
APPENDIX

I
USEFUL RELATIONS
FROM VECTOR ANALYSIS

1.1 VECTOR ALGEBRA

Let vectors A and B be expressed as components along unit vectors aI' a 2, a 3

in a right-hand orthogonal coordinate system. Then

A ± B = (AI ± BI)a l + (A2 ± B2)a 2 + (A 3 ± B3)a 3 (1.1)

A · B = lAllBlcos (1 = AIBI + A 2B2 + A 3B3 (1.2)

where () is the angle between A and B.

876

A X B = a l ( A 2 B3 - A 3B 2 ) + a 2 ( A 3 B I - A IB3 )

+ a 3 ( A IB 2 - A 2B I )

IA X BI = IAllBlsin (1

A·BxC=AxB·C=CxA·B

AxB=-BxA

A X (B X C) = (A · C)B - (A · B)C

(I.3a)

(I.3b)

(1.4)

(1.5)

(1.6)
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FIGURE 1.1
Rectangular coordinates.

1.2 VECTOR OPERATIONS IN COMMON
COORDINATE SYSTEMS

Rectangular Coordinates
a<I> a<I> a<I>

V<I> = a - + a - + a - (1.7)
x ax y ay z az

aAx aAy aAz
div A = V · A = - + - + - (1.8)

ax ay az

(
aAz aAy ) ( aAx aAz) ( aAy aAx )curIA = V X A = a - - - + a - - - + a - - -

x ay az Y az ax z ax ay

(1.9)

a2 <1> a2 <1> a2 <1>
V2 <1> = - + - +-

ax2 ay 2 az2

V2A
= a, V2A

x + ay V2A
y + a, V2A

z

Cylindrical Coordinates
a<I> 1 a<l> a<I>

V<I> = a - + a - - + a -
r ar cP r a</J zaz

1 a 1 aAcP aAz
V • A = - - (rA ) + - - + -

r ar r r a</J az

VXA=a (~aAz _ aAcP ) +a (aA r _ iJAz) +a [~a(rA4))
r r a</J az cP az ar z r ar

(1.10)

(1.11)

(1.12)

(1.13)

_ ~ aAr ]

r d</J

(1.14 )

V2 <p = 2:.~ (/<p) + ~ a
2

<p + a
2

<p
r ar ar r 2 a</J2 az2 (11.5)

V2A = VV · A - V X V X A (1.16)

Note that V2A
=1= a, V2A

r + ac/J V2Ac/J + a, V2A
z since V2a

r A r =1= a, V2A
r ,

etc., because the orientation of the unit vectors a,; a(l) varies with the
coordinates r, </J.
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FIGURE 1.2
Cylindrical coordinates.

Spherical Coordinates

0<1> 1 0<1> a</> 0<1>
V<I> = a - + a - - + ---

r 0r 8 r 06 r sin 6 ocf>

1 0 1 0 loA</>
V • A = - - (r2A ) + -- - (sin 0 A ) + ----

r 2 or r r sin 6 00 8 r sin 0 ocf>

(1.17)

(1.18)

a, [0 OA8 ] 8 8 [ 1 oAr 0 ]V X A = -- - (A sin 6) - - + - ---- - - (rA )
r sin 6 00 </> ocf> r sin 0 oc/> or </>

8</> [0 . OAr]+--(rA)--
r Br : 8 00

(1.19)

z

(1.21)

x FIGURE 1.3
Spherical coordinates.
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1.3 VECTOR IDENTITIES

V( <l>f/J) = f/J V<I> + <I> Vf/J (1.22)

V · (t/JA) = A • Vt/J + t/JV · A (1.23)

V · (A X B) = (V x A) · B - (V x B) • A (1.24)

VX(t/JA)=(Vt/J)XA+«/JVxA (1.25)

V X (A X B) = AV · B - BV · A + (B · V)A - (A · V)B (1.26)

V(A · B) = (A · V)B + (B • V)A

+ A X (V X B) + B X (V X A) (1.27)

V · V<I> = V2 <1> (1.28)

V • V X A = 0 (1.29)

V X V<I> = 0 (1.30)

V X V X A = VV · A - V2A (1.31)

If A and <I> are continuous functions with at least piecewise continuous
first derivatives in V and on S (or on S and the contour C bounding S),

I. Vel> dV = ~eI> dS (1.32)
v s

I. V • A dV = ~A • dS (divergence theorem) (1.33)
v s

I.V X AdV= ~n X AdS dS = ndS (1.34)
v s

f. n X Vel> dS = ~eI> dl (1.35 )
s c

f. V X A • dS = ~A • dl (Stokes'theorena) (1.36)
s c

c

r

FIGURE 1.4
Surface S bounded by contour C.
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1.4 GREEN'S IDENTITIES

If A, B, <I>, and f/J are continuous with piecewise continuous first derivatives,

1(V~ 0 VI/! + I/!V2~) dV = ~I/!V~ 0 dS
v s

which is Green's first identity. Green's second identity is

1(I/! V2<p - <p V2I/! ) dV = ¢( I/! V~ - ~ VI/!) 0 dS
v

In two dimensions (1.37) becomes

(1.37)

(1.38)

(1.39)

where Vt is the del operator in two dimensions and T is a unit vector normal
to C and in the plane of S. The two-dimensional form of (1.38) is similar.

The vector forms of Green's identities are

lVo(AXVXB)dV= f[(VXA) '(VXB) -A·VXVXB]dV
v Jv

= ~A X (V X B) • dS (lAO)
s

1(B 0 V X V X A - A 0 V X V X B) dV
v

= ~[A X (V X B) - B X (V X A)] 0 dS (IAl)


