1/2 (3.205)

n +ma

A typical guide may have a = 2b, in which case

2a
A =------

c,nm (n2+4m2 ) 1/ 2

and Ac 10 = 2a, Ac 01 = a, Ac 11 = 2al 15, etc. In this example there is a
band of wavelengths from a to 2a, that is, a frequency band

c c
- <f<
2a a

for which only the H 10 mode propagates. This is the dominant mode in a
rectangular guide and the one most commonly used in practice. Above the
frequency cia, other modes may propagate; so the useful frequency band in
the present case is a one-octave band from c/2a to cia.

The remainder of the field components for the TE n m' or H n m i mode
are readily found from (3.201) by using (3.71). The results for the complete
nm th solution are

nTrX mTry _.
H = A cos--cos--e + Jf3 n mz (3.206a)

z nm a b

f3nm n tt n itx m try +'
H = +J"--A -sin--cos--e Jf3nm

z (3.206b)
x - k2 nm b

c,nm a a

H = + j f3nm A m1Tcos n1TX sin m1TYe+ j {3n m z (3.206c)
y - k~,nm nm b a b

. f3n m m tt nTrx. m tty +' z
Ex = Zh,nm AnmJ-k 2 -bCos--sln-b-e ie.; (3.206d)

c,nm a

f3nm n tt n trx m tty .
E = -Z A J'-- -sin--cos--e + Jf3nm z (3.206e)

y h,nm nm k 2 a b
c,nm a

where the wave impedance for the nm th H mode is given by

ko
Zh nm = --Zo

, f3nm
(3.207)

When the mode does not propagate, Zh nm is imaginary, indicating that
there is no net energy flow associated with the evanescent mode. A general
field with E; = 0 can be described in a complete manner by a linear
superposition of all the H n m modes.
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For a propagating H'nm mode the power, or rate of energy flow,
positive z direction is given by

1 jajb
P n m = -2Re E X H* · a, dxdy

o 0

1 jajb
= -2-Re (ExH; - EyH:) dxdy

o 0

1 ja jb= "2Re Zh,nm 0 0 (HyH; + HxH:) dxdy

If we substitute from (3.206b) and (3.206c) and note that

in the

jajb n trx m try ja jb n ttx m7TY
o 0 sin2-a-cos2

-
b
- dxdy = 0 0 cos2-a-sin2

-
b
- dxdy

ab

4
ab

2

n =1= 0, m =1= 0

n or m = 0

(3.209)

n=l=r

we find that

1 b a
2

[ 2 2]2 '2a fJnm m7T n-n
r.; = IAnntl -k4 Zh,nm (-b ) + (-)

€On€Om c,nm a

_ IA n Tn l
2
ab ( f3 n m )2

- Zhnm
2EOnEOm kc,nm '

where E Om is the Neumann factor and equal to 1 for m = 0 and equal to 2
for m > o.

If two modes, say the Hn m and Hrs modes, were present simultane
ously, it would be found that the power is the sum of that contributed by
each individual mode, that is, Pn m + Prs • This is a general property of
loss-free waveguides. This power orthogonality arises because of the orthog
onality of the functions (eigenfunctions) that describe the transverse varia
tion of the fields when integrated over the guide cross section; e.g.,

a n trx r7TX
j sin--sin-- dx = 0
o a a

Even when small losses are present the energy flow may be taken to be that
contributed by each individual mode, with negligible error in all cases except
when two or more degenerate modes are present. Degenerate modes are
modes which have the same propagation constant y, and for these the
presence of even small losses may result in strong coupling between the
modes.
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If the waveguide walls have finite conductivity, there will be a continuous
loss of power to the walls as the modes propagate along the guide. Conse
quently, the phase constant }{3 is perturbed and becomes 'Y = a + }{3, where
a is an attenuation constant that gives the rate at which the mode ampli
tude must decay as the mode progresses along the guide. For practical
waveguides the losses caused by finite conductivity are so small that the
attenuation constant may be calculated using the perturbation method
outlined in Sec. 3.8 in connection with lossy transmission lines. The method
will be illustrated for the dominant H 10 mode only. For the H n m and also
the Enm modes, the calculation differs only in that somewhat greater
algebraic manipulation is required.

For the H10 mode, the fields are given by (apart from the factor
e- jf3lO Z)

7TX
h z = A 10 cos

a

. {310 7T. 7TXs, =J-k 2 A 10 - s l n -
c,10 a a

as reference to (3.206) shows. From (3.209) the rate of energy flow along the
guide is

( )

2
2 ab {310

PlO = IAlOl 4 -k- Zh,10
c,10

The currents on the lossy walls are assumed to be the same as the loss-free
currents, and hence are given by

J s = n X H

where n is a unit inward directed normal at the guide wall. Thus, on the
walls at x = 0, a, the surface currents are

(

a x X H = - a yA 10
J =

s -ax X H = -ayA 10 x = a

whereas on the upper and lower walls the currents are

J =s

}{310 7T. TTX 7TX
a y X H = -az -k 2 A 10 - s l n - + a x A 10 cos-

c,10 a a a

}{310 7T. TTX 7TX
-ay X H = a

Z
-k 2 A 10 - s l n - - a x A 10 cos-

c,10 a a a

y=o

y=b
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With a finite conductivity a, the waveguide walls may be characterized as
exhibiting a surface impedance given by

1 + j
Zm = -~- = (1 + j) R m

uU 8

where 58 is the skin depth. The power loss in the resistive part R m of Zm
per unit length of guide is

Rm~P = - J. J* dlz 2 8 8
guide
walls

R m IA 10 1

2
( {b {a f3~o 7T

2
TTX (a TTX )

= 2 2J,dy+2J,T2sin2-dx+2Jrcos2-dx
o 0 c,10 a a 0 a

Since k c , 10 = 'TT'la, the above gives

[ ( )
2 ]2 a {310 a

PI = RmlAlOl b +"2 kc,lO +"2

If Po is the power at z = 0, then P10 = Poe-
2a z is the power in the

guide at any z. The rate of decrease of power propagated is

dP 10
- -- = 2aP10 = Pzdz

(3.210)

Pz
a = -- = ----------

2P10

and equals the power loss, as indicated in the above equation. The attenua
tion constant a for the H 10 mode is thus seen to be

[ ( )
2 ]

a {310 a
R m b + - -- +-

2 k c , 10 2

( )

2
ab {310

2 -k- Zh,10
c,10

R m (2 2)ab k Z 2bk c. 1O + ak o Npz'm
f310 0 0

The attenuation for other TE n m modes is given by the formula in
Table 3.4, which summarizes the solutions for TE n m and also TM n m

modes. In Fig. 3.37 the attenuation for the TE 10 mode in a copper rectangu
lar guide is given as a function of frequency. To convert attenuation given in
nepers to decibels, multiply by 8.686.

The theoretical formulas for attenuation give results in good agree
ment with experimental values for frequencies below about 5,000 MHz. For
higher frequencies, measured values of a may be considerably higher,
depending on the smoothness of the waveguide surface. If surface imperfec
tions of the order of magnitude of the skin ~epth 58 are present, it is readily
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TABLE 3.4
Properties of modes in a rectangular guidet

TEmodes

o

TMmodes

o

n1rX m1rY .
sin--sin--e-Jl3nmz

a b

- Jf3nmn1r n1rX m1rY .
----cos--sin--e-Jl3nmz
ak~nm a b

-Jf3nmm1r n1rX m1rY .
----sin--cos--e-Jl3nmz

bk~,nm a b

f3nm Z
ko 0

f3nm

2ab

a
2R m n2b3 + m 2a3

bZ (1 - k 2 /k 2 ) 1/ 2 n2b2a + m2a3
o c,nm 0

tR m = (WJ.LO/2u)1/2, EO m = 1 for m = 0 and 2 for m > O. The expression for a is not valid for
degenerate modes.



190 FOUNDATIONS FOR MICROWAVE ENGINEERING
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FIGURE 3.37
Attenuation of TElo mode in a copper
rectangular waveguide, a = 2.286 em,
b= 1.143 em.

appreciated that the effective surface area is much greater, resulting in
greater loss. By suitably polishing the surface, the experimental values of
attenuation are found to be in substantial agreement with the theoretical
values.t

Dominant TE10 Mode

Since the TE10 mode is the dominant mode in a rectangular guide, and also
the most commonly used mode, it seems appropriate to examine this mode
in more detail. From the results given earlier, the field components for this
mode are described by the following (propagation in the +z direction
assumed):

7TX .
H = A cos-e-Jf3z

z a

jf3 7TX.
H = -A sin-e-Jf3z

x k
c

a

f3 TTX .
E = -jAZ -sin-e-J f3z

y h k a
c

(3.211a)

(3.211b)

(3.211c)

where the subscript 10 has been dropped for convenience since this discus
sion pertains only to the TE10 mode. The parameters (3, kc' and Zh are
given by

7T
k =-

c a

[
2]1/2

(3 = k~ - (:)

(3.212a)

(3.212b)

(3.212c)

tSee J. Allison and F. A. Benson, Surface Roughness and Attenuation of Precision Drawn,
Chemically Polished, Electropolished, Electroplated and Electroformed Waveguides, Proc. lEE
(London), vol. 102, pt. B, pp. 251-259, 1955.
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The guide wavelength Ag is

277" AoA - - - -------
g - {3 - [1 - (Ao/2a )2f/2

since the cutoff wavelength Ac = 2a. The phase and group velocities are

Ag
v = -c (3.212e)

P Ao

Ao
v =-c

g A
g

(3.212 f)

and are discussed in detail in Sec. 3.19.
In Fig. 3.38 the magnetic and electric field lines associated with the

TE 10 mode are illustrated. Note that the magnetic flux lines encircle the
electric field lines; so these can be considered to be the source (displacement
current) for the magnetic field. On the other hand, the electric field lines
terminate in an electric charge distribution on the inner surface of the
upper and lower waveguide walls. This charge oscillates back and forth in
the axial and transverse directions and thus constitutes an axial and
transverse conduction current that forms the continuation of the displace
ment current. The total current, displacement plus conduction, forms a

y

FIGURE 3.38
Magnetic and electric field lines for the TE 10 mode. (a) Transverse plane; (b) top view; (c)
mutual total current and magnetic field linkages.
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x

FIGURE 3.39
--"""""--~'-I._--~~..r Decomposition ofTE10 mode into two plane waves.

closed linkage of the magnetic field lines, and as such may be regarded as
being generated by the changing magnetic flux these enclose. This com
pletes the required mutual-support action between the electric and magnetic
fields which is required for wave propagation.

The fields for a TE l o mode may be decomposed into the sum of two
plane TEM waves propagating along zigzag paths between the two wave
guide walls at x = 0 and x = a, as in Fig. 3.39. For the electric field we have

Zh 13 0 0 0 0E = - - -( e}TTx/a-}{3z - e-}TTx/a-}{3z)
y 2 k

e

If 7T/ a and 13 are expressed as

7T
- = ko sin fJ
a

13 = k o cos fJ

the relation (7T /a)2 + 13 2 = k~ still holds. The electric field is now given by

Zh {3 Ok • ok'E = - - ( e - J 0(% SID 8 + z cos 0) _ e -J o( - x SID 8 + z cos 8»

y 2 k
e

which is clearly two plane waves propagating at angles ± 8 with respect to
the z axis, as illustrated. Alternatively, the field may be pictured as a plane
wave reflecting back and forth between the two guide walls. As shown in
Sec. 2.7, the constant phase planes associated with these obliquely propagat
ing plane waves move in the z direction at the phase velocity c1cos fJ =

f3clk o, and this is the reason why the phase velocity of the TE l o mode
exceeds the velocity of light. Since the energy in a TEM wave propagates
with the velocity c in the direction in which the plane wave propagates, this
energy will propagate down the guide at a velocity equal to the component
of c along the z axis. This component is "e = c cos fJ = (k o/ {3 )c and is the
group velocity for the TE l o mode. When () = 7T12, the plane waves reflect
back and forth, but do not progress down the guide; so the mode is cutoff.

The above decomposition of the TE l o mode into two plane waves may
be extended to the TE n m modes also. When nand m are both different
from zero, four plane waves result. Although such superpositions of plane
waves may be used to construct the field solutions for rectangular guides,
this is a rather cumbersome approach. However, it does lend insight into
why the phase velocity exceeds that of light, as well as other properties of
the modes.
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For TM modes, h , equals zero and e, plays the role of a potential function
from which the remaining field components may be derived. This axial
electric field satisfies the reduced Helmholtz equation

(3.213)

of the same type encountered earlier for hz, that is, (3.200). The solution
may be found by using the separation-of-variables method. In the present
case the boundary conditions require that e, vanish at x = 0, a and y = 0, b.
This condition requires that the solution for e, be

. nTrX . mTry
ez = A nmsln-a-sln-

b-
(3.214)

instead of a product of cosine functions which was suitable for describing
h z • Again, there are a doubly infinite number of solutions corresponding to
various integers nand m. However, unlike the situation for TE modes,
n = 0 and m = 0 are not solutions. The cutoff wave number is given by the
same expression as for TE modes; i.e.,

and the propagation factor {3 n m by

(
2 2 )1/2f3nm = k o - kc,nm

(3.215)

(3.216)

The lowest-order propagating mode is the n = m = 1 mode, and this has a
cutoff wavelength equal to 2abj(a2 + b2 ) 1/ 2. Note that the TElo mode can
propagate at a lower frequency (longer wavelength), thus verifying that this
is the dominant mode.t It should also be noted that for the same values of n
and m, the TE n m and TM n m modes are degenerate since they have the
same propagation factor. Another degeneracy occurs when a = b, for in this
case the four modes TE nm, TE mn, TM nm, and TM mn all have the same
propagation constant. Still further degeneracies exist if a is an integer
multiple of b, or vice versa.

The rest of the solution for TM modes is readily constructed using the
general equations (3.72). A summary of this solution is given in Table 3.4.
The TM modes are the dual of the TE modes and apart from minor
differences have essentially the same properties. For this reason it does not
seem necessary to repeat the preceding discussion.

tIn any hollow waveguide the dominant mode is a TE mode because the boundary conditions
ez = 0 for TM modes always require ez to have a greater spatial variation in the transverse
plane than that for h z for the lowest-order TE mode, and hence the smallest value of k c occurs
for TE modes. Hence a TE mode has the lowest cutoff frequency, i.e., is the dominant mode.
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3.18 CIRCULAR WAVEGUIDES

Figure 3.40 illustrates a cylindrical waveguide with a circular cross section
of radius a. In view of the cylindrical geometry involved, cylindrical coordi
nates are most appropriate for the analysis to be carried out. Since the
general properties of the modes that may exist are similar to those for the
rectangular guide, this section is not as detailed.

TMModes

For the TM modes a solution of

Vt
2e

z + k;ez = 0

is required such that e, will vanish at r = a. When we express the trans
verse laplacian Vt

2 in cylindrical coordinates (App. I), this equation becomes
2 2a ez 1 aez 1 a e,
-- + -- + -- + k 2e = 0 (3.217)
ar 2 r ar r 2 a</>2 c z

The separation-of-variables method may be used to reduce the above to two
ordinary differential equations. Consequently, it is assumed that a product
solution f(r )g(</» exists for e.. Substituting for ez into (3.217) and dividing
the equation by fg yield

1 d 2f 1 df 1 d 2g

---+--+---+k2=0

f dr 2 rf dr r 2g d4>2 c

Multiplying this result by r 2 gives

r 2 d 2f r df 1 d 2g
+ + 2k 27- dr 2 {dr r C = -g d</>2

The left-hand side is a function of r only, whereas the right-hand side
depends on <p only. Therefore this equation can hold for all values of the
variables only if both sides are equal to some constant v 2

• As a result,
(3.217) is seen to separate into the following two equations:

_d
2f

+ ~ df + (k2 _ V

2)

f = 0dr? r dr C r 2 (3.218a)

d 2g
dcjJ2 + v 2g = 0 (3.218b)

r
r

--....... 1

FIGURE 3.40
The circular cylindrical waveguide.
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TABLE 3.5
Values of Pnm for TM modes

n

o
1
2

Pnl

2.405
3.832
5.135

Pn2

5.520
7.016
8.417

Pn3

8.654
10.174
11.620

In this case the field inside the waveguide must be periodic in cP with
period 2,,-, that is, single-valued. It is therefore necessary to choose v equal
to an integer n, in which case the general solution to (3.218b) is

g( cP) = Al cos ncP + A 2 sin ncP

where Al and A 2 are arbitrary constants.
Equation (3.218a) is Bessel's differential equation and has two solu

tions (a second-order differential equation always has two independent
solutions) JJ)(ker) and ~(ker), called Bessel functions of the first and
second kind, respectively, and of order v.t For the problem under investiga
tion here, only In(ker) is a physically acceptable solution since Yn(ker)
becomes infinite at r = O. The final solution for e, may thus be expressed as

(3.219)

(3.220)

Reference to App. II shows that In(x) behaves like a damped sinu
soidal function and passes through zero in a quasiperiodic fashion. Since ez
must vanish when r = a, it is necessary to choose kea in such a manner
that In(kea) = O. If the mth root of the equation In(x) = 0 is designated
Pnm' the allowed values (eigenvalues) of k , are

k = Pnm
e,nm a

The values of Pnm for the first three modes for n = 0, 1,2 are given in
Table 3.5. As in the case of the rectangular guide, there are a doubly infinite
number of solutions.

Each choice of n and m specifies a particular TM nm mode (eigenfunc
tion). The integer n is related to the number of circumferential variations
in the field, whereas m relates to the number of radial variations. The
propagation constant for the nm th mode is given by

2 1/2

a. =(k 2
_

Pnm)
fJnm 0 a2

tyv is also called a Neumann function.

(3.221)
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the cutoff wavelength by

and the wave impedance by

27Ta
Ae nm = --

, Pnm
(3.222)

(3.223)

TE Modes

Z - f3nm
Ze nm - 0ko

A cutoff phenomenon similar to that for the rectangular guide exists. For
the dominant TM mode, Ae = 27Ta/POl = 2.61a, a value 30 percent greater
than the waveguide diameter.

Expressions for the remaining field components may be derived by
using the general equations (3.72). Energy flow and attenuation may be
determined by methods similar to those used for the rectangular guide. A
summary of the results is given in Table 3.6.

The solution for TE modes parallels that for the TM modes with the
exception that the boundary conditions require that ahz/ar vanish at
r = a. An appropriate solution for h , is

h z ( r, 4» = ( B: cos ncP + B 2 sin ncP )In( ker)

with the requirement that

(3.224)

dJn(ker)
---- =0

dr
at r = a (3.225)

The roots of (3.225) will be designated by P~m; so the eigenvalues ke,nm are
given by

k = P~m
e,nm a (3.226)

(3.227)

Table 3.7 lists the values of the roots for the first few modes. Note that
P~m = Pl m since dJo(x)/dx = -Jl(x), and hence the TE Om and TMlm
modes are degenerate.

The first TE mode to propagate is the TEll mode, having a cutoff
wavelength Ae 11 = 3.41a. This mode is seen to be the dominant mode for
the circular waveguide, and is normally the one used. A sketch of the field
lines in the transverse plane for this mode is given in Fig. 3.41. The
attenuation constant for the dominant TEll mode is given by

n; ( 1.841
2

) -1/2( 1.8412
)

a = aZ
o

1 - k~a2k~a2 + 0.4185



TRANSMISSION LINES AND WAVEGUIDES 197

TABLE 3.6
Properties of modes in circular waveguides

TEmodes TMmodes

Hz J (P~mr )e-jllnm'{ c~s n4J 0
n a sm n d:

Ez 0 J ( pnmr )e-jllnm'{ c~s n4J
n a sm nc/>

H r
_ jf3nmP~m J' ( P~mr )e-jllnm'{ c~s n4J E4J

ak 2 n a sin nc/> Ze,nmc,nm

H4J
_ jnf3 nm J (P~mr )e-jllnm'{ -sin n4J E r

rk 2 n a cos nc/> Ze,nmc,nm

E r Zh,nm H4J _ jf3nmPnmJ~( Pnmr )e-jllnm.{ c~s n4J
ak 2 a sin nc/>c,nm

E4J -Zh,nmHr
_ j n f3 nmJ ( Pnmr )e-j Ilnm'{- sin n 4J

rk 2 n a cos nc/>c.n m

f3nm [ k5 - ( P:m ff/2 [ k5 - ( P:m ff/2

Zh,nm
k o

--Zo
f3 nm

Ze,nm
f3nm Z
k o 0

kc,nm
P~m Pnm

a a

21Ta 21Ta
Ac,nm

P~m Pnm

Power Zok of3 nm1T ( ,2 _ 2)J2( , ) YOk of3 nm1T
P~m[ J~(kc,nma )]22k 4 Pnm n n Pnm

2k:, nmEOnc,nmEOn

n; ( k~,nm ) -1/2 s ; ( k~,nm ) -1/2
a - 1--- - 1---

aZ o k~ aZo k~

[ k~ n m n
2

]X ' +
k 2 (,)2 _ 2o Pnm n
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TABLE 3.7
Values of P~m for TE modes

n

o
1
2

3.832
1.841
3.054

7.016
5.331
6.706

P~3

10.174
8.536
9.970

1.5

FIGURE 3.41
Field lines for the TE11 mode in a circular waveguide.
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Figure 3.42 shows the attenuation in decibels per meter for a copper
waveguide with an internal diameter of 2 em. For this guide the cutoff
frequency is 8.79 GHz. In the normal operating range from 9 to 11 GHz, the
attenuation drops from 0.36 dB/m at 9 GHz to 0.11 dB/m at 11 GHz.

3.19 WAVE VELOCITIES

In any system capable of supporting propagating waves, a number of wave
velocities occur that pertain to signal propagation, energy propagation,
wavefront propagation, etc. These various velocities are examined below in
the context of propagation in waveguides.
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The phase velocity of a wave in a waveguide was introduced earlier and
shown to be equal to

(3.228)

for an air-filled guide. Here ,\g is the guide wavelength, '\0 the free-space
wavelength, and c the velocity of light. The phase velocity is the velocity an
observer must move with in order to see a constant phase for the wave
propagating along the guide. It is noted that the phase velocity is greater
than the velocity of light, and since the principle of relativity states that no
signal or energy can be propagated at a velocity exceeding that of light, the
physical significance of the phase velocity might very well be questioned.

The clue to the significance of the phase velocity comes from the
recognition that this velocity entered into wave solutions that had a steady
state time dependence of e':", A pure monochromatic (single-frequency)
wave of this type exists only if the source was turned on at t = - 00 and is
kept on for all future time as well. This is clearly not a physically realizable
situation. In actual fact the source must be turned on at some finite time,
which can be chosen as t = o. The generated signal is then of the form
illustrated in Fig. 3.43. Associated with the sudden steplike beginning of the
signal is a broad frequency band, as a Fourier analysis shows. If this signal
is injected into the guide at z = 0, an observer a distance 1 farther along the
guide will, in actual fact, see no signal until a time 1/ c has elapsed. In other
words, the wavefront will propagate along the guide with a velocity c. At the
time l rc, the observer will begin to see the arrival of the transient associ
ated with the switching on of the signal. After a suitable period of time has
elapsed, the transient will have died out, and the observer will then see the
steady-state sinusoidally varying wave. Once steady-state conditions prevail,
the phase velocity can be introduced to describe the velocity at which a
constant phase point appears to move along the guide. Note, however, that
there is no information being transmitted along the guide once steady-state
conditions have been established. Thus the phase velocity is not associated
with any physical entity such as a signal, wavefront, or energy flow velocity.
The term signal is used here to denote a time function that can convey

S(t)

FIGURE 3.43
Sinusoidal signal applied at time t = O.
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information to the observer. Thus the step change at t = 0 is a signal, but
once steady-state conditions are achieved, the observer does not receive any
more information. A better understanding of the above features will be
obtained after the group velocity, discussed below, has been examined.

The physical definition of group velocity is the velocity with which a signal
consisting of a very narrow band of frequency components propagates. The
appropriate tool for the analysis of this situation is the Fourier transform. If
a time function is denoted by f(t), this function of time has associated with
it a frequency spectrum F(w) given by the Fourier transform of f(t),

F( w) = foo f( t)e-jwt dt
-00

(3.229a)

Conversely, if the spectrum F(w) is known, the time function may be found
from the inverse Fourier transform relation

1 00

f(t) = -f F(w)ejwtdw
27r -00

(3.229b)

From Eq. (3.229b) it is seen that the Fourier transform represents f(t) as a
superposition of steady-state sinusoidal functions of infinite duration. These
relations are a generalization of the Fourier series relations. If the time
function is passed through a device having a response Z(w) that is a
function of frequency, e.g., filter, the output time function fa(t) will have a
frequency spectrum F(w)Z(w), and hence, by (3.229b), is given by

1 00

fo(t) = -f F(w)Z(w)ejwtdw
27r -00

In general, Z(w) = IZ(w)\e-j
t/1( w ) ; so

(3.230)

If the output fa is to be an exact reproduction of the input, then in (3.230)
it is necessary for \Z\ to equal a constant A, and I/J must be a linear
function of w, say aw + b. In this case

A .bfoo .fo(t) = -e-J F( w)eJw(t-a.> dw
277" -00

If we put t - a = t', the above becomes

Ae -jb 00

foCt' + a) = --f F(w)e jwt' dw = Ae-jbf(t')
277" -00

(3.231a)

(3.231b)
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as comparison with (3.229b) shows. Thus the output time function is

(3.232)

i.e., an exact duplicate of the input, apart from a constant multiplier and a
time delay a. Thus the conditions given on IZI and l/J are those sufficient for
a distortion-free system.

Now, in a waveguide, the transverse variations of the field are indepen
dent of frequency. The only essential frequency-dependent part of the field
solution is the propagation factor e-j

{3z since

2 )1/2
f3 = (k~ - k~)1/2 = (:2 -k~

is a function of frequency. Thus a waveguide of length I, in which the field
has a time dependence el'", w > 0, can be considered as a frequency filter
with a response e-j

{3l . Since f3 is not a linear function of to, it may be
anticipated that some signal distortion will occur for propagation in a
waveguide. For an ideal TEM-wave transmission line, f3 = ko = w/c and
distortion-free transmission is possible. However, practical lines have an
attenuation which depends on frequency (R m a. {f), and this will produce
distortion. Fortunately, for narrowband signals neither waveguides nor
transmission lines produce significant distortion unless very long lines are
used.

Consider now a time function f(t) having a band of frequencies
between - fm and fm : This signal is used to modulate a carrier of frequency
fe » fm : The resultant is

S( t) = f( t)cos wet = Re[ f( t)e Jwct ]

If F(w) is the spectrum of f(t), the spectrum of Stt) is

(3.233)

(3.234)

These spectra are illustrated in Fig. 3.44.
For positive w the waveguide response is e-j

/3( w )l . For negative w the
response must be chosen as ej

{3( w )l since, if the time variation is «>', the
sign in front of f3 must be positive for propagation in the positive z
direction. In other words, all physical systems will have a response such
that IZ(w)1 is an even function of w and l/J(w) is an odd function of w. Since
f3 is an even function, the sign must be changed for w < o. These even and
odd symmetry properties are required simply so that the output time
function is real, a physical requirement. The output spectrum for the
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F(w)

-Lw
FIGURE 3.44
Spectrum of f(t) and Stt).

o
-We

fS (w)

I

waveguide is thus

Fo(w) = ~[F(w - wc)e-i{3(w)l + F(w + wc)ei{3(w)l]

and the output signal is

(3.235)

The analysis that follows is simplified if the signal is represented in complex
form as f(t)e i wct with a spectrum F(w - wc). In this case only the positive
half of the spectrum needs to be considered, and the output signal is given
by

(3.236)

since F(w - wc) is zero outside the band Wc - Wm :::; w :::; Wc + wm • If the
band is very narrow, W m « Wc' then f3(w) may be approximated by the first
few terms in a Taylor series expansion about Wc. Thus

Retaining the first two terms only and letting f3(w c) = f3 0 and d{3/dwc = (3~

at Wc' (3.236) gives

If this is compared with (3.231) and (3.232), it is seen that

So( t) = Re[ e-i{301+i{3o1wcf( t - (3~l)eiwc(t-{3ol)]

= f( t - f3~1 )cos( wct - f3o l ) (3.238)

To the order of approximation used here, the input modulating signal f(t)
is reproduced without distortion but with a time delay {3~1. This is to be
anticipated since {3 was approximated by a linear function of w in the band
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We - W m to We + W m (distortion-free condition). The signal delay defines the
group velocity vg , which is equal to the distance l divided by the delay time;
thus

(3.239)

(3.240)

This is also the signal velocity. Note, however, that this velocity has
significance only if the band, or "group," of frequencies making up the
signal is so narrow that f3 may be approximated by a linear function
throughout the frequency band of interest. If this is not the case, more
terms in the expansion (3.237) must be retained and signal distortion will
occur. In this case the group velocity as given by (3.239) is no longer the
signal velocity. In fact, because of signal distortion, no unique signal velocity
exists any longer. Different portions of the signal will travel with different
velocities, and the resultant signal becomes dispersed in both time and
space.

In the case of a waveguide,

v = (d f3 )-1 = C dk o = [d(W
2
/ C

2- k
n1/2j-l

g dw df3 dw

f3c 2 f3 Ao
= - = -c =-c

to s; Ag

It is seen that "e < c and that vgvp = c2 for a waveguide.
A typical plot of ko versus f3 for a waveguide is given in Fig. 3.45.

From this plot it can be seen that for a narrow band of frequencies a linear
approximation for f3 is good. Also note that for high frequencies (large ko) f3
becomes equal to k o- Thus frequencies well above the cutoff frequency f c

suffer very little dispersion and propagate essentially with the velocity of
light c. No frequency components below the cutoff frequency t; can propa
gate along the guide.

*0
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The equality of the wavefront velocity and the velocity of light can be
readily explained by means of Fig. 3.45. The switching on of a signal results
in an initial transient that has a spectrum of frequencies extending out to
infinity. Any small group of frequencies at the high end of the spectrum will
have a group velocity equal to c since dk o/d{3 equals unity for k o near
infinity. Thus the high-frequency part of the transient will propagate along
the guide with a velocity c. The lower-frequency components will propagate
with smaller group velocities and arrive later.

Energy-Flow Velocity

Power is a flow of energy, and consequently there is a velocity of energy flow
such that the average energy density in the guide multiplied by this velocity
is equal to the power. In a waveguide it turns out that this velocity of
energy flow is equal to the group velocity. A proof for the case of E modes
will be given below, that for H modes being very similar.

For E modes the field is given by [see (3.72)]

(3.241)

The average rate of energy flow, or power, is given by

11kY
P = - 1. y 1E 1

2 dS = - ~ 1. 1E 1
2 dS

2 s" t 2 f3 s t

where the integration is over the guide cross section.
The energy density in the magnetic field per unit length of guide is

(3.242)

The energy density in the electric field per unit length of guide is equal to
that in the magnetic field. This is readily shown to be the case by using the
complex Poynting vector theorem, which states that (Sec. 2.5)

1
"2 f

s
E X H* · a, dB = P + 2jw(Wm - We)

where the integration is over the guide cross section, and the term on the
right gives the power transmitted past the plane S plus 2jw times the net
reactive energy stored in the guide beyond the plane S. Since the integral of
the complex Poynting vector over a cross section S for a propagating mode
in a loss-free guide is real, it follows that Wm = ~. In addition, since the
location of the transverse plane S is arbitrary, it also follows that the
energy densities Um and U, per unit length of guide are equal.
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The velocity of energy flow may now be found from the relation

P

{3

P koYo f32
V = --- = -- = ------o, + Urn 2Urn {3 JLok~Yo2

{3 {3
----= -C=V
kOVJLOEO k o g

and comes out equal to the group velocity as stated earlier.

3.20 RIDGE WAVEGUIDE

(3.243)

For a rectangular waveguide with a width a equal to twice the height b, the
maximum bandwidth of operation over which only the dominant TE 10 mode
propagates is a 2 : 1 band. For some system applications it is necessary to
have a waveguide that operates with only a single mode of propagation over
much larger bandwidths. A transmission line supporting only a TEM mode
can fulfill this requirement but must then have cross-sectional dimensions
that are small relative to the shortest wavelength of interest. A coaxial
transmission line will support higher-order TE and TM modes in addition to
the TEM mode. Thus, to avoid excitation of a higher-order mode of propaga
tion, the outer radius must be kept small relative to the wavelength. The
small cross section implies a relatively large attenuation; so some other
form of waveguide is needed. The ridge waveguide illustrated in Fig. 3.46
was developed to fulfill this need for a single-mode waveguide capable of
operating over a very broad band. Physically, it is easy to understand why
the ridge waveguide has a very large frequency band of operation. The
center section of width Wand spacing S functions very much like a
parallel-plate transmission line and consequently the ridge waveguide has a
much lower cutoff frequency for the same width and height as does the

y

I. 1
'Ia

I j- w
I

1
s b

1
FIGURE 3.46
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conventional rectangular waveguide. Operation over bandwidths of 5 to 1 or
more is possible.

The ridge waveguide, when uniformly filled with dielectric, which can
be air, has the same general properties as the rectangular and circular
waveguides discussed earlier. If we can determine the cutoff wavelength Ac

for the dominant mode, then at any frequency above the cutoff frequency
the propagation constant {3 is given by

f3 = Jk~ - (21T/Ac>2

At the cutoff frequency {3 = 0 and the electromagnetic field has no variation
with the axial coordinate z. The cutoff wave number k c = 27T/Ac can be
found using the transverse-resonance method as described below.

The transverse-resonance method is based on finding the resonant
frequency for the transmission-line circuit that provides a model for the
waveguide cross section. At cutoff we can view the electromagnetic field as a
uniform plane wave with components E; and Hz that propagates in the x
direction and is incident onto a second parallel-plate transmission line of
reduced height. The equivalent transmission-line circuit is that of two
parallel-plate transmission lines of height b, length (a - W)/2, and short
circuited at x = 0 and a. These two transmission lines are connected to
another parallel-plate line of height S and length Wand placed between the
first two as shown in Fig. 3.47. At the junction where the height changes, a
local fringing electric field occurs and stores electric field energy in the
vicinity of the step. The effect of this local fringing electric field is taken into
account by a shunt capacitive susceptance jB at each junction as shown in
Fig. 3.47.

The standing-wave field pattern along the x direction can exist only at
the resonant frequency for the transmission-line circuit shown in Fig. 3.47.
For the dominant mode the voltage is a maximum and the current is zero at
the midsection. Thus, at x = a/2, the impedance looking in the x direction
toward the short circuit must be infinite. The corresponding input admit
tance will be zero. At the step the admittance looking toward the short
circuit is

a- W
Y = -iv.; cot k c -

2-
+ jB

By using the formula for admittance transformation along a transmission

FIGURE 3.47
Equivalent transmission-line circuit of cross
section of ridge waveguide.
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a =2b

5

4
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3

0.2

line, we obtain

0.4 0.6

W
a

0.8 1 FIGURE 3.48
Normalized cutoff wavelength Ac/a for a
ridge waveguide.

Y +j~2 tan keW12
Yin = ~2 Y 'Y k W 2

e2 + J tan e 1
In order for Yin to vanish, we must have

a-W W
jB - jYel cot '<»: + jYe2 tan k

e 2
= 0 (3.244)

which is the transverse-resonance condition. The two characteristic admit
tances are inversely proportional to the parallel-plate spacing; thus Ye2 =

(b/S)~l' An approximate expression for the normalized shunt capacitive
susceptance can be found using quasistatic conformal mapping and ist

B 2b [ 1 1 4 b
2

] S
- = -. 1 - In4u + -u2 + -(1 - u 2

) - U = -b < 0.5 (3.245)
~1 Ac 3 2 ~

The eigenvalue equation (3.244) is a transcendental equation. The
computer program RIDGEWG solves (3.244) for the normalized cutoff
wavelength Aela.

Figure 3.48 shows typical results that are obtained. The numerical
results obtained from (3.244) agree within 1 percent of the values given by
Hopfer and Hoefer and Burton over the commonly used range of parame
ters.t

tN. Marcuvitz, "Waveguide Handbook," MIT Radiation Lab Series, vol. 10, reprinted by
Boston Technical Publishers, Inc., 1964.

:j:S. Hopfer, The Design of Ridged Waveguides IRE Trans., vol. MTT-3, pp. 20-29, October,
1955.

W. J. R. Hoefer and M. N. Burton, Closed Form Expression for the Parameters of Finned
and Ridged Waveguides, IEEE Trans., vol. MTT-30, pp. 2190-2194, December 1982.
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If the width W of the ridges in the ridge waveguide is very small, we obtain
a fin line as shown in Fig. 3.49a. Usually the fins are metal foils on a thin
dielectric substrate mounted in the E plane of a rectangular waveguide. For
the dominant mode the current flows in the axial direction; so good electri
cal contact between the fins and the waveguide is not essential. The fin line
is a shielded slot line. The fin line can be matched to the rectangular
waveguide by means of a tapered section or by using one or more quarter
wave impedance transformers as shown in Figs. 3.49b and c.

The fin line is suitable for use in microwave circuits that incorporate
two-terminal devices such as diodes. Transistors cannot be connected to a
fin line since they are three-terminal devices.

The cutoff wavelength for a fin line may also be found by using the
transverse-resonance method. The fins produce a shunt normalized capaci
tive susceptance across the center of the waveguide given byt

where

PI = a l

P2 = 2af + a~ - 1

P3 = 4af + 6ala~ - 3a1

P4 = Bat + 3a~ + 24afa~ - 8af - 4a~ + 1

2
7T S

a 1 = cos 2b

• 2 7T'S
a2 = sm 2b

The equivalent circuit of the fin-line cross section consists of two short-cir
cuited transmission lines of length a/2 with jB connected at the center as

tR. E. Collin, "Field Theory of Guided Waves," 2nd ed., chap. 8, IEEE Press, Piscataway, N.J.,
1990.
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Dielectric ~Fins

"" -/-rs T
b

~~1
I-----a- ----I

(a)

(b) (c)

FIGURE 3.49
(a) Fin line; (b) tapered matching sec
tion; (c) quarter-wave match ing section .

ITJ- FIGURE 3.50
Equivalent circuit of fin-line cross sec
tion .

shown in Fig. 3.50. The resonance condition is

(3.247)

The computer program FINLINE solves this transcendental equation for
the normalized cutoff wavelength Acla for Sib = 0.1 to 0.9. Typical nu
merical results are shown in Fig. 3.51 for the case where a = 2b. These
numerical results agree within 1 percent or better with those given by
Hoefer and Burton.t

The propagation constant {3 is given by the same formula as for a
conventional waveguide, i.e.,

{3 = (k ~ - k ~) 1/2

When the fins are mounted on a dielectric substrate, a correction is needed
for the propagation constant if the dielectric has an appreciable thickness

tWoJ. R. Hoefer and M. N. Burton, lococit .
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3 a =2b

Ac 2.5
a

0.2 0.4 0.6

S
Ii

0.8 FIGURE 3.51
Normalized cutoff wavelength >"c/a for a
fin line.

and a large dielectric constant. Empirical formulas for this case are avail
able.t

PROBLEMS
3.1. For the ideal transmission line shown in Fig. P3.1, the switch is closed at t = 0

and opened 1 J.Ls later. The characteristic impedance of the line is 50 O. The
load resistance is also 50 o. The battery has an internal resistance of 10 O.
(a) Sketch the voltage across R L as a function of time for a line 300 m long.

The wave velocity u = 3 X 108 mys.
(b) Sketch the voltage waveform across R L when R L = 25 0 and the line is

900 m long.
(c) Sketch the voltage waveform across R L when R L = 100 n and the line is

900 m long.
(d) Repeat (b) and (c) for a line 75 m long.

FIGURE P3.1

Zc = 50 n

...-----1-·----.....

r110~
VB T •

I-

3.2. Let a generator with internal resistance R g be connected to a transmission line
of length 1 and having a characteristic impedance Zc. The line is terminated in
a load resistance R L . Let 'T = llu be the one-way propagation time delay. The
generator produces a pulsed waveform Pit), 0 ~ t s T. Show that the voltage
across R L is given by

tK. Chang (ed.), "Handbook of Microwave and Optical Components," vol. 1, pp. 38-39, John
Wiley & Sons, Inc., New York, 1989.
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Hint: See (3.12) and consider the total line voltage at z = l.

3.3. A pulse generator produces a sawtooth pulse Pit) = 10t1T, 0 s t s T, where
T = 10- 8 s. The generator has an internal resistance R g = 200 n and is
connected to a transmission line with Z; = 50 fl. The line is 1 meters long and
terminated in a load resistance R L. The wave velocity equals 3 X 108 mys.
(a) Find and sketch the load voltage as a function of time when 1 = 3 m and

R L = 200 fl.
(b) Repeat (a) when R L = 12.5 fl.
(c) Find an analytic expression for the voltage across R L when R L = 200 fl

and I = 12 m.
(d) Make a distance-time plot of the line voltage for (c).

3.4. A battery with voltage of 10 V is connected in series with a 50-0 resistor to the
input of a 50-0 transmission line at time t = o. The transmission line, of
length 12 m, is terminated in a 1-p,F capacitor. Find and sketch the voltage
across the capacitor as a function of time.

Hint: Apply Thevenin's theorem.
Answer:

v:. = 10[1 - e- (t - 0.04)/ 50 ] t in microseconds

3.5. In the circuit illustrated in Fig. P3.5, the battery is connected at t = o. Find
and sketch the voltage across R I.. as a function of time. Assume that R I.. = R g

= Z; = 50 0, C = 1 p,F, 1 = 300 m, and v = 3 X 108 mys,

FIGURE P3.5

3.6. The resistor R I.. is replaced by a capacitor CI.. = 1 p,F in Fig. P3.5. Find the
voltage across CI.. during the time interval 1 p,s s t s 3 us.

Answer:

VI.. = 5[1 + e- U - 1)/25] - 10e-(t-l)/50

where t is in microseconds.

3.7. Consider an ideal loss-free transmission line of length 1, as shown in Fig. P3.7.
The far end is short-circuited. At the input end a battery of voltage Vo is
switched across the line at time t = o. Sketch the voltage wave on the line at
the middle over the time interval 0 s t s 71/c.

I-

FIGURE P3.7
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FIGURE P3.8

3.8. Consider the transmission-line circuit illustrated in Fig. P3.8. At time t = 0, a
battery of voltage Va is switched across the line at the input. Determine the
output load voltage V as a function of time.

Hint: This transient problem may be solved in a manner similar to that
used in low-frequency circuit theory. The governing equations for the transmis
sion line are

av aJ aJ av
-L- -C-az at Bz at c

The time derivative may be eliminated by taking the Laplace transform. The
transformed solutions for V and J are

Y+e -sz/u + Y- eSz / u

By transforming the circuit equations for the load termination and the input
voltage, the resultant equations may be solved for the Laplace transform of the
load voltage. The inverse transform then gives the load voltage as a function of
time.

The foregoing procedure may be simplified by first replacing the battery
by a source Yoe}wt and obtaining the transfer function YIYo = Zt(jw) as a
function of w for this steady-state problem. Replacing jw by s then gives the
transfer function in the s domain. The Laplace transform of the output voltage
is then

Yo
Y(s) = -Zt(jw = s)

s

since the Laplace transform of the input step voltage is Vois. The output
voltage is obtained from the inverse Laplace transform of Y(s).

3.9. Obtain expressions for the voltage and current standing-wave patterns on a
lossless open-circuited transmission line. Sketch these patterns. Assume an e}wt
time dependence.

3.10. A transmission line with Zc = 50 0 is terminated in an impedance 25 + j25
O. Find the reflection coefficient, standing-wave ratio, and fraction of the
incident power delivered to the load.

Answer: VSWR = 2.618, 80 percent.
3.11. Verify (3.47) and compute Zin at a distance Ao/4 from the termination given

in Probe 3.10.
3.12. On a transmission line with Zc = 50 0, the voltage at a distance O.4Ao from

the load is 4 + j2. The corresponding current is 0.1 A. Determine the normal
ized load impedance.

Answer: 0.145 + jO.397.
3.13. A 50-0 transmission line is terminated by a 75-0 load resistor. Find the

distance 1 from the load at which Yin = 0.02 + jB. By connecting a shunt
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susceptance - jB across the line at this point, the load will be matched to the
transmission line. Explain why this is so. The distance I can be expressed in
terms of the wavelength Ao.

3.14. Figure P3.14 illustrates a three-conductor transmission line. Since potential is
arbitrary to within an additive constant, the shield 8 0 can be chosen to be at
zero potential. Show that there are two linearly independent solutions for
TEM waves in this transmission line. If 8 0 encloses N conductors, how many
TEM-wave solutions are possible?

Hint: Note that the potential can be arbitrarily specified on 8 1 and 8 2 .

So

v=o FIGUREP3.14

3.15. Show that power transmitted along a transmission line is given by

Yof 2P = 2 IVt<P1 dxdy

For Probe 3.14 show that this equals i(Vlll + V212 ) by using Green's first
identity (App. I) to convert the surface integral to a contour integral around
the conductor boundaries. 11 and 12 are the total currents on 8 1 and 8 2 •

3.16. Consider a three-conductor transmission line as shown in Fig. P3.14 but
assume that the cross sections of 8 1 and 8 2 are not the same. Let <I>a and <I> b

be two different solutions for the potential field. For <l>a let Val' I a l and
V a 2 , l a 2 be the voltage and currents on 8 1 and 8 2 . Similarly, for <Pb let
Vbl,Ibl and V b2, I b2 be the voltages and currents on 8 1 and 8 2 . For the TEM
modes derived from <Pa + <P b , show that the power flow is given by

4(Va l + V bl)( I a l + I bl) -t 4(Va 2 + V b2)( I a 2 + I b2)

It is convenient to choose the potentials so that the two TEM modes obtained
from <Pa and <Pb have independent power flow. Show that this will be the case
if the interaction term

(Vallbl + Vblla l) + (Va 2Ib2 + V b2Ia 2)

equals zero. Furthermore, show that the interaction term will vanish if the
potentials are chosen so that

Val = _ V bl = [C22 + C12 ] 1/2

Va 2 Vb2 c.. + C12

where Cl l is the capacitance between 8 1 and 80' C22 is the capacitance
between 8 2 and 80' and C12 is the capacitance between 8 1 and 8 2 . For a
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symmetrical line, CI I = C22 and the two modes correspond to the even and
odd modes.

Hint: Use the relations Qal = CllVal + C12(Val - Va2), Qa2 = C22Va2 +
C12(Va2 - Val) and similar ones for the total charge Qbl and Qb2 on 8 1, 8 2 in
terms of Vbl and Vb2. Also note that [al = (YoIEo)Qal' etc.

3.17. Show that, for an air-filled coaxial line, minimum attenuation occurs when
x In x = 1 + x, x == bra. What is the corresponding characteristic impedance?

Hint: Hold the outer radius b constant and find dajda.
3.18. Evaluate Zc for a lossy coaxial line using (3.28) and computed values of R, G,

L, and C. Assume b = 3a = 1 em, f = 109 Hz, a = 5.8 X 107 Slm, and
E = (2.56 - jO.001)Eo' Verify that

and

(

(
L )1/2

Z = 
c C

See Table 3.1 for coaxial-line parameters.

3.19. Use the energy definitions of Land C [Eqs. (3.112)] to derive the results given
by (3.106) and (3.108) for a coaxial transmission line.

3.20. A microstrip line has a substrate 1 mm thick and with a dielectric constant
E r = 8. The strip width W = 2.5 mm. Find the low-frequency effective dielec
tric constant and characteristic impedance.

Answer: Ee = 5.953, Zc = 32.13 n.
3.21. A microstrip line uses an anisotropic dielectric substrate with Er = 10 and

Ey = 8. The substrate is 0.5 mm thick and the strip width W = 0.75 mm. Find
the low-frequency effective dielectric constant and characteristic impedance.

Answer: Ee = 5.895, Zc = 42.97 n.
3.22. A microstrip line has a 1-mm-thick dielectric substrate with a dielectric

constant of 6. Use the computer program MSTP to generate data giving the
effective dielectric constant and characteristic impedance as a function of strip
width W. Use these data to design a microstrip system with an input line
having Zc = 50 n, an output line having Zc = 75 n, and an intermediate
quarter-wave transformer section with Zc = ';50 x 75 n. Specify the three
strip widths WI' W2, W3 and the length of the quarter-wave transformer at a
frequency f = 2 GHz (see Fig. P3.22).

Answer: Widths are 1.505 mm, 1.0125 mm, 0.649 mm, length = 1.83
em.

FIGURE P3.22

3.23. Find the effective dielectric constant, characteristic impedance, and attenua
tion at 2 GHz for a microstrip line with the following parameters: E r = 9.5,
loss tangent = 2 X 10-3, substrate thickness H = 1 mm, strip width = 1.5
mm, and strip thickness T = 0.01 mm. Use the computer program MSTP.
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3.24. Use the computer program MSTPD to generate dispersion data for the
effective dielectric constant for a microstrip line having the following parame
ters: dielectric constant = 6, substrate thickness H = 0.5 mm, and strip width
W = 2 mm. At what frequency has the effective dielectric constant increased
by 5 percent more than the quasistatic value?

3.25. In a monolithic microwave integrated circuit, gallium arsenide with €r = 12.9
is used as a substrate material. Find the effective dielectric constant, charac
teristic impedance, and attenuation at 10 GHz for a microstrip line with the
following parameters: substrate thickness = 0.1 mm, strip width = 0.05 mm,
strip thickness = 0.002 mm, and loss tangent = 6 X 10- 3 . For these dimen
sions the quasistatic parameters are accurate. The computer program MSTP
can be used for the evaluation. What is the attenuation in decibels per
wavelength (microstrip) for this microstrip line?

3.26. A microstrip line has the following parameters: strip width W = 1 mm,
substrate thickness = 1 mm, and anisotropic dielectric with €r = 6.5, €y = 6.
Find the following: distributed capacitance C and inductance L per centime
ter, characteristic impedance, effective dielectric constant, and the quasi
TEM-mode wavelength at 2 GHz.

3.27. Use the computer program CMSTP to find the even- and odd-mode character
istic impedances and the voltage coupling coefficient C for a coupled mi
crostrip line having the following parameters: strip width W = 1 mm, strip
spacing S = 0.1 mm, substrate thickness = 1 mm, and substrate dielectric
constant = 9.7.

3.28. A strip line has a ground-plane spacing of 2 mm, a strip width of 1 mm, and is
filled with a dielectric medium with dielectric constant 2.3. Find the character
istic impedance.

3.29. Use the computer program STPL to evaluate the characteristic impedance and
attenuation of a strip line with the following parameters: ground-plane spac
ing = 2 mm, strip width W = 0.5 mm, strip thickness T = 0.01 mm, dielectric
constant = 6, loss tangent = 0.006, and frequency of operation = 5 GHz.
What is the ratio of the attenuation due to dielectric loss relative to that of
conductor loss?

3.30. A broadside coupled strip line is required for a 3-dB directional coupler. The
even-mode characteristic impedance is to be 50 O. The voltage coupling
coefficient is 0.707. From this information determine the required odd-mode
characteristic impedance. Find the required strip width Wand spacing S for
this coupled strip line. The ground-plane spacing is 4 mm and the dielectric
constant of the dielectric filling is 5. The strip thickness T = 0.05 mm. Use
the computer program CSTPL. You will need to follow an iterative procedure
to arrive at the required parameters. An accuracy of ±0.5 percent is adequate.

Hint: Begin with W = 3.5 mm, S = 0.5 mm.

3.31. In a monolithic microwave integrated circuit, a coplanar transmission line
with the following parameters is used: strip width S = 0.1 mm, slot width
W = 0.1 mm, strip thickness = 0.002 mm, substrate thickness = 0.5 mm,
dielectric constant = 12.9, loss tangent = 0.0008, and frequency = 10 GHz.
Use the computer program CPW to determine the characteristic impedance
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and attenuation. If the strip thickness is increased to 0.005 mm, will this
significantly reduce the attenuation?

3.32. Figure P3.32 shows a coplanar-transmission-line circuit for use in a MMIC
amplifier circuit. The required input- and output-line characteristic
impedances are 50 !l and 72 !l. The impedance of the quarter-wave section is
V50 X 72 = 60 !l. The ground-plane spacing 2W + 8 is kept constant at 0.3
mm. The strip thickness is 0.002 mm. The substrate thickness is 0.4 mm and
the dielectric constant is 12.9 with a loss tangent of 0.001. Use the computer
program CPW to determine the required strip widths 8 1, 8 2, and 8 3 , Deter
mine the length 1 of the quarter-wave matching section at a frequency of 10
GHz. How much attenuation occurs in the quarter-wave section? An accuracy
of ± 0.25 percent is sufficient.

~. ~
T

O.3mm 52

~ F=A~
~~ "4

FIGURE P3.32

3.33. In a planar transmission line, the attenuation is 0.25 dB/cm. By what
fraction is the wave amplitude reduced in propagating a distance of 1 em on
this transmission line?

3.34. Derive the equations (3.72) for TM waves.

3.35. Find the cutoff frequency for the TElo mode in a rectangular waveguide with
dimensions 4 cm by 2 cm. Find the guide wavelength Ae and phase velocity at
a frequency 25 percent higher than the cutoff frequency.

3.36. Derive the solution for a TE lo mode in a rectangular guide of wide dimension
a- and height b when the guide is filled with dielectric of permittivity E. Show
that the cutoff frequency is given by fc = c/2aE~/2, where c is the free-space
velocity of light and E r is the dielectric constant. Show that the guide
wavelength is smaller for a dielectric-filled guide than for an air-filled guide.

3.37. Obtain an expression for the attenuation of a TElo mode in a dielectric-filled
guide when E = El - jE2 but the walls are perfectly conducting. Obtain an
exact expression and compare it with the results deduced by an application of
the perturbation method.

3.38. Obtain a solution for an H wave in the parallel-plate transmission line with
centered dielectric slab as illustrated in Fig. P3.38. Assume that the plates are
perfectly conducting and infinitely wide. Can a TEM wave propagate in this
structure? Why?

Hint: Assume h , = cos kdx for Ixl s a/2 and h , = Ae-p 1x l for Ixl >
a/2. Verify that k~ + p2 = (e; - 1)k~. Match the tangential fields at x = a/2
to obtain an equation for A and one relating the parameters p and k d'
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FIGURE P3.38

3.39. Obtain solutions for TE no modes in the partially filled waveguide illustrated
in Fig. P3.39.

Hint: Assume that

{

COS kdx
h =

z A cos p( a - x)

0< x < t

t<x<a

and match the tangential fields at x = t , Thus show that

and that

Note that there are an infinite number of solutions for p and k d correspond
ing to various TE n O modes. Obtain numerical values for /3, p, and kd when
ko = 2, t = 1 em, d = 1.5 em, and f r = 4. Note that there is a lowest-order
solution for p pure imaginary.

r

FIGURE P3.39

3.40. Obtain expressions for the surface currents of a TE lO mode in a rectangular
guide. A narrow slot may be cut in a waveguide along a current flow line
without appreciably disturbing the field. Show that, for the TE lO mode,
narrow centered axial slots may be cut in the broad face of a rectangular
guide. This principle is used in standing-wave detectors to provide suitable
points of entry for a probe used to sample the interior waveguide field.

3.41. Use the computer program RECTWG to evaluate the parameters of a rectan
gular waveguide with width a = 1 em, height b = 0.4 em at a frequency of 20
GHz. How much attenuation will occur in a waveguide 5 m long?

3.42. For TE modes in a waveguide, write H, = -!(z)Vth z , E t = V(z)a z X Vth z •

Use Maxwell's equations to show that V(z) and It.z) satisfy the transmission-
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line equations

dV -jwILol dl = _ (jW€O + .k~ )V
dz dz JWJ.Lo

Construct an equivalent distributed-parameter circuit for these modes. For
TM modes put E t = - V(z)Vtez ' H, = - I(z)a z X Vtez , and show that

dV = _ (jWILo + .k~)1 dl = -jW€ V
dz JWEo dz 0

Construct an equivalent distributed-parameter circuit for these modes.t
3.43. Consider an infinitely long rectangular guide. The guide is filled with dielectric

for z ~ 0, having a dielectric constant E r • An H 10 mode is incident from
z < O. At z = 0, a reflected H I O mode and a transmitted H IO mode are
produced because of the discontinuity. Show that the reflection coefficient is
given by (Z2 - ZI)/(Z2 + Zl)' where Zl is the wave impedance in the empty
guide and Z2 is the wave impedance in the dielectric-filled guide. Show that
the ratio of the wave impedances equals the ratio of the guide wavelengths.

3.44. Find the surface currents for the HOI mode in a circular guide.
3.45. Obtain an expression for power in a TEll mode in a circular guide. (See App.

II for Bessel-function integrals.)
3.46. Derive an expression for attenuation for TE Om modes in a circular waveguide.

Answer: ex = s ; fe~om/[aZO f( f2 - fe~Om)I/2].

3.47. Find the attenuation in decibels per mile for an HOI mode in a circular copper
guide of 1 in diameter when operated at a frequency of 10 times the cutoff
frequency.

3.48. Show that, in a coaxial line with inner radius a and outer radius b, there are
solutions for TE n m and TM n m modes. A suitable solution for e, and h, is

[AJn ( ker) + Yn ( ker) ]cos n<f>
Obtain equations (transcendental in nature) for determining the cutoff wave
number k; by imposing proper boundary conditions at r = a, b.

3.49. Use the computer program RIDGEWG to find the cutoff wavelength and
frequency for a ridge waveguide with dimensions a = 1 cm, b = 0.4 em, ridge
width = 0.5 em, and ridge spacing S = 0.1 cm. Compare this with the cutoff
frequency of a standard waveguide with a = 1 cm and b = 0.4 cm.

3.50. Use the transverse-resonance technique to derive the eigenvalue equation for
TE n O modes in the partially filled rectangular guide of Probe 3.39. Verify that
the wave impedances in the x direction in the two regions are koZo/p and
kZ/k d = koZo/k d •

3.51. A rectangular waveguide with internal dimensions a = 0.9 in and b = 0.4 in
(standard X-band waveguide) has a centered fin with a slot spacing S = 2
mm. Find the cutoff wavelength and compare it with that for the waveguide
without fin loading. Use the computer program FINLINE.

tS. A. Schelkunoff, Bell System Tech. J., vol. 34, p. 995, September, 1955.
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3.52. The permittivity € is generally a function of €(w) of w. Obtain an expression
for the group velocity of a coaxial line filled with dielectric. Neglect the
frequency dependence of the attenuation due to conductor loss.

3.53. A rectangular guide of dimensions a = 2b = 2.5 em is operated at a frequency
of 1010 Hz. A pulse-modulated carrier of the above frequency is transmitted
through the guide. How much pulse delay time is introduced by a guide 100 m
long?
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